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UNIT - 1

MATRICES

1.1 INTRODUCTION

Matrices play an important role in Engineering and
Mathematics. Areas like linear programming, game theory, Markov
models and some statistical models have matrix algebra as the base.
It has application in electrical circuits, quantum mechanics, Nuclear
Physics and other applied science subjects.

Definition:

A matrix is an rectangular arrangement of elements in rows
and columns. If a matrix has m rows and n columns it is called an

m X n matrix. We use capital letters such as A, B, C.. etc to denote
matrices.

st
aiy ap aps 1§ Trow (Rl)
A= a21 (122 (123 2nd row (Rl)
aszy dszp asj 3rd row (Rl)

1 st an 3rd
column column column
S G G

Examples:

21 4. .
1. 6 3)15512><3 matrix.

[\®]
N = W
S B~

7
3 [is a 3 X3 matrix.
9

1
3.10 [is a 3 x 1 matrix.
4

\

N———



1.2 Matrices and Calculus

TYPES OF MATRICES

1. Row Matrix:
A matrix in which there is only one row is called a row

matrix.

Example: [3 4 5], .3

2. Column Matrix:

A matrix in which there is only one column is called a column
matrix.

[1]
Example: | 4 |
9]

L

3x1

3. Square matrix:

A matrix in which the number of rows and columns are equal
is called a square matrix.

1 2 [7 1 6]
Example:Az[7 9} B=|8 2 3|
2x2 J

Determinant of a matrix

If A is a square matrix, | A | is called the determinant of the
matrix A and

app 412 413
Al =|ay an ay
a3l d3 dz3
Transpose of a Matrix:
The Transpose of a matrix is obtained by interchanging rows

into columns and columns into rows.

4 -3

If A=| 2 5 |then AT= 421
L3 -3 5 8



Matrices 1.3

4. Null matrix or Zero Matrix:
A matrix in which all the entries are zero is called a Null

matrix or Zero matrix.

000
Example: (O 00 w is a null matrix of order 3 X3
L0 00)

5. Triangular matrices:

1. A square matrix is said to be an upper triangular matrix if all
the elements below the leading diagonal are zero.

13 5
Example: &(9) —1 |is an upper triangular matrix.
-2

2. A square matrix is said to be a lower triangular matrix if all
the elements above the leading diagonal are zero.

2 @q()
Example: | 0 1 0 |is a lower triangular matrix.
1 3 -5

6. Diagonal matrix: (D)

A square matrix in which all the entries except the main
diagonal entries are zero is known as diagonal matrix.

1 00
Example: (O 20 w is a diagonal matrix of order 3.
kO 0 3)

7. Scalar matrix:

A diagonal matrix in which all the elements are same is called
a scalar matrix.

300
Example: | 0 3 0 |is a scalar matrix.
kO 0 3)
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8. Non Singular and Singular Matrix

For any square matrix, A if | A | #0, then A is called a non
singular matrix otherwise it is called a singular matrix.

9. Unit matrix or identity matrix (I)
A scalar matrix in which the diagonal entries are unity is

called a unit matrix or identity matrix.

1 00
Example: (0 10 W is a unit matrix of order 3.

kO 01 }
10. Symmetric and non-symmetric matrix

A symmetric matrix is a matrix that is equal to its transpose
otherwise it is called non-symmetric matrix.

1 -1 [1 4 77
Example: A=| 1 2 0| Symmetric A=|2 4 5|
10 5 7 1 3]

non symmetric

1.2 CHARACTERISTIC EQUATION

Given a square matrix A, the determinant of (A —AI) matrix
equated to zero is known as the characteristic equation of the matrix
A.

ie, |A-rI]=0 o (D)

If A is of order n, the characteristic equation is a nth degree
polynomial in A. The roots of the characteristic equation are known
as characteristic roots (or) latent roots (or) eigen values of A.

Expanding this determinant shown in (1) we get a nth degree
polynomial equation in A. Solving this equation we get n values for
A. These values are known as eigen values and the equation (1) is
known as the characteristic equation.

The vectors corresponding to each of these n values of A are
known as eigen vectors.
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The eigen vectors of the matrix are given by the homogeneous
equations

A-ADX=0

1.€. (all —?\,)Xl +a12x2+....+alnxn=0

a21x1+(a22—7u)x2+...+a2nxn=0

Method to find the characteristic equation:
Case (i): For 2 X2 matrix
| 411 412 . .
If A= , then the characteristic equation of A
dz1 ax
A2 —SA+S8,=0
where §; = Sum of main diagonal elements
S, =|A| = determinant of A
Case (ii): For 3 X3 matrix
apir 42 a3
If A=| ap1 apy ap3 |, then the characteristic equation of

azyp dzpy d4ss
Ads B =522+ 50 -83=0

where §; = Sum of the main diagonal elements
S5 = Sum of the minors of the main diagonal elements

S3=|A|= determinant of A.



1.6 Matrices and Calculus

WORKED EXAMPLES

Example 1: Find the characteristic equation of the matrix
1 2
3 4

The characteristic equation is

Solution:

7»2—517\,4-52:0 . (D

|12
Let,A—{3 4}

S; = Sum of the main diagonal elements

=1+4 =5
$,=5
Sy =
:' 1 2‘
3 4
=4-6 >=-2
Sy=—2

Put §;=5 and S,=-2in (1),

Hence the characteristic equation is

A -50+2=0

Example 2: Find the characteristic equation of

1 -1 -1
A= -1 1 -1
-1 -1 1

Solution:

The characteristic equation is
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A =S A2+ 8, A-83=0 ()
1 -1 -1
Let A=| -1 1 -1
-1 -1 1

S| = Sum of the main diagonal elements

Si=1+1+1=3

Sl=3

S5 = Sum of the minors of main diagonal elements

1 -1

SZ:|—1 1 -1 1 -1 1

|1—1

|1—1

=1-D+0-D+(1-1)

S2=0
Sy=|A]
1 -1 -1
A=|-1 1 -1
-1 -1 1

=1(1-D+1(=1-1)—1(1+1)

=1(0)+1(-2)-1(2)
=0-2-2 =-4

S3:—4

Put §{=3, =0 and S3=-4 in (1)
Hence the characteristic equation is

A —3A2+0M+4=0
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Example 3: Find the characteristic equation of the following
matrices

1 0 -1 4 2 =2
a (1 2 1 g | -5 3 2
2 2 3 -2 4 1
11 -4 -7 2 2 0
(iii) 7 -2 -5 (iv) 2 1 1
10 —4 -6 -7 2 -3
2 =2 3
v) |1 1 1
1 3 -1
Solution:
1 0 -1
i) LetA=(1 2 1
2 2 3

The characteristic equation is

3 2 _ —
A S17\, +S27\, S3 0 B (1)

S| = Sum of main diagonal elements

Sl=6

S5 = Sum of the minors of main diagonal elements

1 0 2 1 -1
Szz‘12+2 +23

1
3

=2-0+(06-2)+(3+2)

=2+4+5

Sz=11
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S3=1A]|
1 0 -1
=]1 2 -1
2 2 3
—1(6-2)-102-4)
“1@-1¢2)

=4+2

S3=6

Put §{, S, and S5 in (1)

The characteristic equation is

B-6A2+11A-6=0

4 2 -2
() A=-5 3 2
-2 4 1

The characteristic equation is
7\,3—517\,2+Sz7\,—53=0 o (D

S| = Sum of main diagonal elements

=4+3+1
Sl=8
| 4 2 3 2 4 -2
e EE N HRE R

=(12+10)+ (3—8) +(4—4)

=22-5+0

52:17
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S3=1A]
4 2 =2
=|-5 3 2
-2 4 1

=43-8)-2(-5+4)-2(-20+6)
=4(=5-2-1)-2(-14)
=—20+2+28

S3=10

Put Sl’ S2 and S3 in (1)
The characteristic equation is

M-8 2+17A-10=0

11 -4 -7
(i) A=| 7 -2 -5
10 -4 -6

The characteristic equation is
A =S A+ 8,A-83=0
S| = Sum of the main diagonal elements

=11-2-6

Sl=3

S> = Sum of the minors of main diagonal elements

11 -4
7 =2

2 -5
4 -6

11 -7
10 -6

= (=22 +28) + (12 = 20) + (- 66 + 70)
=6-8+4

S2:2

. (D)
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11 -4 —7
Ss=Al=| 7 -2 -5
10 -4 -6

=11 (12=20) +4 (- 42+ 50) — 7 (- 28 + 20)
=11(-8)+4(8) -7 (-8)

=—88+32+56

=88 +88

S3=0

Substitute Sy, S, S5 in (1)

The characteristic equation is

AM=32+20-0=0

2.2 0
(iv) 21 1
-7 2 -3
The characteristic equation is
A =S A2+ 8A-83=0
S1 = Sum of the main diagonal elements

=2+1-3

Sl=0

S5 = Sum of minors of main diagonal elements

1 1

|2 2
Sz_‘21+2—3

2 0
-7 =3

=2-4+(-3-2)+(-6+0)
=-2-5-6

S,=-13

. (1)
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Il
AN SR S

=2(=3-2)=-2(=6+7)+0
=2(=5)-2()

=—10-2

S3:—12

Substitute Sy, S, and S5 in (1),

The characteristic equation is

BoZ-130+12=0

2 -2 3
v) A=|1 1 1
1 3 -1

The characteristic equation is

A =S A +8h—83=0

S1 = Sum of the main diagonal elements

=2+1-1

Sl=2
|2 -2 11 2 3
27011 3 -1 1 -1

=Q2+2)+(-1-3)+(-2-3)

=4-4-5

52:—5

. (D)
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S3=1A]
2 =2 3
=1 -1 1
1 3 -1

2(-1-3)+2(-1-1D)+3@3-1)
=2(=H+2(=2)+3()

=—8-4+6

S3=—6

The characteristic equation is

MB-222-50L+6=0

1.3 EIGEN VALUES AND EIGEN VECTORS

A linear transformation is defined by the equations
yl :(111 Xl +(112X2+ +a1nxn
Yo =dasy xl +022X2+ +a2nxn

V=0 X)Xy t+ .+ ay, X,

which can be written as

N
Y2 app ayp ... Ay
. ary QAry ... d
Y=AXwhere Y= VA= 21 %22 2n and X =
anl anz ann
Yn

X1

X2
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The linear transformation of the form Y=AX=A X where A is

a scalar assumes much importance in the engineering applications.

Let us find the values for A for which this type of linear

transformation occur.

AX=AX, where X is not a zero vector
ie. AX-AX=0
ie. AX-AIX=0

ie. A=A X=0

which is a homogeneous system of equations. For this system a non

trivial solution exists if | A-MI | =0.

all — 7\, Cllz 6113 aln
a arry—A ar ... a
ie. 2o 23 20 (D)
a, Ay Az e Gy — A

Note: FEigen values is also called latent roots, characteristic roots
and proper values

Eigen vector is also called latent vector, characteristic vector

and proper vector.

14

PROPERTIES OF EIGEN VALUES AND EIGEN
VECTORS

If all the eigen values A, A,, ... A, of a matrix A are distinct,

then the corresponding eigen vectors Xj,X,,... X, are all

n
linearly independent.

If two or more eigenvalues of a matrix are equal, then the
eigenvectors may be linearly independent or linearly
dependent.

A square matrix A and its transport A" have the same
characteristic values.
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Taking A= (al-j), i,j=1,2,...n, we have

ap —A an alp

A= 0] = ay) ap—h agn

a1 ) ann_%

aj = as ap

A" = M| = apy ap—»M n2

ay, Ay e Uy — A
|A—All=]A"— A

By changing rows into columns in the determinant, we get

AandA’ have the same characteristic function and hence
possess the same characteristic roots.
4. The product of the eigenvalues of the square matrix A is |A|.

If A, Ay, ... A, are the eigenvalues of A, then
A-M=1D"A=A) A=A ... A =4,
Setting, }\. = O, |A| = (— 1)n (— l)n )\.1 )\.2 )\.n = }\.1 }\.2 7\’}1

Note:

If the matrix is singular, then at least one of the eigenvalue
is zero and vice versa.

5. If A, Ay, ... A, are the latent roots of A, then
(i) kA, kA, ... kA, will be the latent roots of kA, k being

non-zero scalar.
L 11

i) —,—, ...
M
(iii) Af, A5, ... M) are the latent roots of AP where p is a
positive integer.

% are the latent roots of A~ ! if A, #0.
n
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6. The sum of the eigenvalues of a matrix A is equal to the sum
of its main diagonal or principal diagonal or leading diagonal.
This is otherwise called as Trace of the matrix A.

7. The eigenvalues of a triangular matrices are its corresponding
diagonal elements.

8. The eigenvalues of a given diagonal matrix are the elements
of main diagonal.

9. If |A| =0, then zero is the eigenvalue of the square matrix A.

10. If A is a eigenvalue of a non-singular matrix A, then is a
eigenvalue of the matrix Adj A if A#0.

11. If Aand B are any two non-singular square matrices, then
AB and BA have the same eigenvalues.

12. If A and B are any two square matrices and if A is non-singular
then A~! B and BA™! have the same eigenvalues.

13. The eigenvalues of a real symmetric matrix are real.

14. The eigenvalues of an identity matrix are all equal and it is equal
to 1.

15. The eigenvectors corresponding to distinct eigenvalues of real
symmetric matrix and unitary matrix are orthogonal.

16. A square matrix A is said to be orthogonal if AA"=A’A=1.

Where [ is the identity matrix.

WORKED EXAMPLES

Example 1: Show that the eigenvalues of a null matrix are

Zero. [AU. Apr/ May 2018]
Solution:
[0 0 0]
Let A be a zero matrix of order 3, then A=| 0 0 O |
L0 0 0]
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Then the characteristic equation of A is [A—A1]=0

0-A 0 0
0 0-A 0 |=0. (ie) (0—1) [A*]=0.
0 0 0-X

=2=0
Therefore the eigenvalues of A are 0, 0, 0.

Example 2: If A is an eigenvalue of a matrix A, then prove

that 1 is the eigenvalue of A1
A [A.U. Jan. 2009, Jan. 2015]

Solution:

Let A be an eigenvalue of A.

Then AX =AX (since X is the eigenvector and X # 0)

—SX=M1x
LA lx=Ly
A

:% is an eigenvalue of A™ L

Example 3: If A is an eigenvalue of A, then prove that A? is

an eigenvalue of A2,

Solution:

Let A be an eigenvalue of A, then

AX=AX (. Xis an eigenvector and X # 0)

Premultiplying both sides by A, we get
A(AX)=A (AX)

A%X =) (AX)
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AZX =L (X)) (. AX=AX)
A2 X =2%X
= A% is an eigenvalue of AZ.
Example 4: If A is an eigenvalue of an orthogonal matrix then

prove that % is also its eigenvalue.

Solution:
We know that if A is an eigenvalue of a matrix A, then i is
an eigenvalue of A~ L

Since A is an orthogonal matrix, A~ lis same as its transpose
A.

1 is an eigenvalue of A’ .

A

But the matrix A and A’ have the same eigenvalues, since
|A—AI| and |A"—AI| are the same.

Hence i is also an eigenvalue of A.

1.4.1 Eigen values and Eigen vectors of a non-symmetric
matrix with non-repeated Eigen values

WORKED EXAMPLES

Example 1: Find the eigen values and eigen vectors of

1 0 -1
A=|1 2 1
2 2 3

Solution:

The characteristic equation is
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A =8 A+ 8A-8;=0

S| = Sum of main diagonal elements

=1+2+3

S1:6

S5 = Sum of minors of main diagonal elements

1 0 21
522'12+23+

1 -1
2 3

=2-0+06-2)+(3+2)

=2+4+5

S2=11

=1(6-2)-03-2)—12-4)

=4+2

S3=6

Put §1, S, and S3 in (1)

The characteristic equation is

B-6A2+11A-6=0

solving equation (2)

Using synthetic division

o)
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Put A=1
P-6+11-6=0
= A=1 is a root.
1 1 -6 11 -6
0 1 -5 6
1 -5 6/ O

AM-50+6=0
A-3)(L=2)=0

We get the eigen values are

7»1=3

7\42=1

7»3=2

To find eigen vector

The eigen vector is given by (A-A D) X=0
10 -1 (1 0 0) ™M (O
1 2 1 |[-A[0 1 Oflx|=]|0
2 2 L0 0 1){x]| (O

1-A 0 -1 X1
0 2-A 1 X =(
2 2 3-a im0

Case (i): Put A=3in (1)
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—2 0 —1Y\(*1) (0
1 -1 1]x|= 0)
2 2 o0fx| (0)

—2)C1+0X2—1X3:O
1x1—1x2+1x3=0
2.X1+2X2+0X3=0

From (i) and (ii) using cross multiplication we get

<<

0-1 —14+2 2-0

Case (ii): Put A=1 in (1)

N = O
N = O

-1 Xl O
I || x =(0)
2 ||x3| \0)

Oxy +0xp — 1x3=0
Lx; + 1xp + 1x3=0

2X1 +2X2+2X3:O

. ()
... (ii)

... (iii)

. ()
... (i)

... (iii)
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Using cross multiplication rule

Consider (i) and (ii)
0~ _~1 0~ 0
O XX

Xl _ )CZ _ )C3
0+1 —-1-0 0-0

Case (iii): Put A=2 in (1)
-1 0 —-1)X 0
1 0 1 || x 2(0)
2 2 1 X3 ko)
—1x; +0xy - 1x3=0
1x1+0x2+1x3=0

2X1 +2X3+ 1X3 =0

Using cross multiplication we get,

Consider (ii) and (iii)

2> K3

0-2 2-1 2-0

. (@)
.. (ii)
.. (iii)
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-2
X3 = 1
2
The characteristic equation A> —6A% + 11A—6=0
Eigen values 3 1 2
Eigen vectors -1 -2
X, = X,=| -1 X;=| 1
2 0 2

Example 2: Find the characteristic values and characteristic

11 -4 -7
vectors of A= 7 -2 -5
10 -4 -6

Solution:
11 -4 -7
Let A= 7 -2 -5
10 -4 -6
11 7 10
AT=| —4 -2 —4
-7 -5 -6

A=Al - A is Non-symmetric matrix

The characteristic equation is
A =8 A +8,A-83=0
S| = Sum of main diagonal elements

=11-2-6

S1:3

S5 = Sum of minors of main diagonal elements

. (D
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o |1 -4 -2 -5 11 -7
2707 =2 -4 -6 10 -6
= (= 22+28) + (12 — 20) (- 66 + 70)
Sz=2
S3=1A|
11 -4 -7
=l 7 -2 -5
10 -4 -6

=11 (12 —20) + 4 (- 42 + 50) — 7 (— 28 + 20)
=11(-8)+4(8)-7(-8)
=—88+32+56

S3=0

The characteristic equation is

B-3Z-20-0=0

solving (2)
A 302 +20-0=0
Put A=1
1-3+2-0=0
= A=1is a root.

By using synthetic division

1| 1 23 2 o0
0 1 -2 0
1 _2 0] o

A2—2L+0=0

A=0,A=2

. (2
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We get the eigen values are

7\41=2
2.2=0

7\,3=1

To find eigen vector

The eigen vector is given by (A—A) X=0
I1-A -4 -7 X1 ( 0 )
7 —2—-A -5 X |=10
10 —4  —6-r||x| (O)
Case (i): Put A=2 in (1),
9 -4 -7 X1 0
7 -4 =5]||x%n|= ( 0 )
10 -4 -8 ||x | \0O)
9X1 - 4)C2 - 7.X3 =0
Txy —4xy—5x3=0
10x) —4x, —8x3=0
Using cross multiplication rule, consider (i) and (ii)
-4\ /-7~ 9~ —4
—4 ><_ 5 ><7 ><_ 4
. & X
20-28 -49+45 -36+28

X1 % X3

-8 —4 -8
-8

X1= —4 |+—-4

. (D

. ()
... (i)
... (iii)
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Case (ii): Put A=0 in (1)

7T =2 =5|| X% |=
10 -4 -6 x| \0)

11 -4 -7\ % (OW

11x; —4xy—Tx3=0 .. ()
7X1 —2.X2—5)C3:O (11)

10x; —4xy — 6x3=0 ... (iii)

Using cross multiplication rule, consider (i) and (ii)
-4 -7 11 -4
2 X572

X1 X X3
20—14 —49+55 —-22+28

Case (iii): Put A=1 in (1)

10 =4 =7)(x1) (0
T =3 =5 || X =( )
10 -4 -7 x| (0)
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10x] —4xy —Tx3=0
7.X1 — 3X2 — 5X3 =0
IOxl — 4X2 — 7X3 =0
Using cross multiplication rule, consider (i) and (ii)
-4 7 ><0 ~4
_ 3><_ 3 7 X 3

o . .
20-21 -49+50 -30+28

. ()
... (ii)

... (iii)

-1
X3 = 1
-2
The characteristic equation A> — 602+ 11A—6=0
Eigen values 2 0 1
Eigen vectors ( 21 -1 1
&=é X,=| -1 X3=| -1
\2) 1 2

Example 3: Find the latent roots and latent vectors of the

matrix
1 1 -2
A=|-1 2 1
01 -1
Solution:

1 1 =2
Let A=| -1 2 1
01 -1
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1 -1 0
AT=] 1 2 1
-2 1 -1

A#AT - As non-symmetric matrix

The characteristic equation is
7\,3—S1 7\,2+S27\,—S3=0
S1 = Sum of main diagonal elements

=1+2-1

S1:2

S = Sum of minors of main diagonal elements

2 1

1 1
1 -1

SZ:|—1 2

=2+ D) +(2-1)+(=1+0)

1 =2
0 -1

Sz=—1
Sy =A]
1 1 -2
=[-1 2 1
01 -1

=1(=2-1)-1(1+0)=2(-1-0)
=1(=3)-1(1)-2(-1)

=—3-1+2

S3=—2

The characteristic equation

Moo -1r+2=0

. (D)

. (2
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Solving (2)

Put A=1
1-2-14+2=0
=A=1is a root

By using synthetic division

1| 1 -2 21 2
0 1 -1 -2
1 _1 -2/ 0

AM—1A-2=0

A+1D(A-2)=0
A=-1,2

We get the eigen values are

To find eigen vectors:

The eigen vectors is given by (A—A 1) X=0

11 -2
-1 2 1
01 -1
1-A

~1

0

L

\

1
2-A
1

1
0
0

O = O

0
0
1

-2
1

-1-A

X1
X2
X3

X1
X2
X3

0
=0
0

Il
S OO

. (D
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Case (i): Put A=1in (1)

1-1 1 —2\(x 0
-1 2-1 1| x =(0W
0 1 —1-11 x| \0)

0 -2\ *1 0

-1 1 1] % =(Ow

0 -2 x| (0)

OX1+1X2—2X3=0
—1X1+1X2+1X3:0
Oxy +1xy —=2x3=0

Using cross multiplication rule, consider (i) & (ii)

XXX

A1 XH X
1+2 2-0 0+1
[3]
X =|2|
L 1]
Case (ii): Put A=—11in (1)
1+1 1 —2\(x 0
-1 2+1 1| x =(o)
0 1 —1+1 ||x | \O)
2 1 =2)\(x (0)
-1 3 1||x |=[0

2X1+1X2—2)C3:O
—1X1+3X2+1X3:O

Oxl + 1X2+0)C3:0

()]
... (i1)
... (iii)

. ()
.. (ii)
... (iii)
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Using cross multiplication rule, consider (i) and (ii)
1 3-2 1
3 ST
2 B
1+6 2-2 6+1
Xl .X'Z _X3
7 0 7
77
X2: 0 |—7
L7]
17
X;=]0 |
L1]
Case (iii): Put A=2 in (1)
1-2 1 -2 X1 0
-1 2-2 1 Xy |=] 0
0 1 —1-2 || x3 0
-1 1 =2)(X 0
-1 0 1] x |=|0
01 -3 .X3 0
—1x;+1x)—2x7,=0 .
1 2 3 . (1)
— 1)(?1 + 0X2 + 1)63 =0 (11)
Oxy + 1xy = 3x3=0 . (iif)

Using cross multiplication rule, consider (i) and (ii)

0
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X1 X X3
1-0 2+1 0+1
[1]
X;=| 3 |
L1]
The characteristic equation A3 =222 — 1A +2=0
Eigen values 1 -1 2
Eigen vectors -3 -1 ( 1 w
1 1 \1)

Example 4: Find the eigen values and eigen vectors of the

2 2 0

matrix A = 2 1 1

-7 2 -3

Solution:

22 0
Let A=| 2 1 1
-7 2 =3

2 2 -7

AT=l2 1 2

0 1 -3

A=Al - Ais non-symmetric matrix
The characteristic equation is

A =S A2 +8,h-8;=0
S| = Sum of the main diagonal elements

=2+1-3

S1:0
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S> = Sum of minors of main diagonal elements

2 2
Szz‘z 1 +

1 1 2 0
+
2 -3 -7 =3

=Q2-4)+(-3-2)+(-6+0)

=-2-5-6

S,=—13

S3=1A]

=2(-=3-2)-2(-=6+7)+0
=2(-=5-2()

=-10-2

S3=—12

The characteristic equation

AB-0A2- 130 +12=0 . (2)

Put =1 in (2)
1-0-13+12=0
0=0
= A=1is a root.

1 1 0 —13 12
0 1 1 —12

1 1 —12 0
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AM+A-12=0
A+4)(A-3)=0
A=—4,3

On solving equation (2) we get the eigen values are

7\.3=1

To find eigen vectors

The eigen vector is given by

(A-AD)X=0
2—A 2 0 X1 (0)
2 1-A 1 Xy |=]0
-7 2 =3-r|x| \0)
Case (i): Put A=3in (1)
-1 2 0 *1 (0)
2 =2 11{lx |=|0
-7 2 -6 x| \0)
—1)C1+2X2+OX3:0
2)C1—2X2+1X3:0
= 7x1 +2xy—6x3=0

Consider (i) and (ii)

By using cross multiplication rule,

XK,

. (D)

.. (i)
.. (iii)
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X1 X X3
2-0 0+1 2-4

X1 X2 .X3
=27 -

Case (ii): Put A=—4in (1)

6 2 0})*1 (0)
2 5 1|x1|=|0
-7 2 1

X3 \O)

6)(,'1 +2X2+OX3:O (1)
2x1 +5xy+ 1x3=0 .. (ii)
=Tx;+2xy+Tx3=0 .. (iii)

Using cross multiplication rule, consider (i) and (ii)
2 0 6 2
s X X35 XS
Xl X2 X3
2-0 0-6 30-4

X1 Xy X3

2 -6 26
2 1
X2: -6 |+2 X2: -3
26 13

Case (iii): Put A=1 in (1)
1x1 +2Xz+OX3=0 o ()
2x1 + 0)(2 + 1X3 =0 (ll)

—Txp +2x)—4x3=0 ... (iii)
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1 2 0 *1 0
2 0 1 (| X |=|0
-7 2 -4 x| (O)
By cross multiplication rule, consider (i) and (ii)
2 0 1 2
0 X1 X2 o
X X A3
2-0 0-1 0-4

2
X3= —1
—4

The characteristic equation A> — 0A% — 130+ 12=0

Eigen values 3 —4 1
Eigen vectors 2 1 2
-2 13 -4

1.4.2 Eigen values and eigen vectors of symmetric
matrix with non-repeated eigen values:

WORKED EXAMPLES

Example 1: Find the eigen values and eigen vectors of
3 -1 0
A=|-1 2 -1
0 -1 3
Solution:
3 -1 0

Let A=| -1 2 -1
0 -1 3
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3 -1 0
Al=1 -1 2 -1

0 -1 3
A=AT

s A is symmetric matrix

The characteristic equation is
7\,3—517\,2+S27\,—S3:O (1)

S| = Sum of main diagonal elements

Sl=8

S5 = Sum of minors of main diagonal elements

3 -1 2 -1 3.0
e BRI R NN
=6-1D)+6-1)+9-0)
=5+5+9
S,=19
S3=1A]|
3 -1 0
=|-1 2 -1
0 -1 3

36-1)+1(-3+0)-0
=305)+1(-3)

=15-3

Sy=12
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The characteristic equation

AB_SA2+190—12=0

Put A=1
1-84+19-12=0
20-20=0
=A=1 is a root.
Now using synthetic division.

Il 1 -8 19 —12
0 1 -7 12

1 -7 12 0

AM—TA+12=0

A=4)(L=3)=0
A=4,3

Solving equation (2) we get the eigen values are,

}»1=4

7»2=1

7\'3=3

To find eigen vectors:
The eigen vectors is given by (A—Al) X=0
3-A -1 0 X1 ( 0 W

-1 2-A -1 Xy 0
0 -1 3-r]lx| \O)

. (2

. (D
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Case (i): Put A=4in (1)
-1 -1 0\ *1 0
5 1w [0
O -1 -1 X3 \0)

—1X1—1X2+0)C3:0

. (1)
— lxl - 2X2 - 1X3 =0 (11)
OXI - 1X2 - 1)(,'3 =0 (111)
Using cross multiplication rule, consider (i) and (ii),
-1 -1 -1
XXX,
1 X2 3
1-0 0-1 2-1
1
Xl =l -1
1
Case (ii): Put A=1 in (1)
2 -1 0\ X1 (0 w
-1 1 =1 {x |=|0
0 -1 21 x| (0)
2x1 = 1x, +0x2 =0 .
1 2 3 L0
— lxl + 1X2 - 1X3 =0 (ll)
Oxy = 1xy +2x3=0 .. (i)

Using cross multiplication rule, consider (i) and (ii)
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- 0 20 ~1
1><4><>1>< 1
1. % X
1-0 0+2 2-1

X X2_X3
17270
[1]
X,=]2]|
L 1]

Case (iii): Put A=3 in (1)
0 -1 0)(x (0)
-1 -1 =-11||x =0
0 -1 0fx )| (0)
0X1—1XZ+OX3:O
—1x1—1x2—1x3=0
Oxy = 1xy + Ox3=0

Using cross multiplication rule, consider (i) and (ii)

RSP S

0 R <
1-0 0-0 0-1
1
X3: O
-1

. ()
.. (ii)
... (iii)

The characteristic equation A> — 832+ 19— 12=0

Eigen values 4 1
Eigen vectors 1 ( 1 W 1
Xl =| — 1 X2 = 2 X3 = 0
1 \1) _1
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Example 2: Find the eigen values and eigen vectors of

10 -2 -5
A=l-2 2 3
-5 3 5
Solution:
10 -2 -5
Let A=| -2 2 3
-5 3 5
10 -2 -5
Al=l -2 2 3
-5 3 5
A=AT

s A is symmetric matrix

The characteristic equation
A -8 A2+ 85, A 83=0
1 2 3 .. (D
S| = Sum of main diagonal elements

=10+2+5

S1: 17

S» = Sum of minors of main diagonal elements

10 -5

+
-5 5

|10 - 2 3
iR R REE

=(20-4)+(10-9) + (50 - 25)

=16+1+25

S2:42
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S3=1A]
10 -2 -5
=|-=-2 2 3
-5 3 5

=10 (10-9)+2 (— 10+ 15) =5 (- 6 + 10)
=10(1)+2(5) -5 (4)

=10+10-20

S3=0

The characteristic equation is

B 1702 +420.-0=0

o)

Put A=3 in (2)
27-173)+42(3)-0=0
0=0
= A=3is a root.
By using synthetic division.

3 1 -17 42

0
0 3 -4 O
I -14 0/ 0

A2 —141+0=0

A=0,14
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Solving equation (2) we get eigen values are

?\,1=14

?\,2=0
A.3:3

To find eigen vectors

The eigen vectors is given by (A—A D) X=0

10-2 -2 -5 *) (o
—2 2-% 3 |x :(0)
-5 3 5-Alx | \0)

Case (i): Put A=14 in (1)
-4 -2 =-5)(X 0
2 12 3| x Jo)
-5 3 -9 x| (0)
—4x1—2x2—5x3:0

—2.X1 - 12X2+3)C3:O

—5X1+3X2—9)C3:O

Using cross multiplication rule, consider (i) and (ii)

-2 -5 -4 =2
-12 3 -2 —-12

e D R .
-6-60 10+12 48-4

X1 % X
—66 22 44

X1: 1
2

. (D

. (@)
. (ii)
.. (iii)
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Case (ii): Put A=0 in (1)
10 =2 =5)Xx 0
-2 2 3| % =(O)
-5 3 5] x| \0)
10x) — 2x5 — 5x3=0
_2X1 +2X2+3X3=0
_5X1+3X2+5X3=0
Using cross multiplication rule, consider (i) and (ii)
- =5 10 =2
2 ><3><—2 2
i DR
—6+10 10-30 20-4

&1 X X3

4 _70 16
.
4

Case (iii): Put A=3 in (1)
7 =2 =5)* (0)
-2 -1 31 % |=]0
-5 3 2x| (0)

7x1—2x2—SX3=0

—2x; = 1xp +3x3=0
—le+3X2+2X3=O

Using cross multiplication rule, consider (i) and (ii)

. (@
... (ii)
... (iii)

. ()
... (ii)
... (iii)
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-2 =5 T~ =2
S XXX
X1 X2 X3

—6-5 10-21 -7-4

X X3
-11 -11 -11
-1
X3=| -1
-1
The characteristic equation A> — 1742+ 42X —0=0
Eigen values 14 0 3
Eigen vectors -3 1 -1
X1= +1 X2= -5 X3= -1
+2 4 -1

1.4.3 Eigen values and Eigen vector of non symmetric
matrix with repeated eigen values

WORKED EXAMPLES

Example 1: Find the eigen values and eigen vectors of
( 2 2 IW

A=|1 3 1
(12 2)

Solution:

(2 2 11
Let A=| 1 3 1
12 2)

AzAT

s A is non symmetric matrix.
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ATJ% é ﬂ
11 2)

The characteristic equation is
7\,3—S1 7\,2+S27\,—S3=0
S| = Sum of main diagonal elements

=2+3+2

S1=7

S5 = Sum of minors of main diagonal elements

2 2 31 2 1
SZ"13+22+12’
=6-2)+(06-2)+4-1)
=4+4+3

S2:11
S3=|A]
|2 2 1]
=|1 3 1]
|1 2 2]

=2(6-2)-22-1)+12-3)

=2@-2(H+1(-1

S3=5

The characteristic equation is

MB-7A2+11A-5=0

o)
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Solving equation (2)
Put A=1 in (2),
1-74+11-5=0
0=0
= A=1 is a root,
By using synthetic division
1l 1 -7 11 -5
0 1 -6 5
1 -6 Su
A2 —6L+5=0
A=-5A*-1)=0
A=5,1

We get eigen values are

To find eigen vectors:

The eigen vectors is given by (A—A ) X=0

2-A 2 1 Xy OW
1 3-2 1 X =(0
1 2 2-A x| \O)

Case (i): Put A=51in (1)

-3 2 1\[M 0
-2 1| x :(OW
2 -3 x | (0)

. (1)
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—3.)C1+2X2+1X3:0
1X1—2X2+1X3:0
1x1+2x2—3x3=0

Using cross multiplication rule, consider (i) and (ii)

XX

0 S <
242 1+3 6-2
4T
X1= 4|—4
[ 4]

[1]

X;=| 1]

[ 1]

Case (ii): Put A=1 in (1)

2 o]
02 1)n] (o)

0x1 - 1)C2 + OX3 =O

p—

Ix) +2xy,+ 1x3=0
Lx; +2xy + 1x3=0
Consider (ii)
Ix) +2x,+ 1x3=0
put x; =0
2xy+ 1x3=0
2xy=—1x3

0
X2= —l
2

. ()
... (i)
... (iii)

. ()
... (i)
... (iii)
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Case (iii):

Consider (ii)

Ix) +2xy+ 1x3=0 .. (ii)
pllt x2=0 = 1X1+ 1X3=0
lxl =— 1X3
-1
X3 = 0
1
The characteristic equation A> —7A% + 11 —5=0
Eigen values 5 1
Eigen vectors ( 1 w -1
Xp=l1 X,=| -1 X;=| 0
\1) 1

Example 2: Find the eigen values and eigen vector of the

211
matrix A=({1 2 1

0 0 1)

Solution:
fz 1 1}
Let A=|1 2 1
0 0 1)
(2 1 ow
AT=l1 2 0
U 1 1)

A=Al - A is non-symmetric matrix

The characteristic equation is

7\,3—S1 7\,2+S27\,—S3:0

. (D)
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S| = Sum of the main diagonal elements

=2+2+1

S1=5

S» = Sum of minors of main diagonal elements

21 2 1 2 1
52“12+01+01’
=4-1H)+2-0+2-0)
=3+2+2

Sz=7
S3=|A]
|2 1 1]
=|1 2 1]
|0 0 1]

2-0)—1(1-0)+1(0-0)

2
202)-1(1)+0
4

-1

S3=3

The characteristic equation

M-52+70-3=0

Put A=1 in (1)
1-5+7-3=0
0-0=0

A=1 is a root.

By using synthetic divison
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Il 1 -5 7 -3
0 1 -4 3
I -4 3 0

AM—4r+3=0
A-1)(A=3)=0
A=1,3

solving equation (2) we get the eigen values are

;\41=3

To find eigen vectors

The eigen vectors is given by (A—A) X=0
2 1 1 1 0 0)™M ( 0
1 2 1|-A]0 1 0| x |=]|0
\ 0 0 1 ) k 0 0 1) x3 k 0

220 1 1 \(n (o
1 2-% 1 ||x»|=]o
0 0 1-1flx) L0 e

Case (i): Put A=3in (1)

-1 1 L) *1 0
1 -1 1 2 |=

0
0 0 -2 x| 0)

=

- lxl + 1X2 + I.X3 =0 (1)
Ly = Ixy + L3 =0 ... (i)

Ox; +0xy —2x3 =0 .. (iii)



1.52 Matrices and Calculus

Using cross multiplication rule, consider (i) and (ii)
1 1 1
- 1><1 ><1 ><—1

Y
I+1 1+1 1-1

Case (ii): Put A=1 in (1)

1 1 1)\[* 0
1 1 1 |x|=l0
L0 0 0)lx| \0)
lxl + 1)C2 + 1X3 :O (1)
Ixy + 1xy + 1x3=0 .. (ii)
0xy +0xy +Ox3=0 ... (iii)
Consider (i)
lxl + 1X2+ 1)63 =0
put x; =0
1X2+ 1X3:0
1)62:— 1X3
0
X2= —1
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Case (iii)
Consider

Ix) + 1xy + 1x3=0

put x, =0
lxl =—- 1X3
-1
X3 = 0
1
The characteristic equation A> — 5A% + 74 —3=0
Eigen values 3 1 1
Eigen vectors ( 1 w -1
X;=11 X,=| -1 X;=| 0
\0) 1 1

1.4.4 Eigen values and Eigen vectors of a symmetric
matrix with repeated eigen values

WORKED EXAMPLES

Example 1: Find the eigen values and eigen vector of a matrix.

6 -2 2
A=| -2 3 -1
2 -1 3
Solution:
6 -2 2

Let A=| -2 3 -1
2 -1 3
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6 -2 2
Al=| _2 3 _1
2 -1 3

~A=AT L As symmetric matrix
The characteristic equation is

A S A2+ 8, h—83=0 (D)
S1 = Sum of the main diagonal elements

=6+3+3

S1=12

S5 = Sum of minors of main diagonal elements

_ 6 =2 3 -1 6 2
o e N R
=(18-4)+0OO-1)+(18—-4)
=14+8+ 14
S,=36
S3=1A]
6 -2 2
=|-2 3 -1
2 -1 3

=6(9-1)+2(-6+2)+2(2-6)
S3:32

The characteristic equation is

A 1202 +36L-32=0 Q)
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solving equation (2)
Put A=2 in (2)
23-122)2+36(2)-32=0
8—-48+72-32=0
0-0=0
= A=2 is a root
By using synthetic division
201 -12 36 -32
0 2 —-20 32

1 —-10 16 0

A2 -10A+16=0

A=2)(A-8)=0
A=2,8

We get the eigen values are

;\41=8
;v2=2

7»3=2

To find eigen vectors:

The eigen vectors is given by (A—A) X=0

6-A =2 2 X1 ow
-2 3-A -1 X3 =(

0 . ()
2 -1 3—7\, X3 koj
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Case (i): Put A=8 in (1)

-2 =2 2\"N 0
255 21w -0

2 -1 -51lx| (0)

— 20— 20+ 2x3=0 )
—2x; = 5% — lx3=0 ... (ii)
2xp = 1xy —5x3=0 ... (iii)

Using cross multiplication rule, consider (i) and (ii)
-2 2 2 2
XXX

1 X2 X3
2410 -4-2 10-4

Xl X2 X3

12 -6 6
_ 12_
X1: -6 |+6
6
2_
XIZ —1
1

Case (ii): Put A=2 in (1)
4 -2 2% ro
-2 1 =11 x 2(0)
2 -1 1 X3 kO)
4)(,'1—2)(,'24'2)63:0 (1)
—2)C1+1X2—1X3=0 (11)

2% =l +1x3=0 ... (iii)
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Consider (i)

4X1 —2X2+2)C3 =0

put x; =0
—2x)+2x3=0
—2}62:—2)(3
0
Xo=|-2 |+(-2)
-2
V)
X2= 1
L)
l
Case (iii): Let X3=| m |be the third eigen vector
\n )
2
X;=|-1|=2-1m+1n=0
1
0
Xo=|1[=0+1m+1n=0
)
2 -1 1
X3=|0 1 1
[ m n
0x1+1x2+1x3=0 (11)

Consider (i) and (ii)

TIX X X
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X1 ) X3
~1-1 0-2 2-0
o
2
e
X3 = -1
1
The characteristic equation A3 — 12A% + 361 — 32 =0
Eigen values 8 2 2
Eigen vectors 2 ( OW -1
X =|-1 Xp=|1 X;=| -1
1 \1) 1

Example 2: Find the Eigen values and Eigen vectors of

3 01 1
A=[1 3 -1
1 -1 3
Solution:

(3 1 1

LetA=|1 3 -1

1 -1 3

301 1

Al=l1 3 -1

1 -1 3

A=AT -~ As symmetric matrix

The characteristic equation is

M-8 A2 +8,h—8;=0

. (D
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S| = Sum of main diagonal elements
=3+3+3
Sl =9
13 1 3 1 3
52= ‘ N I N I NI '
=O0-D+0O-1)+0O-1)
=8+8+8
S,=24
S3=|A]
3 1 1
=1 3 -1
1 -1
=309-D-1@3+D)+1(-1-3)
=3@®)-14)+1(-4
S3=16
The characteristic equation is
A -2 +240-16=0 . ()

Put A=1 in (2)

1-9+24-16=0
25-25=0

s A=11is a root

Now by synthetic division,

1 1 -9 24 _16
0 1 -8 16

1 -8 16
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A —8AL+16=0
A-—4)A-4)=0
A=4,4

Solving equation (2) we get the eigen values are

7\41=1

}»2=4

7\43=4

To find eigen vectors:

The eigen vectors is given by (A—A) X=0

3-4 1 1 Y5 (o
1 3-% -1 ||x =(0w
1 -1 3-a| x| L0) e
Case (i): Put A=11in (1)

2 1 1)\ x (ow
1 2 -1]||x|=
1

0
-1 2 x| \0)

2X1 + 1)62 + 1)C3 = 0 (1)
Ix) +2x— 1x3=0 .. (i)
Lx; = 1xy +2x3 =0 ... (iii)

Using cross multiplication rule, consider (i) and (ii)
1 1 2 1
PaSPaPS
X X2 X3

—1-2 1+2 4-1
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-3 -1
X, =| 3(+3 x;=| 1
3 1

Case (ii): Put A=4 in (1)

-1 1 1\)(x 0
1 =1 -1 | x =(Ow
1 -1 -1]|x| L0)

—1x;+1Ixy+1x3=0

. (1)
lxl — 1X2 - 1)63 = 0 (ll)
lxl - 1X2 - 1)63 =0 (lll)

Consider (i)

- l)Cl + 1X2+ 1X3:0
putx;=0
1X2+ 1X3 =0

1X2=—1X3

[
Case (iii): Let X5= (m ) be the third eigen vector
\n )

1
X;=|-1|=1l-1m-1n=0
-1
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0
X,=| -1 |=0-1m+1n=0
1
1 -1 -1
X3=|10 -1 1
1 m n
1l-1m-1n=0 .
e . ()
Ol—1m+1n=0

... (ii)

By using cross multiplication

Consider (i) and (i)

D

2 -1 -1
-2

X;=| -1
-1

The characteristic equation A% — 9A% + 244 — 16 =0

Eigen values 1 4 4
Eigen vectors 1 0 -2
Xl = — 1 X2 = — 1 X3 = — 1
-1 1 -1
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Example 3: Find the eigen values and eigen vectors of
0 1 1
A=l1 0 -1
1 -1 0
Solution:
1 1
Let A=| 1 0 -1
1 -1
0 1 1
AT=11 0 -1
1 -1
A=AT - Ais symmetric matrix.
The characteristic equation
A -5 A2+ 85 h—83=0 L

S| = Sum of the main diagonal elements

S1=0

S5 = Sum of minors of main diagonal elements

1o 1 0 -1 0 1
%"1 olTl-1 ol |1 0‘
—0=D+O=1)+©0-1)
- 1-1-1
Sz=—3
S3=|A]
0 1 1
-1 o0 -1
1 -1 0
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=0(0-1)-(0+1)+1(-1-0)
=—1+1(=1)

=—1-1

S3=—2

The characteristic equation is

AB-0AZ-30+2=0

Put A=1 in (2)
1-0-3+2=0
-3+3=0
= A=1 is a root.
Now using synthetic division method

1 1 0 -3 2

0 1 1 -2
1 1 -2 0
A+A-2=0

A=1)(A+2)=0
A=1,-2

solving equation (2) we get the eigen values

}»1=—2
2.2:1

7\.3=1

o)
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To find eigen vectors:

The eigen vectors is given by (A—Al) X=0

0-A 1 1 X1 0
1 0-A -1 X 2(0
1 -1 0-r|lx| \O)
Case (i): PutA=2in (1)
2 1 1) *1 0
1 2 =1 % 2(0
1 -1 2|x| (0)
2X1+ 1X2+ 1X3=0
1X1+2X2— 1)C3:O
Ix —1xy +2x3=0

By using cross multiplication rule,

Consider (i) and (ii)
1 1 2 1
2 >< -1 >< 1 >< 2
X1 X X3
—1-2 1+42 4-1

X1 X X3
-3 373
3
Xlz 3 —3
3
S
X1= 1
1

. (D)

. ()
... (ii)
... (iii)
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Case (ii): Put A=1 in (1)
-1 1 2\ *1 0
1 =1 —=1| % :(0)
1 -1 -11lx| \0)
_1X1+1X2+1.X3=0
1X1—1X2—1)C3=0
1X1—1X2—1.X3=0

Consider (i)
—1x;+1xy+ Ix3=0
putx; =0
1X2 + 1X3 = O

1X2 =- IX3

l
Case (iii): Let X3= (m ) be the third eigen vector

\n )

X;=|-1|=1l-1m-1n=0

X5,=| -1 |=20-1m+1n=0

1l-1m—-1n=0

Ol—1m+1n=0

... (ii)
... (iii)

. ()
... (i)
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Consider (i) and (ii)

1 -1 -1
X;5=|10 -1 1
I m n

-1 -1 1_ -1
—1><1><0X1
.
~1-1 0-2 -1+0

-2
X3: —1
-1

The characteristic equation A3 —0A2 —3L+2=0

Eigen values -2 1 1
Eigen vectors 1 -2
Xl = — 1 X2 = — 1 X3 = = 1
-1 1 -1

Example 4: Find the eigen values and eigen vectors of

1 -1 -1
A= -1 1 -1
-1 -1 1
Solution:
1 -1 -1
Let A=| —1 1 -1
-1 -1 1
1 -1 -1
AT=| -1 1 -1
-1 -1 1
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A=AT - A symmetric matrix
The characteristic equation is
A =S A2 +8,h—8;3=0 (D

S| = Sum of the main diagonal elements

S1=3

S5 = Sum of minors of main diagonal elements

SZZ‘ -1, RS I
-1 1 -1 1 -1 1
=1-DHD+0-DH+1-1)
S,=0
S3=|A]
1 -1 -1
=|l-1 1 -1
-1 -1 1
=1(1-D+1(-1-1D-1(1+1)
=10)+1(-=2)-1(2)
=-2-2
S3=—4
The characteristic equation is
AMB-32+0r+4=0 . (2)

Put A=—1 in (2)
-1 -3+0+4=0
-44+4=0

= A=-—1 is a root.
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Now by synthetic division method
-1 1 -3 0 4
0 -1 4 -4
1 -4 4] 0
A2 —4hL+4=0
A-2)(A-2)=0
A=2,2
solving equation (2) we get the eigen values
A =—1
Ay=2
Ay=2
To find eigen vectors:
The eigen vector is given by (A—A) X=0
1-A -1 -1 X1 (0)
-1 1-A -1 Xy |=]0
-1 -1 1-a x5 \0) (D)
Case (i) Put A=—1 in (1)
2 -1 —-1}\[* (OW
-1 2 =11l x |=|0
-1 -1 =2 1x| \0)
2x; = lxy = 1x3=0 . ()
—1x;+2x - 1x3=0 .. (i)
—1x; = 1xp = 2x3=0 .. (iif)

Using cross multiplication rule, consider (i) and (ii)
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TS
S X XX,
0 S
1+2 1+2 4-1

Case (ii): Put A=2 in (1)
1 -1 —1)\(x (0)
-1 -1 -1 x |=]|0
1 -1 -1 ||x| (0)

—1x; = Ixy = 1x3=0

. (1)
- 1)(,'1 - 1X2 - 1X3 = 0 (11)
—lx; - Ixp—-1lx=0 ... (iii)

Consider (i)

—1x1—1x2—1x3=0
putx; =0
—lxy—1x3=0

- 1X2 = 1)63
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l
Case (iii): Let X5= (m ) be the third eigen vector
\n )
1
Xi;=|1 |=lU+1m+1n=0

1)

0
X5=1+1 [=20+1m-1n=0
-1
1 1 1
X3=10 1 -1
1 m n
U+1m+1n=0 (1)
Ol+1m—-1n=0 .. (i)

Consider (i) and (ii)
1 1 1 1
1 XX o X
1. X X3
~1-1 0+1 1-0

-2
X3=

The characteristic equation A> — 322+ OA +4=0

Eigen values -1 2 2
Eigen vectors ( 1 w 0 -2
Xp=]1 X,= X;=| 1
\1) _ 1
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Example 5: Find the eigen values and eigen vectors of

0 11
A=(1 0 1
\1 1 0)
Solution:
01 1
Let A=|1 1
1 1 O
01 1
AT=|1 0 1
1 1 O

A=AT - Ais symmetric matrix
The characteristic equation is

7\,3—S1 7\,2+S27\,—S3:0
S| = Sum of the main diagonal elements

=0+0+0

S1=0

S5 = Sum of minors of main diagonal elements

o 1 0 1 0 1
%“1 ol 11 o1 o‘
=0-1)+O0-1)+@O-1)

=—1-1-1
S2=—3
S3=|A]
o 1 1]
=|1 0 1
|1 1 0]
0-10-D+1(1-0)
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=—1(-=D+1(1)
=1+1
S3=2

The characteristic equation

3 2
A -0 =30-2=0 (2

Put A=—1 in (2)
-1-0+3-2=0
3-3=0
= A=-1 is a root
By synthetic division method,

-1 1 0 -3 -2

0 -1 1 2
1 -1 -2/ ©
A—A-2=0

A+D(A-2)=0
A=-1,2

Solving equation (2) we get the eigen values are

7»1=2

To find eigen vectors

The eigen vectors is given by (A—A) X=0
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0-A 1 1 Y *) (o
L= [0

L0)

Case (i): Put A=2in (1)

-2 1 1Y\ X1 0
1 -2 1] % |= ( 0 )
L0
—2x +1xy+ 1x3=0
1X1 —2X2+ 1)C3 =0
1)(?1 + 1)62 - 2)63 =0
Using cross multiplication rule, consider (i) and (ii)
1 1 2 1
X XX,
X X2 X3
142 1+2 4-1

Case (ii)): Put A=—11in (1)

1 1 1)\[*"M 0
1 1 1] x|=0
(L1 1)l | (0)
1X1+1X2+1X3:O
1x1+1x2—1x3=0

lxl + 1XZ + 1X3 =0

)

. ()
.. (ii)
... (iii)

. ()
... (ii)
... (iii)



Matrices 1.75

Consider (i)
Ixy+ 1xy + 1x3=0
put x; =0
Ixy+1x3=0
Ixy=—1x3

0
X2= —1
1

l
Case (iii): Let X3= (m ) be the third eigen vector
| n
1
X;=|1|=lU+1m+1n=0

L)

0
X5=| -1 =0-1m+1n=0
1
1 11
X3=10 -1 1
I m n
l+1m+1n=0 0
0l—1m+1n=0 .. (i)

Consider (i) and (ii)
1 1 1 1
X !

X1 X1 X3
1+1 0-1 —-1-0

2
X3= —l
-1
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The characteristic equation A> — 0A%> =3, —2=0

Eigen values 2 -1 1

X1=

—

Eigen vectors ( W 2
Xz = — 1 X3 = — 1
\1) 1 ~1

1.5 DIAGONALISATION OF A MATRIX

1.5.1 Similar Matrices
Two matrices A andB are said to be similar if there exist a

matrix P such that B=P L AP.

When B=P~ 1 AP we say that matrix B is said to be obtained
from A by a similarity transformation. The situation will be
interesting when B becomes a diagonal matrix. The process of
reducing A to a diagonal matrix is known as diagonalisation.

Note: Similar matrices will have the same set of eigen values.

1.5.2 Diagonalization of a matrix by Orthogonal
Transformation

If A is real symmetric matrix, then we can diagonalise the
matrix by orthogonal transformation (Orthogonal reduction).

Procedure to diagonalize the matrix by orthogonal transformation

1. Normalise each eigenvector X,. For this, divide each element
of the eigenvector X, by the square root of the sum of the

square of all the elements of X,.

2. Form the normalised Modal Matrix N by using the normalised
eigenvectors of A.

3. Find D=N'AN. Transforming the matrix A into D by means

of the transformation N'AN=D is known as orthogonal
transformation.
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Note:
For the orthogonal matrix A, A~ 1=aT

Orthogonal Reduction of a Real Symmetric Matrix
If A is a real symmetric matrix, then its eigenvalues are

orthogonal in pairs. If we normalize each eigenvector X,, then the

resulting modal matrix N will be orthogonal, .. N L= NT.

Hence the similarity transformation N~ YAN  becomes
NT AN=D, where D is the diagonal matrix whose diagonal elements
are the eigenvalues of A. Transforming A into D by means of the
transformations N AN=D is known as orthogonal transformation

or orthogonal reduction and is possible only for real symmetric
matrices.

Result:

If A is a square matrix of order n, having n linearly
independent eigen vectors then, a matrix B can be found such that
B 'AB=Dis a diagonal matrix.

The matrix B has the eigen vectors as its column and the
diagonal matrix consists of eigen values along the diagonal.

WORKED EXAMPLES

6 -2 2
Example 1: Diagonalize the matrix A =| —2 3 —1 | using
2 -1 3
orthogonal transformation.
Solution:
6 -2
LetA={ -2 3 -1
2 -1
6 -2
AT=| -2 3 -1
2 -1
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A=AT - A symmetric matrix

The characteristic equation is

}\,3—Sl>\,2+52}\4—S3=0

. (D)
S1=6+3+3
Sy =12
6 -2 3 -1 6 2
52 ‘—2 3‘ ‘—1 3172 3‘

=(18-4)+0O-1)+(18-4)

=14+8+14
S, =36
S3=1A|
6 -2 2
=-2 3 -1
2 -1 3

=6(9-1)+2(-6+2)+2(2-06)
=68)+2(-4)+2(—4)

—48-8-8

S3:32

The characteristic equation is

3 2 -
A - 1202 +36A-32=0 )
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Solving equation (2) we get eigen values [Refer Example 1

section 1.4.4]

My =8
Ay =2
Ay=2

To find eigen vectors
The eigen vectors is given by (A—A) X=0
6-A =2 2 X1 ( 0 W

-2 3-A -1 Xy 0
2 -1 3-A|lx| LO)

Case (i): Put A=8 in (1)
-2 =2 2\ X1 0
505 1w =[o]
2 -1 -5||x 0)
—2)(,'1—2)(24'2)63:0

—2)C1—5X2—1X3=0
2x1 — 1X2—5X3:0

Consider (i) and (ii)

Using cross multiplication rule,
-2 2 -2 -2
s S TR K
&1 &» X
2+10 —-4-2 10-4

X1 X X3

12 -6 6

. (D)

. ()
.. (ii)
... (iii)



1.80 Matrices and Calculus

Case (ii): Put A=2 in (1)
4 -2 2\ * ( 0 W
-2 1 =11 x |=|0
2 -1 1]x | LO)
4x) = 2xy+2x3=0
—2x;+1xy —1x3=0
2x) = lxp +1x3=0
Since all the three equations are same.
Consider any equation
(1) =4x; —2x,+2x3=0
put x; =0
—2xy+2x3=0
—2xy=—2x3

x{1]

)

.. (ii)
... (iii)
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l
Case (iii): Let X5= (m ) be the third eigen vector

\n )
2
X;=| -1 |=2-1m+1n=0
1

0
X, = 1):>Ol+1m+ln=0

1)

2 -1 1
X3=|0 1 1

Il m n
20— 1m+1n=0 .. ()
0Ol+1m+1n=0 .. (i)

Consider (i) and (ii)

Using cross multiplication, we get
-1 K/ 2 1
1>< 1><0>< 1

. T
-1-1 0-2 2-0

X1 Xy X3

-2 -2 2
o7
X3: -2 1+2

2

S
X3=| -1
1
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The characteristic equation A% — 1242 + 36A —32 =0
Eigen values 8 2 2
Eigen vectors 2 ( 0 W -1
Xl = -1 X2 =1 X3 = = 1
1 \1) 1

Diagonalisation by Orthogonal Transformation

D=N' AN

A = Given matrix

N = Normalized modal matrix
N = Transpose of N

Modal matrix

X, X5 X3
2 0 -1
P=l-1 1 -1
1 1 1
Normalization
X =V2+ 1241 X=NCP+12+12 Xy=N( 12+ 12+12
=V4+1+1 =NO+1+1 =V1+1+1
=6 -2 -3
N - Normalized modal matrix
2 0 -1
Vo 2 A3
v=| 2L L -1
Ve 2 3
B T
Vo 3 2
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2 -1 1
V6 V6 6
A=l 0 1 1
V2 V2 2
- -1 1
BB
NT A N
2 -1 1 2 -1 1
V6 V6 V6 6 o V6 V6 V6
O IS TS U S (N U
R | IR
- -1 1 - -1 1
3 B2 Ny
8 0 O)
D=0 2 0
00 2)
1 -1 -1
Example 2: Diagonalize A = —1 1 -1 | using orthogonal
-1 -1 1
transformation
Solution:
1 -1 -1
Given A=| -1 1 -1
-1 -1 1
1 -1 -1
AT=l -1 1 -1
-1 -1 1

A=AT - Ais symmetric matrix
The characteristic equation is

=S A +8A-83=0
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S| = Sum of the main diagonal elements

=1+1+1

S1=3

S5 = Sum of minors of main diagonal elements

o | 1 -1 L=t | 1 -1
27022 1 -1 1 -1 1
=1-D+0-1D+(1-1
Sz=0
S3=|A]
1 -1 -1
=l-1 1 -1
-1 -1 1

=1(1-D+1(-1-1D)—1(1+1)
=10)+1(-2)-1(-2)

=-2-2

S3=—4

The characteristic equation

MB-3Z+00+4=0

. (2

Solving equation (2) we get the eigen values are [Refer

Example 4 section 1.44]

M =—1
Ay=2
Ay=2
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To find eigen vectors.

The eigen vectors is given by (A—A X=0
1-A -1 -1 X1 (0 )
-1 1-2 -1 Xy |=| 0
~1 -1 1-A| x| \O)
Case (i): Put A=—11in (1)
2 -1 —-1)\[*x 0 W
-1 2 =1 || x |= (0
-1 -1 2|lx| (O]
2x; = Ixy = 1x3=0
- 1x1+2x2— 1)6320
—1x; —1xy) +2x3=0
Using cross multiplication rule, consider (i) and (ii)
— -1 2. -1
X1 X2 A3
1+2 1+2 4-1

Case (ii): Put A=2 in (1)

1 =1 —1)(*) (o
-1 -1 =11 x =(0w

-1 -1 -1 x| (0)

. (D

. ()
.. (ii)
... (iii)
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—1)C1— 1X2— 1X3:0 (1)
- 1x1 - 1X2 - IX3 = 0 (11)
—lx; - Ixp—-1lx=0 ... (iii)

Since all the three equations are same. Consider any (1)
equation.

Consider

(l) = —1X1—1X2—1X3:0

put x; =0
—1X2—1X3=0
—1X2=1X3
—2X2=—2)C3
0
X2= 1
-1

[
Case (iii): Let X5= (m ) be the third eigen vector
\n )

1
X, = 1}:11+1m+1n=0
1) .. ()
0
X5=|-1 [=0+1m-1n=0
+1 .. (ii)
(1 11
X3: 0 —1 1
Il m n

Consider (i) and (ii) By cross multiplication rule,
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1o, 1 (1 1
—1><1><0 X
X1 & X
1+1 0-1 -1-0

X1 X X
-1 -1
2
X3 = — 1
-1
The characteristic equation A3 —0A2 — 3L —2=0
Eigen values -1 2 2
Eigen vectors ( 1 w 0 2
%=i X,=| -1 X;=| -1
\1) 1 1
Diagonalization
D=NTAN

A — Given matrix

N — Normalized modal matrix
NI - Transpose of N

Modal matrix

X Xy X3

1 0 2

p=|1 -1 -1

1 1 1
Normalization

X =N+ 12412 X=N0*+ (-1 +12  X3=\N22+(-1)>+1?
=3 =2 =6
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N — Normalized modal matrix

1 0 2
V3 W2 6
No| L =L -1
V32 A6
S S
3 V2 6
I T
V33 3
A=l 0 -1 -1
v B V%
I T
3 2 6
Diagonalization
D=NTAN
NT A N
B B 1L 0 2
S P NI I3
P D e O | | 0 M) G
IR Y R
B U B T
3 V2 V6 3 V6
102)
D=0 2 0
002]
01 1
Example 3: A=|1 0 1 |using orthogonal transformation.
kllO)
Solution:
[0 1 1]
Let A=| 1 0 1|
[1 1 0]
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ATJ? (1) H
\1 1 0)

A=AT - Ais symmetric matrix.

The characteristic equation is
7\,3—517\,2+S27\,—S3:0 (1)
S1 = Sum of the main diagonal elements

=0+0+0

Sl=0

S5 = Sum of minors of main diagonal elements

s=[0 3]+ al+ |3 8]
=0-1D)+0O-1)+@O-1)
=—1-1-1
S,=-3
S3=|A]|
o 1 1]
=|1 0 1]
|1 1 0]
S3=2

The characteristic equation

2
A —0A2-30-2=0 @

Solving equation (2) we get the eigen values are [Refer
Example 5 Section 1.4.4]
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;\,1=
Ay=—1
Ay=—1

To find eigen vectors

The eigen vectors is given by (A—A) X=0
0—-A 1 1 X1 ( 0 )
1 0-2 1 X |=10
1 1 0—A || X3 \0 }
Case (i): Put A=21in (1)
-2 1 1)\ *1 ( 0 )
1 -2 1 ||X |=]0
1 1 -2|x| l0)
—2x1+1xy+ 1x3=0
Ix —2x,+ 1x3=0
1)(?1 + 1X2—2)C3 =0
Using cross multiplication rule, consider (i) and (ii)
1 1 2 1
- 2>< 1 >< 1 ><— 2
X1 X2 X3
1+2 1+2 4-1

M_2_ 8
373 3
[3]
X;=]3|+3
L3]
[1]

X, =|1]
L 1]

. (D

.. (i)
.. (iii)
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Case (ii): Put A=—1in (1)

(1 1 1} X (0)
1 1 1| x|=l0
(11 1l (0
1X1+1X2+1X3=0 . (1)
1X1+1)C2+1X3:O (11)
Lx; + 1xy + 1x3=0 ... (iii)

Since all the three equations are same consider any equation

lxl + 1X2+ 1X3:O

put x; =0
1X2:—1.X3
0
X2= —l
1

l
Case (iii): Let X3= (m ) be the third eigen vector

\n )

1
X = 1}:Il+1m+ln=0
1)
0
X,=| -1 |=0-1m+1n=0
1
1 I 1
I m n

By cross multiplication rule
Ix; + 1xy+1x3=0

Oxl - 1)C2+ 1X3:O

. ()

... (ii)
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Using cross multiplication rule, consider (i) and (ii)

XX X

The characteristic equation A3 —0A2 =31 —2=0
Eigen values -1 2 -1
Eigen vectors ( 1 W 2
&=i X,=| -1 X3=| -1
\1) 1 -1
Diagonalization
D=NTAN

A — Given matrix

N — Normalized modal matrix
NT - Transpose of N

Modal matrix
X X5 X5

1 0 2
p=[1 -1 -1
11 -1
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Normalization

X =V 12412 X=N0+ =12+ 12 X3=N22+ (= 12+ (1)

=3 =\2 =6
N — Normalized modal matrix
1 0 2
3 V2 6
vo| Lo -1
V3 2 e
D U |
3 2 V6
11 1
V3 3 V3
Ao O -1 -1
V2 2 V2
2 -1 -1
V16 V6 V6
D=N'AN
NT N
11 1 1 0 2
SRRy B V6
B T T I R |
2 -1 -1 N U |
6 6 V6 3 V2 6
2 0 O
D=0 -1 O
0O 0 -1
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1.6 CAYLEY - HAMILTON - THEOREM

Statement

Every square matrix satisfies its own characteristic equation.

Uses of Cayley - Hamilton theorem
To find
(i) The positive integral powers of A

(i) The inverse of a square matrix A

1.6.1 Problems - based on Cayley - Hamilton theorem
[2 x 2 matrix]

WORKED EXAMPLES

Example 1: Show that the matrix {; 1

] satisfies its own

characteristic equation.

Solution:

1 =2
LetA—[2 1}

Characteristic equation of A is given by
A =S A-8,=0 (1)

S| = sum of main diagonal elements

=1+1=2
S, =1A]
=1+4=5
SN2 +5=0 . (2)

Replace A by A in (2) we get

A2 _2A+51=0
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To prove, by Cayley - Hamilton theorem

Iﬂz—l 211 =2
2 1|2 1
[1-4 -2-2
1242 —4+1
[-3 -4
| 4 -3
1 -2
24=2

12 -4
14 2
|5 0
51_[0 5}
C A2 | -3 -4] |2 -4 50
SA 2A+51_{ 4 _3} {4 2}+[0 5}
10 0
10 0
AZ-2A+51=0is proved.

~. Given matrix satisfies its own characteristic equation.

10
0 5
Cayley-Hamilton theorem.

b Y]

Characteristic equation of A is

Example 2: A= write A2 interms of A andI using

Solution:

7\,2—SI7L+S2=0 o (D)
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S| = sum of main diagonal elements

=1+5
S =6
Sy =14
S$,=5
Characteristic Equation A2 —6L+50=0 e
by Cayley-Hamilton theorem, put A=A in (2)
A2 —6A+51=0
~ A= 6A-51
Example 3: If A= éll g express A3 interms of A and I using
Cayley-Hamilton theorem.
Solution:
Characteristic equation of A is
A2 =S A+5,=0 L)
S| = sum of main diagonal elements
=1+5
S$1=6
Sy =A|
S, =5
The characteristic equation A% — 61 +5 =0 . (2

by Cayley-Hamilton theorem, put A=A in (2),
A2 -6A+51=0

A2 =6A-51

- (M
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To find A3 multiplying both sides by A

A-A?=A (6A - 5I)

A3=6A%-5A
=6 (6A—-51)—-5A (by *)
=36A — 30/ — 5A
A3 =314 -301
Example 4: If A= |: g ; i| find A~ ! using Cayley-Hamilton
theorem.
Solution:
Given: A:{;l ;}

Characteristic equation of A is
2 —
S| = sum of main diagonal elements

=4+2

The characteristic equation A2 — 61 +5 =0 (2
Using Cayley-Hamilton theorem, put A=A in (2),

A2 _6A+51=0
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To find A~ 1
+ by A
A2 6A 5 _,
A A A
5
A_6I+A—O
5
=00-A
54" 1=61-A
A"l =—1[61-A]

1.6.2 Problems based on Cayley-Hamilton theorem [for
3 x3 matrix]

WORKED EXAMPLES

Example 1: Using Cayley-Hamilton theorem find A~1 when

1 0 3
A=|2 1 -1
1 -1 1
Solution:
1 0
A=|2 1 -1
1 - 1

Characteristic equation of A is

A =S W2 +8h—83=0
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S = sum of main diagonal elements

=1+1+1

Sl=3

S, = sum of minors of diagonal elements

T -1 i AT ?‘
=(1-1)+(1-3)+(1-0)
=0-2+1

S,=—1

S3=|A]
=1(1-D-02+1D)+3(-2-1)
S3=—9

The characteristic equation A3 =302 —A+9=0 (D
by Cayley-Hamilton theorem [Replace A by A]
A3 =342 -A+91=0
+by A
A?-3A-1+9A"1=0

—9A A2 341

A‘lz%;{A2—34—ﬂ

1 0 1 0
AZ=l2 1 - 2 -
1 - 1 -

[1+0+3 0+0-3 3+0+3
= 2+42-1 0+1+1 6-1-1
1-2+1 0-1-1 3+1+1
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4 -3 6
A’=3 2 4
0 -2 5
1 0 3
34=312 1 -1
1 -1 1
3 0 9
=l6 3 -3
3 -3 3
(4 -3 30 91710 07
LAT-3A-1=|3 2 -6 3 =3|-]0 1 0]
0 -2 3 -3 3| L0o0 1]
[0 -3 -3
=l -3 -2 7
-3 1 1
4] 0 -3 -3
Al=—] -3 -2
9
-3 1
. 0 3 3
R N § _
nATI=g13 2 =T
3 -1 -1

Example 2: Verify Cayley-Hamilton theorem for

2 -1 1
A= -1

1 -1 2
Solution:

A=

2
-1
1

-1
2
-1

2 —1 | and hence find A~ L
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Characteristic equation of A is
A =S A2 +8h-83=0
S| = sum of main diagonal elements

=2+2+2

S1=6

S, = sum of minors of diagonal elements

2
1

o2 —1
-1 2

+

1
N
=@4-D+@-DH+@-1
=3+3+3

=2@A-D+1(=2+D)+1(1-2)
=6-1-1
S3=4

The characteristic equation is
A —6A2+9A-4=0
by Cayley-Hamilton theorem [Replace A by A]
A3 —6A%+9A-41=0 (D

2 -1 1 2 -1 1
AZ=| -1 2 —1ll-1 2 -1
1 -1 2 1 -1 2

4+14+1 -2-2-1 2+1+2
= -2-2-1 1+4+1 -1-2-2
24+1+2 —-1-2-2 1+1+4
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6 -5 5
A’=| -5 6 -5

5 -5 6
Ad=A%.A

6 -5 5 2 -1 1
=l-5 6 -5 -1 2 -1

5 =5 6 1 -1 2

12+5+5 -6-10-5 6+5+10
= -10—-6-5 5+12+5 -5-6-10
10+54+6 -5-10-6 545+12

2 -21 21
Ad=l 21 22 -21
21 —21 22

2 -1 1
9A=9| -1 2 -1
1 -1 2

18 -9 9
=-9 18 -9
9 -9 18

18 -9 9
9A

Il

|
O
—
o)

I
O

[1 0 0]
4I=4/0 1 0]
L0 0 1]

[
41 =|
]

OO B~
O~ O

0]
0]
4]

Consider A3 — 642+ 94 —41
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22 —-21 21 36 -30 30|
=|-21 22 -21|-|-30 36 +30
21 —-21 22 30 -30 36
18 -9 91 74 0 0]
+-9 18 -9 |-]0 4 0]
9 —9 18| L0 0 4]
[0 0 0]
=0 0 O]
L0 0 0]
Hence A3 —642+9A4 —4I=0 is verified.
To find A~ 1
A3 —6A%2+9A—41=0
+by A
A2 —6A+91—-4A"1=0
4A" 1 =A% _6A+01I
A_I:%[A2—6A+9I]
e -5 5 12 -6 6|19 0 0]
A_I:Z -5 6 -5|-|-6 12 -6|+]0 9 0]
5 -5 6 -6 12| L0 0 9]
1' 31 -1
-1_1
At=0] 13 1
-1 1 3
Example 3: Verify Cayley-Hamilton theorem and use it
[1 2 3
A=|2 4 5|tofind A”L
|3 5 6]
Solution:
1 2 37
A=|2 4 5|
|3 5 6]
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Characteristic equation of 3 X 3 matrix is given by
A =S A2+ 830 -83=0 (D)

S| = sum of diagonal elements

=14+4+6
S1=11

S, = sum of minors of diagonal elements

_’4 5 1 3 2‘

1
=15 6|73 6 2 4

+

=(24-25)+(6-9)+ (4 —4)

=—1-3+40

52:—4

S3=A]
—1(24-25)-2 (12— 15)+3 (10— 12)

=—1+6-6
S3 = 1
The characteristic equation B-1102—4r+1=0 )

by Cayley-Hamilton theorem [Replace A by A]
A3 11A%2-4A+1=0

3]

2
A2 = 4
5

N W
L—

1
| 3
1+4+9 2+8+15 3+10+18

A2=| 24+8+15 4+16+25 6+20+30
3+10+18 6+20+30 9+25+36

[14 25 317
=| 25 45 56 |
|31 56 70|
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Ad=A%.A
[14 25 3171 2 3]
=25 45 56| 2 4 5|
|31 56 703 5 6]
[ 14 +50+93
=| 25+90+ 168

A3=] 283 510 636 |

353 636 793 |

Consider A3 — 1142 —44 +1

[ 157
=| 283
| 353

[ 157
=| 283
| 353

(e Nl e)
SO O

|
L

283
510
636

283
510
636

0
0
0

| I ——

353 ] [ 14 25 31]]
636 |- 11| 25 45 56 |
793 | |31 56 70 |

[1 2 3]
-4 2 4 5|+]0 1
[3 5 6]

353 [ 154 275
636 |—| 275 495
793 | | 341 616

[ 4 8
- 8 16
| 12 20

[1 0

Lo 0

341
616 |
779 |

127 T1
20 |+] 0
24| o

284+ 100+ 155 42+ 125+ 186
50+ 180 +280 75+ 225+ 336
31+ 112+210 6242244350 93+280+420

157 283 353

AP 11A2-4A+1=0 .. Cayley-Hamilton theorem is verified.

To find A~ 1;

A3 11A2—4A+1=0

A2 11A-4I+A"1=0
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A~ =114 + 41 - AZ

[154 275 341] [4 0 O] [14 25 31]
=] 275 495 616 |[+| 0 4 0]-| 25 45 56 |
| 341 616 770 ] [0 0 4] |31 56 70|

[134 250 310
A~l=| 250 454 560 |
| 310 560 696 |

[134 250 310
A~1=| 250 454 560 |
| 310 560 696 |

Example 4: Verify Cayley-Hamilton theorem

1 0 -2
A=|2 2 4 | and hence find A~ L.
0 0 2
Solution:
1 0 -2
A=|2 2 4
00 2
Characteristic equation
7\.3—517\.2+527\.—S3=0 (D)

S| = sum of main diagonal elements

=1+2+2

SIZS

S, = sum of minors of diagonal elements
_12 1 0
|0 2 2

=@4-0+2-0)+(2-0)

1 -2

+
0 2

+

N A~

=4+2+2
SZ=8
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S3=1A]

=1(4-0)—0(4=0)+(-2) (0—-0)

S3=4

The characteristic equation A3 —5A%+ 8, —4=0 )

Cayley-Hamilton theorem [Replace A by A]

A3 —5A%2+8A—-41=0

1 0 =211 0 =2
A2=l2 2 4|2 2 4
00 21/loo0 2

[1+0+0 0+0+0 —-2+0-4
= 2+44+40 0+44+40 —-4+8+8
0+0+0 0+0+0 0+0+4

1 0 -6
A2=l6 4 12
0 0 4
1 0 -6|[1 0 =2
Ad=A2xA=|6 4 1212 2 4
00 410 0 2
[1+0+0 0+0+0 —-2+0-12
= 6+8+0 0+8+0 —-12+16+24
0+0+0 0+0+0 0+0+8
1 0 —-14
Ad=l14 8 28
0 0 8

Consider A3 —542 + 84 — 41
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1 0 -14 5 0 -30 8 0 -16| [4 0 0]
=114 8 28|-|30 20 60|+|16 16 32|-|0 4 0|

00 8 0 0 20 0o o0 16| L0 O 4]
[0 0 O]
=0 0 0]

L0 0 0]

A3 —5A2+8A-41=0 Cayley-Hamilton theorem is verified.

To find A~ !
A3 =547 +8A—-41=0
+A

A2 _5A+81-4A"1=0

441 =A% 54481

1"10—6 5 0 -10] 78 0 0]
=46 4 12|-[10 10 20[+[0 8 O]
00 4 0 o 10| LO 0 8]
4o
=7 -4 2 -8
00 2
1 0 1
“1_{_4 1 _
Al=l -1 5 =2
1
00 3
1 0 1
_1__1_
Al=l -1 5 -2
1
00 5
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2 -1 2
Example 5: If A=| -1 2 -1 | verify Cayley-Hamilton
1 1 2
theorem and find A%
Solution:
2 -1 2
A=| -1 2 -1
1 1 2

Characteristic equation

A =S A2+ 8, A —83=0

S| = sum of main diagonal elements

$1=2+2+2=6

S, = sum of minors of diagonal elements

2 -1
-1 2

2 -1

+
1 2

2
1 +

2
2

=@4+1)+@d-2)+4-1)
S, =6+2+3=10

S3=|A]
=2@+D+1(=2+D)+2(-1-2)
S3=10-1-6=3

The characteristic equation A% — 602+ 10A—3 =0

Using Cayley-Hamilton theorem [Replace A by A]
A3~ 6A%+10A-31=0

A3 =642 - 10A + 31

. (D)

. )
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Multiplying by A
A% =643 - 1042 +3A
=6 [6A% - 10A + 3] — 10A% + 34

= 3642 — 604 + 18] — 10A% + 34

A*=2642 - 574 + 18I

AZ=| -1 2 —1ll-1 2 -1

4+1+2 -2-24+42 4+1+4
=-2-2-1 1+4-1 -2-2-2
2-142 —-1+2+2 2-1+4

7 -2 9
=|-5 4 -6
3 3 5

A4 =264%-57A +181

7 =2 9 2 -1 21 718 0 0]
=26|-5 4 -6|-57|-1 2 —-1|+] 0 18 0 |
3 3 5 1 1 2| L0 0 18]
182 -52 234| [-114 57 —114
=| —130 104 -—156 |+ 57 —114 57
78 78 130 -57 -57 -114
[18 0 01
+ 0 18 0 |
Lo o 18]
86 5 120

A*=l73 8 -99
21 21 34
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Example 6: Verify Cayley-Hamilton theorem using it to find

1 1 1
the inverse of A =| 1 2 -3
2 -1 3
Solution:
1 1 1
A=|1 2 -3
2 -1 3

Characteristic equation of A is
A =S A2+ S h—85=0 (D
S| = sum of main diagonal elements

=1+2+3

51:6

S, = sum of minors of diagonal elements

1

2 -3 |11 1
EEHNEHN

-1 2 2 3

=6-3)+B3-2)+2-1)

=3+1+1

SZ=5

S3=|A]
=1(6-3)-13+6)+1(-1-4)
=3-9-5

S3=—11

The characteristic equation B -6A2+50+11=0 e (2)

by Cayley-Hamilton theorem [Replace A by A]
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A3 —6A%2+5A+111=0

1
1
2

~ 14
14

-3
3

-1

4+2-2
-3+8-28
7-3+28

4+4-1
-3+16+14
7-6-14

4-6+3
-3-24-42
7+9+42

A=

8
-23
32

7
27
- 13

1]

- 69
58

A3 —6A2+54+111

1
- 69
58

8
-23
32

7
27
- 13

24
- 18
42

12
48
- 18

6
~84
84

5
5
10

5
10
-5

5011
—15|+| ©
150 L0

0
11
0

0]
0 |
11 |

+
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TofindA_I:
A3 _6A%2+5A+111=0
<A A2 _6A+5I+114"1=0
11A- =64 - A2 5]
1 1 1 4 2 1 50 0]
1A '=6|1 2 -3|-|-3 8 —-14|-|]0 5 0]
2 -1 3 7 -3 14 00 5]
6 6 6 -4 -2 -1 -5 0 0
= 6 12 —18|+| 3 -8 14|+ 0 -5 0
12 -6 18 -7 3 —14 0 0 -5
(-3 4 5
1A'= 9 -1 -4
5 -3 -1
=34 s
-1_1 _ _
ATt=2rl 9 -1 -4
5 -3 -1

Example 7: Use Cayley-Hamilton theorem to find the value of
the matrix given by A%-547+74%-345+4* - 543+ 84% - 24 +1 if the
[2 1 1]
matrix A= 0 1 0|
1 1 2]

Solution:

Characteristic equation
A =5 A2+ 85, h—=83=0 (D
S| = sum of main diagonal elements
=2+1+2
$1=5
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S, = sum of minors of diagonal elements

2 1
+12+

1 2

|1 o
= 0 1

21‘

=2-0+@4-1)+2-0)
=2+3+2

=202-0-10-0+1(0-1)
=4-1

S3=3

The characteristic equation A3 —5A%+ 7\ —31=0 .. 3)
By Cayley-Hamilton theorem [Replace A by A]
A3 —5A2+7A-31=0
By division algorithm
Dividend = [Quotient X Divisor] + Remainder
Long division method

Let f(A) =A% —5A7 +74% - 34% + A* =543 + 8A% =24 +1

A+A Q

AP —5A%2 47431 A% =547 +74° 340 + A* 543 1842 24 +1
A8 547 +74% — 340

AY =543 4842 24+ 1
HEHEE

AY =543 4742234

A’+A+1 R
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S fA)=A+A) (A3 -5A2+TA-3D+ (A*+ A+ 1)
=(A>+A) (0)+(A2+A+])
Since [A3 =542+ 7A - 31=0]

FA)=A>+A+1

[2 1 1][2 1 1]
A’=|0 1 0]lo 1 0]
[1 1 21 1 2]
[5 4 4]
A’=]0 1 0
4 4 5]
S fA)=AZ+A+]
[5 4 4] 21 171 0 0]
=0 1 O|+|]0 1 O]+]0 1 O]
4 4 5] [1 1 2] [0 0 1]
[8 5 5]
fA)=[0 3 0
|5 5 8]
[8 5 57
A 54T 4740343 + A - 543 484224 +1=| 0 3 0|
|5 5 8]

QUADRATIC FORM

A homogeneous polynomial of the second degree in any
number of variables is called a Quadratic form.

Example
2 2 2 2 2
3x+2xy + 7Ty” and x] + 2x5 + 4x3 + 6x1 X + 7xq X3 + 5x, x3 are
Quadratic forms in 2 and 3 variables respectively.

The general form of a Quadratic form, denoted by Q in ‘n’
variables is



1.116 Matrices and Calculus

The matrix corresponding to the Quadratic form is

Co.eff x} %Co.eff-xl X %Co.effxl X3

%Co.eff-xle Co.eff x3 %Co.effx2x3

%Co.eff~x3 X %Co.effx'j»xz Co.eff x3

WORKED EXAMPLES

Case 1: Problems based on matrix of the Quadratic form.

Example 1: Write the matrix of the Quadratic form
0 =2x? +82% + dxy + 10xz — 2yz

Solution:

Co.eff X2 %Co.effxy %Co.effxz

A= % Coeff-yx  Co.eff y? L coeff vz

2
1 1 2
) Co.eff zx > Coeffzy Co.effz
2 2 5
A=|2 0 -1
5 -1 8
Note
X y z
SN 1]
v | X Xy 5 Xz
_ 1 2 1
A= vy |3 Xy |y 5 vz
1 1 2
7 | 3% FW z
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Example 2: Write down the matrix of Quadratic form
Q=x2+y2+212+3xy +4yz —zx

Solution:
_ . | -
Co.eff x B Co.eff xy > Co.eff xz
A= % Coeff-yx  Co.eff y2 ) Co.eff yz
% Co.eff zx 5 Co.effzy  Co.eff 2
_ s 1
! 2 2
3
A= =
> 1 2
1
) 2 2

Example 3: Write down the matrix corresponding to the
Quadratic form Q=2x*+2y*+ 32+ 2xy —dxz — 4yz

Solution:
Co.eff x> % Co.eff xy % Co.eff xz
A= % Co.eff - yx  Co.eff y2 > Co.eff yz
% Co.eff zx % Coeffzy  Co.eff 22
2 1 =2
A=| 1 2 -2
-2 -2 3

NATURE OF THE QUADRATIC FORM

Rank of A

When the Quadratic form is reduced to the canonical form it
contains only r terms which is the rank of A.



1.118 Matrices and Calculus

Note: [For 3 x 3 matrix]

If S3=0 then Rank =2

If §3#0 then Rank =3

Index of the Quadratic form

The number of positive terms in the canonical form is called
the index (p) of the Quadratic form.

Signature of the Quadratic form

The difference between the number of positive and negative
terms is called signature(s) of the Quadratic form [i.e S=2p —r]

The Quadratic form Q:XTAX in n variables is said to be

(i) |Positive definite |If r=n and p=n or if all the eigen
values of A are positive.

(i) |Negative definite |If r=n and p=0 or if all the eigen
values of A are negative.

(i) | Positive If r<n and p =r or if all the eigen values

semi-definite of A>0 and atleast one eigen value is
zero.

(iv) |Negative If r<n and p=0 or if all the eigen

semi-definite values of A<0 and atleast one eigen

value is zero.

(v) |Indefinite In all other cases or if A has positive as
well as negative eigen values.
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Rules for finding nature of Quadratic form using principal
sub-determinants

Let A be square matrix of order n

Dy

D,

Di’l

=|a1ﬂ
_ ap ap
a1 an

arp a2 413
=|dy1 4y ax
asz; dzp dsjz

=lA

Here Dy, D, ... D, are called the principal subdeterminants of

A. From Dy, D, ... D, the nature of the Quadratic form can be

determined.

A Quadratic form is positive definite if Dy, D, ... D, are

all positive i.e D, >0 for all n.

A Quadratic form is negative definite if Dy, D3, D5 ... are
all negative and D,, D4, D¢ ... are all positive i.e.

(- 1)"D,>0 for all n.

A Quadratic form is positive semi-definite if D, 20 and

alteast one D;=0.

A Quadratic form is negative semi-definite if
(—1)"D, 20 and atleast one D, =0.

A Quadratic form is indefinite in all other cases.
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WORKED EXAMPLES

Problems based on nature of the Quadratic Form

Example 1: State the nature of Quadratic form
0 =2xy +2yz + 2zx.
Solution:

The matrix of Quadratic form is

Co.eff x* %Co.effxy %Co.effxz

A= % Coeff-yx  Co.eff y2 %Co.effyz

% Co.eff zx % Coeffzy  Co.eff 22

1 )
1|
0]

— O =

-

O -

—_— O =

iy
|
0]

=00-1)-1(0-1)+1(1-0)=2
D2:—1<0
D3=2>0

». It is indefinite in nature

Example 2: Show that the Quadratic form
Q =3x% + 3x3 + 3x5 + 2x; x5 + 2x; x3 — 2x, X3 is positive definite.

Solution:

The matrix of the Quadratic form is
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Co.eff x% % Co.eff - xq xp
A= ECO.eff-xle Co.effx%
ECo.eff‘x3x1 %Co.effx3x2
31 1
A=|1 3 -1
1 -1 3
|D{| =3 (+ ve)
D=7 3[=O-D=8¢ve)
1 3
3 1 1
IDj=|1 3 —1|=24-4-4
1 -1 31=16

1

2 CO.Cfle X3

> Co.eff x5 x3

Co.eff x3

=30-D)-1@+D+1(=1-3)

(+ve)

Here Dy, Dy, D5 are the positive and D, >0 for all n.

~. Quadratic form is positive definite

Example 3: Determine the nature of the following Quadratic

form

without

reducing them

to

canonical form

Q=2x%+x%—3x§+12x1x2—8x2x3—4x3x1.

Solution:

The matrix of the Quadratic form is

Co.eff x7 %Co.eff x| Xy
5 Coeff xyx;  Coeff 3
E Co.eff - X3 X1 % Co.eff X3 Xy
2 6 -2
6 1 —4
-2 -4 3

1

2 Co.eff x| x5

% Co.eff xy x3

Co.eff x3
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|D{|=2 (+ ve)
2 —2]=-6-4
2 6 -2
|D3|: 6 1 -4
-2 -4 -3

=2(-3-16)—-6(—18—-8)—2(-24+2)
=—38+156+44
=162 (+ ve)

D1>O,D2<0,D3>O

. The Quadratic form is indefinite

ORTHOGONAL REDUCTION OF QUADRATIC FORM TO
ITS CANONICAL FORM

Step 1 : Write the matrix of the given Quadratic form.
Step 2 Find the characteristic equation
Step 3 Find the eigen values
Step 4 Find the eigen vectors
Step 5 Find the eigen vectors orthogonal to each other
Step 6 : Form normalised modal matrix N and N'
Step 7 : Find D=NT AN
¥y
Step 8 Canonical form [Y] Y, Y3] [D]| Y3

Y3
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WORKED EXAMPLES

Problems based on Orthogonal Reduction of Quadratic Form to
its Canonical Form

Example 1: Reduce the given Quadratic form Q to its canonical
form using orthogonal transformation Q = x* + 3y2 +322— 2yz.

Solution:
Q=x2+3y2+3z2—2yz

Step 1: The matrix of the Quadratic form is

Co.eff x2 % Co.eff xy % Co.eff xz
A= % Co.eff-yx  Co.eff y % Co.eff yz

% Co.eff zx % Co.effzy  Co.eff 2

1 0 0

A=|0 3 -1
0 -1 3

Step 2: Find the characteristics equation of A

A —8$ A2+ 85,h—83=0 (D
S| = sum of main diagonal elements

=1+3+3

S1:7

S, = sum of the minors of the main diagonal elements

0 1 0
3 0 3

1
+1o -

3 -1
-1 3

=O0-1D+3B-0+(3-0)

S,=8+3+3=14
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The characteristic equation A> — 7A% + 141 —8 =0

Step 3: Find the eigen values

To find the eigen values solve the equation (2)

B -722+140-8=0
Put =1 1—-7+14-8=0

. (A=1) is a factor.
A=1 is a root

using synthetic division

0=0

1 1 -7 14 -8

0 1 -6 8

1 -6 8 0
A —61+8=0
A=4) (A-2)=0
A=4 L=2

~. Eigen values 1, 2, 4

Step 4: Find the eigen vectors (A —Al) X=0

1 0 0 A0 0]
0 3 —1]|-|l0 A 0
0 -1 3 0 0 A

1-A 0 0
0 3-A -1
0 -1 3-A

[0]
= 0|

Lo

[0]
= 0|

Lo

. (2

. (D
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Case 1: Put A=1 in equation (1)
0 0 O Xi| o]
0 2 —-11||X|=]0]
0 -1 2| x| Lo
Ox; +0xy + Ox3=0 o)
Oxy +2xy —x3=0 . (i)
Oxy —xy +2x3=0 ... (iii)
From (ii) & (iii) solve by cross multiplication
D GG
-1 2 0 -1
X X 43
4-1 0-0 0-0
&1 X X3
370 0
. X1 X X3
e 10 0
[1]
Hence the eigen vector X;=| 0 |
LO]
Case 2: When A=2 put in equation (1)
-1 0 O0f*1| [0]
0 +1 -1/ x»|=]0]|=0
0 -1 1 X3 I_OJ
—x;+0x; +0x3=0 . ()
Ox; +x—x3=0 .. (ii)

OXI—X2+X3:O

... (iii)
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From (i) and (ii) solve by cross multiplication

DX DX

X1 X X3
-1 -1
. X1 X2 X
0T T
[0]
Hence, the eigen vector X, =| 1 |
L 1]

Case 3: When A=4 put in equation (1)

-3 0 o][x] ro]
0 -1 =11 x|[=]0|
0 -1 -1 X3 LOJ

—3x;+0xy +0x3=0
Ox; —xp—x3=0
Ox; —xp—x3=0
From (i) and (ii) solve by cross multiplication

0 0><3 0
_1x1 0><_1
&1 X» X
0-0 0-3 3-0

.Xl X2 .X3

1. 62—_1:T

. ()
.. (i)
... (iii)
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Hence, the eigen vector X3=| —1

1

Step 5: Verify eigen vectors are orthogonal to each other.

X, X5 =

X, X5 =

T
X3X1 =

[1]

001 1)=0
[ 0]
0T

10 -11)=0
L 1]
[0
~11](100)=0

1

X X=X, X =X, xT =0

Hence eigen vectors are orthogonal to each other.

Step 6: Find the Normalised modal matrix P (X; X, X3)

X, X, X3

1 0
Modal matrix, P={ 0 1 -1
0 1

Normalization
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Normalised modal matrix N

- -

—
(e
]

Sl

L
i 4-

1
AN=|0 3 -11{0
0

Si- ol

0

1+0+0 0+0+0 0+0+0

= 0+0+0 O+

0+0+0 O0- +

S| &
S -

0

|
N

AN=| 0

Sie s o
sl ]
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D=NTAN
NT AN
1 0 ol1 o o
1 1 2 -4
D=0 — — |0 = —
V2 2 V2 2
o L Ly 2 4
V2 N2 V2 2

1+0+0 0+0+0 0+0+0

4 4
={0+0+0 O0+1+1 O-—-—4=+—F
N2 N2
2 2
0+0+0 O0-—=+7= 0+2+2
N2 N2
[1 0 0]
D=|0 2 0]
LO 0 4]

Step 8: Canonical form

c=Y'Dy
Yy
C: [Yl Y2 Y3] [D] Y2
Y;
[t o o]l 1
=Y, Y310 2 0|l \a
LO 0 4] 1y

CF=Y3+2Y3+4Y3

Canonical form of the given Quadratic form is

C=Y3+2Y3+4Y3
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Example 2: Reduce the Quadratic form
0= 6x2 + Z*)y2 +32% - 4xy — 2yz + 4zx into canonical form by an
orthogonal transformation.

Solution:
0 = 62 + 3y + 322 — 4y — 2yz + dzx

Step 1: The matrix form of given Quadratic form

X y Z

[ 6 -2 2
A=y | -2 3 -1
2| 2 -1 3

Step 2: Find characteristics equation of given matrix A
A =8 A2+ 8, h—83=0 (D
S| = sum of main diagonal elements

=6+3+3
Sl=12

S, = sum of the minors of main diagonal elements

|32 fg 3
=O9-1)+(18-4)+(18-4)
=8+14+14

S, =36

S3=1A]|
=6(9-1)+2(-6+2)+2(2-6)
=48-8-8

S3=32

Hence characteristic equation is

- 1202 +360-32=0 (2
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Step 3: Find the eigen values A> — 12A% + 36A—32=0

Put A=2

(2P -122)%+36(2)-32=0

8—-48+72-32=0

80-80=0

s A=2 is one root of this equation using synthetic division

2 I —-12 36 -32
0 2 -20 32
I —-10 16 0

A2 —10L+16=0

A-8)A-2)=0

A=8 A=2

Hence eigen values are 2, 2, 8

Step 4: Find the eigen vectors (A —Al) X=0
6 -2 2] [r o0 o][X] 0]
-2 3 —-1[|-]0 X O} X2 |=|0]
2 -1 3|10 0 r|lx3| LOJ
6-2 -2 2][X] 0]
-2 3-A -1 X |=]0]
2 -1 3-A|X;] LOJ

Case 1: When A =8 put in (1)

-2 -2 2][x] [0
-2 -5 -1/ x|=]0]
2 -1 -5 x| LO]

. (D
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—2x; = 2xp+2x3=0

—2x; = 5x—x3=0

2x; =X, —5x3=0
From (i) and (ii) solve by cross multiplication
-2 >< 2 >< 2 ><— 2
-5 =1 -2 -5

o . <

2+10 -4-2 10-4

X1 X X

12 -6 6

: Y1_ X 13

ie > =171
.. Eigen vector X; =| -1
1

Case 2: Put A=2 in (1)

4 -2 2 | %1 |_()-|
-2 1 =1 x|=|0|
2 -1 1 X3 LOJ

4x; —2xy+2x3=0
—2x1+x2—x3=0
2X1—X2+X3:0

These 3 equations are same
Consider 2x; —x, +x3=0

Put X1 =0

. (@)
.. (ii)
... (iii)

.. (ii)
.. (iii)
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Xy = X3
X2 A3
1 1
[0]
Hence, Eigen vector X, =] 1 |
L 1]

]

l
m | be the third eigen vector which
n

r
Case 3: Let X3=|

orthogonal to X; and X,.

xXf=p2 -1 11; xI=[0, 1, 1

2l-m+n=0
m+n=0
Solve the equations
-1 1 2 1
1 ><1 ><0 >< 1
X X2 X3

“1-1 0-2 2-0

X1 X X3

-2 =2 2

. 1_*Y X

ie 1T 17
1
Hence, Eigen vector X3=| 1
-1

Step 5: Verify eigen vectors are orthogonal to each other

Here, it is clear that eigen vectors are orthogonal to each other.
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Step 6: Find the Normalised modal matrix

Modal matrix P = (X| X, X3)

2 0 1
P=-11 1
11 -1

Normalised modal matrix

2 1
-1 1 1
N=
N2 2612 12412 A12ei2e12
1 1 ~1
2412412 12412 A2 12412
y 0 0
3 V3
vo| ol L1
% 7 5
11 =1
6 7 B
2 -1 1]
Vo V6 o
T 11
N=l o & &
11 -1
V3 A3 3
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Step 7: Find D=NT, AN

2 4 L
6 -2 2] 1 f
AN=| -2 1| = = —
3 % 2 ¥
2 -1 3
- 11 -1
6 V2 3
12, 2,2 2.2 6 2 2]
V6 V6 6 V2 V2 N3 N33
V6 V6 6 2 V2 A3 A3 3
4, 1,3 4L, 3 2 1 _ 3
_\/E\f@\f@ V2 2 V3 A3 A3
[ 16 2
_O_
6 \3
-8 2 2
AN=| = = =
V6 2 3
8 2 =2
V6 V2 N3
D=N' AN
NT AN
(2 -1 116, 2]
V6 V6 V6 6 V3
DzoiL__gll
V2 2 || V6 V2 3
1 1 -1} 8 2 =2
V3 V3 V3 || V6 V2 3
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32+8+8 0o-2 .2 4 2 2
6 V12 V12 V18 V18 V18
_ 0—8+8 0+2+2 £+il
Vi2 12 2 V6 V6 6
16 8 8 .2 2 2+2+2
VI8 V18 V18 V6 6 3
[8 0 0]
D=|0 2 0]
Lo 0 2]

Step 8: Canonical form: C= Y DY

Y

]
Jl Y, |=8Y7+2Y3+213

=[Y, Y, Y31 [D] Yz]
0

C: [Yl Y2 Y3] O
2

| ——
SO >
SO

Reduction of the Quadratic form into canonical form is

8Y2 +2Y3 +2Y3

Example 3: Reduce the Quadratic form

x1+2x2 x3 2xq xy +2x, x3 to the canonical form through an
orthogonal transformation and hence show that it is positive
semi-definite. Also give an non-zero set of values (XX, X3)
which makes this quadratic form zero.

Solution:

Step 1: The matrix of the Quadratic form is

Q Xl + 2)C2 X3 2x1 X9 + 2X2 X3
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X1 X X3

X1 1 -1 0
A=xy| —1 2 1
x31 0 1 1

Step 2: Find characteristic equation of given matrix A

A =S A2+ 8, h—83=0 (D
S| = sum of main diagonal elements
=1+2+1
S1=4
S> = sum of the minor of main diagonal elements
S PI
=2-D+(1-0+2-1)
=1+1+1
S$,=3
S3=|A]
=12-D+1(-1-0+00
=1-1
S3=0
.. Characteristic equation is
B —an2+30=0 )
Step 3: Find the eigen values
A —d4r2 431 =0

A2 —41+3)=0
AA-1)(A-3)=0
A=0,1,3
~. Eigen values 0, 1, 3
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Step 4: Find the eigen vectors

(A-A)X=0
1 -1 0] [x0 0][*] o]
1 2 1|-]0 & 0l|xm|=|0]
11 0 0 Al|lx]| LOJ
1-» -1 o[« o7
-1 2-A 1| x[=|0]
0 1 1-2|| x| LOJ

Case 1: Put A=0 in (1)

L =1 O Xt| [O]
-1 2 1]||x|=|0]
0 1 1 X3 I_OJ

XI—X2+OX3:0
—x1+2x2+x3=0
Oxy +xy+x3=0

From (i) and (ii) solve using cross multiplication

PGP G g

-1 -1 1
. 1% 8
ie 1=1°-°1

1
Eigen vector X;=| 1

. (1)

. ()
... (ii)
... (iii)
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Case 2: Put A=1 in equation (1)
0 -1 0| X [
-1 1 1] x |=|
0 1 0llx|L
Oxl—x2+0x3=0 . (1)
—X1+XZ+X3=O (11)
Oxl +X2 + OX3 = 0 (lll)
From (i) and (ii) we get
-1 0 >< 0 _
N XK
X1 X2 X3
-1-0 0+0 0-1
)Cl _X2 _X3
-1 0 1
[ 1]
Eigen vector X, =] 0 |
L 1]
Case 3: Put A=3 in equation (1)
-2 -1 0
-1 -1 1
0 1 -2
—2)C1—1)C2+0X3:0 . (1)
=Ly —1x+1x3=0 ... (i)
Oxl + 1X2 - 2X3 = O (lll)

From (i) and (ii) we get

-1

—1>< (1)><—2><—1
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e )

-1 +2
-1
Eigen vector X3=| —2
1

Step 5: Find the normalised modal matrix

X

1
Modal matrix, P= 1 O
1

Xy X3

2
-1 1
[ 1 1 1]
N2+ 12412 12412 N2+12412
1 2
N=| —— 0 e
V22412412 V12412412
-1 1 1
\/12+12+12 \/12+12 \/12+12+12
L1 -1 S
V3 V2 6 V3 3
1 2 |1
N=| = 0 =/, N=| = o
\3 6 2
-1 1 -1 2
V3 V2 6 V6 6
Diagonalisation
Step 6: Find D=NT AN
11 =]
3 V2 V6
1 -1 0 ! 2 \/2—
AN=| -1 2 1||—= 0 —=
V3 \6
0 1 1
-1 1 1
V3 2 6

|
—_

51 -
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N
313_6

Qe

7l e

6
+ —
V18 V18 18
+0+

-3

AN
1
\3
0
1
2
-1
V6
1
2
1
V12

Matrices

+ + +
_0 o o _ o o o
I 1 + + +
_ L Tle-le e le g
[ CI R ERE Y
o N =] =] S — O
e Tl e 3OF O 222
(] o o W L 1L | T 1
1 ] 5 1] 1l Il
M Z Q Q
<
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Step 7: Canonical form

c=Y'Dy

o o o]l 1
LO 0 3]| 1,

C=0Y3+Y5+3Y3

. canonical form of Quadratic form is Y%+3Y%

Step 8: Nature of the Quadratic form

As the canonical form contains only two terms both which are
positive the Quadratic form is positive semi-definite.

Example 4: Reduce the Quadratic form

lﬂx% + Zx% + 5x§ + 6x5 x3— 10x3 x; — 4x; x, to a canonical form by
orthogonal reduction. Find a set of values of x{, x5, x3 which will
make the form vanish.

Solution:
Quadratic form = IOx% + 2)(% + 2)(% + 5x§ + 6x5 x5 — 10x3 x; — 4x| X,
Step 1: The matrix of the Quadratic form is
Xy Xy X3

X1 10 -2 -5
A= xp | =2 2 3
X3 - 5 3 5
Step 2: Find characteristics equation of given matrix A

7\,3—S17\,2+Sz7\,—53=0 (1)
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S; = sum of diagonal elements

=10+2+5

Sl=17

S, = sum of minor of the main diagonal elements

-5 5

12 3 10 -5
"3 5‘*‘ 2 2

‘10 —2‘

= (10— 9) + (50 — 25) + (20 — 4)

=1+25+16
Sz=42
S3=1A]

=10(10-9)+2 (— 10— 15) = 5 (- 6.+ 10)

=10+10-20

S3=0

Hence the characteristic equation is

A 1702 +420.-0=0

Step 3: Find the eigen values

Using synthetic division method
we get

Eigen values 0, 3, 14

o)
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Step 4: Find the eigen vectors (A —Al) X=0

10 -2 -5 A0 O Xi| 0]
-2 2 3|-l0 xo0llX|=|0
-5 3 5|10 o0 allx3] LOJ

Case 1: Put A=0 in (1)
10 -2 =51/ X1 | [0]
-2 2 3| X|=|0]
-5 3 5| x5/ Lo
IOX1—2X2—5X3=0
—2x1+2X2+3X3:0

—5)C1+3XZ+5X3:0

Solve (i) and (ii) using cross multiplication rules

PSS
2 3 =2 2

xl _ )C2 _ )C3
-6+10 10-30 20-4

X1 X X3

47 -20 16
: 1_* 13
ie 1= _5" 4
1
Hence, Eigen vector X; =| -5

4

. (D)

. ()
.. (ii)

.. (iii)
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Case 2: When A=3 put in (1)
7 -2 =5][X1] o7

-2 -1 31X (=|0
-5 3 2|/ x| LO]

Txy —2xy—5x3=0
—2X1—)C2+3X3:O

—5X1+3X2+2X3:O

Solve (i) and (ii) using cross multiplication rules

-2 ><5 ><_Z ><:?

-1 3

X1 X X3

—6-5 10-21 -7-4

X1 X3 X3

11 -11 -11
. o R )
€ 11 1
[1]
Hence, Eigen vector X, =] 1 |
L 1]

Case 3: When A=14 put in (1)
-4 =2 =5|[X1| [0]
-2 —-12 3| X |=|0]
-5 3 -9 X3| LOJ
—4X1—2X2—SX3=0
—2x; = 12x5 +3x3=0

—5X1+3X2—9X3=0

... (i)

... (iii)

... (ii)
... (iii)
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From (i) and (ii)

-12 3 =2 12

xl _ Xz _ X3
—6-60 10+12 48-4

—-66 22 44

. 1 % 8

ie 3172
-3
Hence Eigen vector X5=| 1
2

Step 5: To find normalised matrix

Modal matrix P=(X; X; X3)

X X, X3
11 -3
P=|-5 1 1
41 2
Normalised Modal Matrix
i 1 1 -3
V2452442 A 12412412 32412422
W 1 I
V5214 P2+ 12 VR 1242?
4 1 2
V2452442 A12412412 32412412
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1, =3
42 V14
N___SLL
Va2 3 14
4 1 2
V42 V3 V14
1 -5 4 |
Va2 42 42
A= L L L
3 3 3
-3 1 2
V14 V14 V14
Step 6: Find D=NT AN
_Ll_—3_
42 14
10_2_5{:1\/1_
AN=| -2 2 3||— —= —
Va2 N3 14
-5 3 5
4 1 2
Va2 3 14
(10,10 20 20 10 2 5 -30 2 10 ]
V42 T N42 N42 42 N3 N3 3 V14 14 14
_ -2 10,12 -2 2 3 6,2, 6
Va2 V@ N 3 UNB N3 V18 1A Nia
-5 15 .20 -5 3 .5 15 3 10
| V& WV BB i N1
0 3 =42
V3 14
3 14
AN=| 0 = —
V3 14
0 S 28
3 14

Now, D=NT AN
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NT AN
1L =5 4 [, 3 -4
42 N42 a2 V3 V14
p=| L L Li, 3 14
V3 V3 A3 V3 14
-3 1 2 ||y 3 28
V14 V14 V14 V3 V14
i 3 15 12 -4 70 112 |
0+04+0 ——=—- + - +
V26 V126 V126 588 V588 /588
-42 14 28
=/ 0+0+0 1+1+1 ——=+ + ==
V588 V588 /588
-9 3 6 126 14 56
0+0+0 + + =+
V42 42 a2 1474714
[0 0 0]
D=0 3 0|
[0 0 14 |
Step 7: Canonical Form
c=Y'Dy
Y|
=Y, ,31(D)| 12
Y3
oo o]l
=YL,/ 0 3 0 || 12
Lo 0 14]] v,

C=0Y} +3Y;+14Y3

Canonical form of Quadratic form is

By% + 14y%
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Example 5: Reduce the Quadratic form 2xy+2yz+2zx to
canonical form by an orthogonal reduction. Find the rank,
index, signature and the nature of the Quadratic form.

Solution:

Q=2xy+2yz+2zx

Step 1: The matrix of the Quadratic form is

x [0 1 1]
A=y |1 0 1]
z |1 1 0]
Step 2: To find characteristic equation .. (1)
A =5 A2+ 85, h—83=0 e
S| = sum of diagonal elements
=0+0+0
5:=0
S, = sum of minor of main diagonal elements
o a2 bl
=0-1)+0O-1)+(@0O-1)
S,=-3
S3=|A]
S3=2
Characteristic Equation is A’ —0A% =31 —-2=0 Q)

M -3r-2=0
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Step 3: Find the eigen values

A —30-2=0
Put A=-1
(-1)°-3(=1)-2=0
-1+43-2=0
3-3=0
0=0
s A=-=1is a root

A-L-2=0
A-2)A+1)=0
A=2, A=—1

Eigen values —1,-1,2

Step 4: To find the eigen vectors

(A-A)X=0

Ao ol[Xi] 10
0 A 0 X5 [=] 0]
00 A||Xx3]| LO

. (D)
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Case 1: Put A=2 in (1)

-2 1 1| Xi| T0]
-2 1| X3 |=]0
1 -2 x5| LOJ

—2x;+xp+x3=0 . (Q)
X1 =2x)+x3=0 .. (i)
X|+x—2x3=0 ..., (iii)
From (i) and (ii)
1 1 -2 1
Lo KX

X1 %» X3
142 142 4-1

Xl X2 X3

33 3

. X X X3

i.e 1=1°1
[1]
Hence eigen vector X; =] 1 |
L 1]

Case 2: Put A=—1in (1)

M1 17%] 107
|1 1 1] X2|=|0]|
L1 1 1]x;3] LO]

X1+XZ+X3:O

Put Xy = 0
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1

Hence, Eigen vector X, =| 0

-1
[

Case 3: Let X3=| m | be the third eigen vector which is
Ln ]
orthogonal to X; and X,
XzLto Xy ——=>I1+m+m=0

Xz31lto Xy ——>1-n=0
Solve these equation
1 1 1 1
0><1 ><1 >< 0
X X X3
-1-0 1+1 0-1

-1 2 -1

: DI

ie 1 =571
1
Hence, Eigen vector X3=| -2
1

Step 5: Find the Normalised modal matrix

Modal matrix P = (X; X, X3)

Normalised matrix

1 1 1
NPZ+12+12 A2+ A12+12412
N= % 0 _72
A2 12 N1Z+12 412
1 -1 1
NI2+12412 N12+12 N12+12412
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11 12 -1 =1
V3 V3 3 || V3 V2 e
1 -1 2 2
D=|— 0 —||l= 0 =
SRR IEY 3
1 -2 12 1 =1
V6 V6 V6 || V3 V2 6
_ 2;2,2 Lo, L L, 2 1 |
3'3'3 A6 V6 V18 V18 VI8
2 2 1 1 -1 1
= —+0-— -5+0-% —+0+—=
6 V6 2 2 V12 12
V18 V18 V18 V2 12 6 6 6
(2 0 0
D=0 -1 0
0 0 -1
Step 7: Canonical form
Y, 2 0 0|l
Y, 31Dl Ya (=Y L1 0 -1 0|

=2¥1-Y5- Y3
Step 8: Rank
Here number of non-zero rows 3
~. Rank =3
Step 9: Index
The number of positive term in the canonical form is 1.
s Index =1

Step 10: Signature

The difference between the number of positive and negative
terms is called signature of the Quadratic form.

sL8=2-1=1

Nature of Quadratic form is indefinite form.
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TWO MARKS QUESTIONS AND ANSWERS

1. State Cayley-Hamilton Theorem.

Solution:

“Every square matrix satisfies its own characteristic equation”.
2. Write the applications of Cayley-Hamilton theorem:

Solution:

e To find the inverse of a matrix.
e To find the positive integral powers of matrix.

3. Find the sum and product of the eigen value of the matrix

[1 2 3]
|2 4 5|
|3 5 6]
Solution:
[1 2 3]
Given: A=|2 4 5|
|3 5 6]

Sum of the Eigen values
= Sum of the main diagonal elements
=1+4+6
=11

~. Sum of Eigen value =11

Product of the Eigen value =|A|

|1 2 3]
=2 4 5|
[3 5 6]

=1(24-25)-2(12-15)+3 (10 - 12)
=1(-1)-2(=3)+3(-2)
=—14+6-6=—1

- §3= Product of Eigen value =—1
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-1 0 0
4. IfA=| 2 -3 0 | find the eigen values of AZ,A3,A_ 1
1 4 2
Solution:
-1 00
Given: A=| 2 -3 0
1 4 2

(Given matrix is a lower triangular matrix)
~. The Eigen values of A are —1,—3,2 (diagonal elements)
The Eigen values of A2 are 1,9, 4

The Eigen values of A> are — 1,-27, 8

: _ -1 -11
1 —_- -1
The Eigen values of A~ " are 32
5. Find the eigen values of inverse of the matrix
[2 1 3]
A=|0 3 4|
LO 0 4]

Solution:

Since A is a “upper triangular matrix”

Eigen values of A are 2, 3, 4.

. Eigen values of AL are %,

A=

1
37

r
6. Find the eigen values of A and A2 for A =|
L

SO W
SN =
n o A
|

Solution:

Since A is a upper triangular matrix,

Eigen values of A are 3, 2, 5
Eigen values of AZ are 9, 4, 25
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7. Find the sum and product of the eigen values of
[2 1 1]
A=|1 2 1]
Lo 0 1]
Solution:
Sums of the Eigen values = Sum of the main diagonal elements
=2+2+1
=5

- §1= Sum of the Eigen values =5

12 1 1]
Product of Eigen value =|[A|]=|1 2 1]
[0 0 1]
—2(2-0)=1(1-0)+1(0-0)
=4-1+0

=3
S5 = Product of the Eigen value =3

8. If 3 and 15 are the two eigen values of

8 -6 2
A=| 6 -1 -4 | What is the third eigen value?
2 -4 3

Solution:
Given: A =3, A, =15, A3="

Sum of the Eigen values = Sum of the diagonal element

}\.1+7L2+}\.3=8—1+3

3+15+43=10

184+ A5 =10
Ay =10—-18

dy=-38

. The third eigen values A3 =—8
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9. If 3 and 6 are two eigen values of A write down the eigen
value of A~ land A2,

Solution:
}\.1=3,>L2:6,}\.3:?

Sum of Eigen values = Sum of diagonal elements
M+M+A3=1+5+1
346+A3=7
9+A3=7
AM=7-9
Ay=-2
~. The Eigen values of A are 3, 6, —2

-1

: -1, 111
The Eigen values of A~ " are 36 2

10. The product of two eigen value of the matrix

6 -2 2
A=| =2 3 —1|is 16. Find the third eigen value.
2 -1 3

Solution:

Given: A A, =16

6 -2 2
A=| -2 3 -1
2 -1 3

Product of Eigen values = [A|
6 -2 2

}\.1}\.2}\.32 —2 3 —1
2 -1 3
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1615 =32
_32
Ay = 16
7\,3 = 2

~. The third eigen value is 2.

11. For a given matrix A, |A|=32. The two of its eigen value
are 8 and 12. Find the 3" eigen value.

Solution:
Given: A;=38
=12
A =32

Product of Eigen values = [A]
7\.1 7\.2 7\,3 = 32

A= 32
8&x 12

~. The third eigen value is 3

-1 00
12. IfA=| 2 -3 0| find the eigen value of AdjA.
1 4 2
Solution:

Eigen value of Adj=|A]A™!

For a matrix |[A|=6
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Eigen values of A are —1,—-3,2

-1 -1
Eigen values of Al are —, 3

Eigen values of AdjA = (Eigen value of A1) 6

-1 -1 1
_6XT’6XT’6XE

=-6,-2,3
. Eigen values of Adj A are —6,—2,3

13. Define Orthogonal Matrix.

Solution:

A real square matrix A is said to be orthogonal if
AAT=ATA=1

cos® sinH

14. P that A =
rove tha |:—sin9 cos 0

] is orthogonal matrix.

Solution:

A cos® sin6 AT cos® —sin®
| —sin® cos®| " | sin® cos®

AAT—_ cos® sinB || cos® —sin6
| —sin® cosO sin® cos©

_ cos” B +sin” B — cos 0 sin B + cos O sin O
—sin 0 cos 6 + cos 0 sin 6 sin® 0 + cos’ 0

_[1 o]_
“lo 1}‘1

~AAT=1 and ATA=1

~. A is Orthogonal matrix
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15. Check whether the matrix B is Orthogonal, Justify

cos® sin® 0
B=| —sin® cosO 0

0 0 1
Solution:
[ cos® sin® 0 cos® —sin® O
B=| —sin® cos® O |; By=| sin® cos® 0
0 0 1 0 0 1
[1 0 O]
BBT=|0 1 0|=1
L0 0 1]

.. BB'=1 and B'B=1
~. B is Orthogonal matrix

10

16. A=|:0 1

] be diagonalised? Why?

Solution:
Yes, the matrix A= (1) (1) is diagonalised because it has

distinct eigen values and also it is a diagonal matrix.

17. Find the characteristic equation of A =[ ; ii|

Solution:
1 2
Given: A=
iven { _3 4 }
S1 = Sum of diagonal elements
=1+4
Sl =5
Sy =|A]
1 2
= =4+6
i

S2:10
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<. The characteristic equation A% — S 1A+8,=0

S A —50+10=0

18. Find the eigen values of matrix of A =[g ;]

Solution:

S, = f di 1 el ts; 4 1
1 = sum of diagonal elements; SZ=IA|=‘3 2'
=4+2 =8-3

Sl=6 S2=5

. The characteristic equation is A>—6A+5=0 5

A=1)(A=5)=0
-1 -5
)\.1:1
Ay=5 -6

~. The Eigen values are 1 and 5.

19. If 2,—1,3 are the eigen values of the matrix, then find the

eigen values of matrix A%-2l

Solution:

Eigen values of A are 2,—-1,3

Eigen values of A? are 4,1, 9

Eigen values of 2/ are 2, 2, 2

Eigen values of A2 -2 are 2,—1,7



Matrices 1.163

20. Find the index, signature and nature of the quadratic form
x% + Zx% - 3x§.

Solution:
1 0 0
A=|0 2 0
0 0 -3

Index = No. of (+ve Eigen values) =2
Signature =2I-R=2(2)=3=4-3=1
Nature = Indefinite.

21. Write down the matrix of quadratic form:

Solution:
2 -4 0
() 209—8x x,+4x3 = A=|-4 4 0
0 00
4 1 2
(i) 4% +2y° =322+ 2y+4zx = A=[1 2 0
2 0 -3

2 1 -3
= A= 1 -2 3
-3 3 4
22. If 3 and 8 are the two eigen values of
8 -6 2
A=| -6 7 —4 | then find |A|.
2 -4 3

Solution:

Sum of eigen value =sum of the main diagonal element

M+A+A3=8+7+3
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3+8+A;=18

11+A3=18
Ay =18-11

=17

Eigen values of A are 3, 8, 7
|A| = Product of eigen values
=3x8x7
|A| = 168

23. Determine the nature of the following quadratic form
f gy xp, x3) =7 + 203,

Solution:

[1
A=|0
LO

SO

0
0
0

1

Eigen values of A are 1, 2, 0

Nature: Positive semi definite

24. Find the nature of — 1x% — 1y2 — 272

Solution:
-1 0
A= -1 0
0 0 -2

Eigen values of A are —1,—1,—-2

Nature: Negative Definite



Matrices 1.165

25. Find the nature of Sx% + Sx% + 3x§ +2x7 Xy — 4xq X3 —4x5 X3

Solution:
8 1 -2
A= 1 8 -2
-2 =2 3

D=8 = +ve

Dy=64—-1=63 +ve

8 1 =2
Dy=Al=| 1 8 —-2|=153 =+ve
-2 -2 3

. The Nature is Positive Definite.

26. If A is the eigen value of A then prove that % is the eigen

value of A~ 1,
Solution:

Let A be the eigen value of A

Then AX=AX

X=rA"lXx

1 -1
—X=A""X
A

i is the eigen value of A~ L

27. If A is the eigen value of A then prove that A% is an eigen
value of A2

Solution:

Let A be the Eigen value of A
Then AX=AX .. (D
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Multiply by A A (AX)=A (LX)
AZX =2\ (AX)
AZX=L(AX)
(by (1) AX=2X)
A’X=\2X
- A2 is the Bigen value of A2
28. Find the eigen values of 3A +2I, A2,A3, A~1  where

A=[g ;}

Solution:

Eigen values of A are 5, 2

Eigen values of 3A +2[ are 17
Eigen values of A? are 25, 4

Eigen values of A3 are 125, 8

Eigen values of A~ are %,%
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EXERCISE

Characteristic Equation

1. Find the characteristic equation of

2 1] -2 2
(a) -1 2] (b) [ ) 1}
(-1 3] 11
() 2 4 (d) [3 _1}
- . 8 -6 2
(e) _i i ® |-6 7 -4
L i 2 -4 3
3 2 -1 [1 1 3]
@ |2 1 0 )y |1 5 1]
4 -1 6 3 1 1]
11 -4 -7 [0 1 1]
W | 7 -2 -5 G |1 0 1]
10 -4 -6 L1 1 0]

2. Find the characteristic polynomial of

(1 0 -2 1 0 =2
@ |2 2 4 ® |2 2 4

00 2 00 2

o [21]
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Eigen values and eigen vector of non symmetric matrix its non
repeated eigen values

Find the Eigenvalues and Eigenvectors of

SL.No. Matrix Eigenvalues Eigenvectors
. [4 1 1,5 [—1]T1
3 2 301
2. [ 1 =2 -1,6 1 2
-5 4 1| -5
30 11 =27 |-1,1,2 FINﬂHFl'
_ 2 1 oLl21l3
L -1 1] 1]]1
4. [ 4 2 =27 |25 rﬂ”rﬂl'ro
_5 3 Ll 1)1
2 4 1 L41L2][1
5.2 -2 3] |-21,3 [ 1][-1]117
11 1 L 11
1 3 -1 —4 1Lt
6. |[[ -9 2 6] |-1,1,2 20 1] 2
50 -3 -1 -1/ -1
-16 4 11 4
7. 11 -4 =77 10,1,2 [17] 1|27
7 -2 -5 |1 =1}] 1]
10 -4 -6 L1l] 2|L2]
8. | 2 2 o0 1,3,-4 -2 2 1
21 1 1Ll 1}]-3
-7 2 -3 411 =21 13
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9. I[=1 2 —27|1,v5,=5 |[ 1][Vs-1][¥5+T
N I
-1 -1 0 LI
10. [2 2 -7 1,3,-4  |[-1][57] 3
21 2 416l -2
01 -3 L)) 2

Find the eigen values and eigen vector of Non-symmetric matrix
with repeated Eigenvalues.

SL.No. Matrix Eigenvalues Eigenvectors
L[z 2 1] 1,1,5 C 27 t]r17
L1 2 2] 1,1,7 oll—11L1]
2. [2 1 1] C o[ t]r17
|2 3 2| 1L ol]2
3 3 4] 1| =1 L3

3. [ -9 4 4 -1,-1,3 o117
-8 3 4 1L O] 1]

~16 8 7 —1(L2]L2]

4. 2 -2 2 2,2,-2 rojrol| 4

11 LL T 1

1 3 - L1]L1]| -7
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Find the eigen values and eigen vectors of Symmetric matrices
with non-repeated Eigenvalues.

SL.No. Matrix Eigenvalues Eigenvectors
. [2 0 1] 1,2,3 LITol[17
02 0] oLl 1]o]

L1 0 2] ~2,4,6 —1llo]lt]
2[5 01 -2,4,6 rol1[ t]r1]
0 -2 0 | 1] 0}]o0]

1 05 LoJ| -1 |L1]

3. 2 4 -6]]-2,9,-18 ol 20117
4 2 -6 -1 2101

-6 -6 —15 -1 |L4]

4. Mt 1 37 ~2,3,6 BRI
1 5 1] oll—1l]2

|3 1 1] 1 1

5. 3 -1 1] (236 o111
-1 5 -1 oLl 1] 2

1 -1 3 —1 (Ll -1

Find the eigen values and eigen vectors of Symmetric matrices

with repeated Eigenvalues

Pairwise

S1.No. Matrix Eigenvalues orthogonal
Eigenvectors
. [1 2 3] 14,0,0 (171 - 3
|2 4 6| | 2|, 1Ll 6
36 9] L31] o] -5
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2. 12 0 1] 1,3,3 BRI
|0 3 0] [x, is arbitrary|| o || 1 || -2
L1 0 2] no unique —r (L) o1
Eigenvectors] |- N B N
3. 6 -2 2 8,2,2 C 20107 1]
-2 3 -1 -1 L1 1
2 -1 3 L) -1

Problems on properties of Eigen values

1. Find the sum and product of all Eigenvalues of the matrix

[1 2 3]
A=|2 2 4| Is the matrix singular?
1 2 7]
1 2 =2
2. IfA=| 1 0 3 |, then find the sum and product of all
-2 -1 3
Eigenvalues of A.
[1 2 5]
3. Find the sum of the Eigenvalues of A=| 2 2 4|
[1 2 7]
4. Find the product of the Eigenvalues of A
1 1 17 3 -4 4
@ A=|1 2 2| b)) A=|1 -2 4
[1 2 3] 1 -1 3
1 2 -2
() A=| 1 0 3
-2 -1 =3
[1 1 3]
5. If the Eigenvalues of the matrix A=| 1 5 1 |are —2,3,6,
[3 1 1]

then the Eigenvalues of AT,
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1 3 4]
6. Find the Eigenvalues of AT=| 0 2 5|
L0 0 3]
3 10 5
7. If the Eigenvalues of A=| -2 -3 —4 | are 2, 2, 3, then
3 5 7

find the Eigenvalues of A~ L

8. Find the Eigenvalues of the inverse of the matrix

[1 3 47
A=|0 2 5|
10 0 3]

[2 1 0]

9. Find the Eigenvalues of A2 if A=| 0 3 4 |

L0 0 4]

10. Obtain the Eigenvalues of A3 where Az[? g}

11. Show that the Eigenvalues of a real symmetric matrix

1 1 1]
A=|1 2 2|is real.
L1 2 3]

Cayley-Hamilton Theorem

1. Verify Cayley - Hamilton Theorem and find its inverse, and a*

7 2 -2 3 1 1
@ | -6 -1 2 ® | -1 5 -1
6 2 -1 1 -1 3
(1 0 -2 S
© |2 2 4 @ |, 3}
-0 2 L
(4 3 1 12 -2 3 7]
e |2 1 =2 ® |2 5 —-4|@ |4 2 3
1 2 1 3 7 -5 L1 2 1]
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Quadratic form of canonical form

1.

Reduce the quadratic form

Sx% + 7x% + 3x§ — 12x xp — 8x, x3 + 4x3 x; to the canonical
form through an orthogonal transformation and hence, show
that it is positive semi-definite.

Reduce the quadratic form
x% + Sx% + x% + 2x] Xy + 2x5 X3 + 6x3 x; to canonical form

through an orthogonal transformation.

Reduce the quadratic form
IOx% + Zx% + Sx% + 6x5 x3 — 10x3 x; — 4x| x, to a canonical form
by orthogonal reduction. Find a set of values of xy,x,, x3

which will make the form vanish.

Reduce the Q.F 2x% + 6x% + Zx% + 8x; x, to C.F by orthogonal
reduction. Find also the nature of the Q.F

Reduce the Q.F 2x%+5x%+3x%+4x1 x, to CF by an

orthogonal transformation. Also find the rank, index and
signature of the Q.F.

3x3 +3x3 + 3x% + 2x1 Xp + 2x1 X3 — 2X5 X3
3x% + SX% + 3x% — 2xy X3+ 2x3 X — 2X| X
2x% + 3x% + Zx% + 2x1 X3

Discuss the nature of the Q.F without reducing them to C.F.
(a) 6x° + 3y2 +372— 4xy — 2yz + 4xz

(b) xy+yz+zx

(c) xz+4xy+6xz—yz+2yz+412

@) 12x% +3y> + 1222 + 2xy



Formula

Formula

d _
* i (Constant) =0

d
* =1
P N
. e (x9) >2x
A3y 3,2
. e x) >3x

. i N -1
I ™) >nx"!

d 1
* dx (b)) — ox
. i(ex) —>eF
dx
° i(e_x)%—e_x
dx
i axy ax
* I (e*) >ae
i —axy __ 5 — ax
° e (e ) >—qe

d 1
* i (log x) ————>x

. d (sin x) ———>cos x
dx
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a4 (cos x) ———>—sinx

dx

d 2

— (tan x) ——>sec™ x

e (tan x)

d

e (cosec) x ———>— cosec x cot x
d

Ir (sec x) ———>sec x tanx
d

£ (cot x) ———>— cosec? x
dx

d

It (@) —>d“loga
log a +log b =1log ab
loga—logbzlog%

loga™=mloga

d (sin ax) ———>a cos ax

dx

d (cos ax) ———>—a sin ax

dx

d

e (tannx) ——>a sec” ax

d

Ir (cosec ax) ———=>— a cosec ax cot ax
d

e (sec ax) ———>a sec ax tan ax

d
o (cot ax) ——>—a cosec? ax



Formula

. d_ (sin” * x) —> —
d 1 1
* (cos™ " x) ——— —
d 1 1
e —(tan " x)——>
ax ) 1+
4 o =1
* (cot™ "x)= .
d 11
. (sec” " x) =
d X \]x2 -1
. di(cosec lx):—é
X X \sz -1
[ ] e\/;: 6\/;
2\x
. % wv)=uw +vu’

. d(u v —w/
dx| v | 2

d ’ ’ ’
L] — (uww)=u vw+uv w+ uvw
2 (W)
° cos26+sin29=1
e sec’@—tan?0=1

e cosec’O—cot?0=1
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Important values

L=1 e 0=1
e_l—% e—z_é
cos0=1 cosgzo
sin0=0 sinE=1
2
sint=0 cosm=—1
sin 2t =0 cos2n=+1
sinnt =0 cos3m=—1
cosnm=(—1)"

cosEZL sinE:L

472 472
log1=0 e” =00
log 0 =co e =0




UNIT - 2

DIFFERENTIAL CALCULUS

2.1 INTRODUCTION

Calculus is the mathematics of motion and change when
increasing (or) decreasing quantities are made the subject of
mathematical investigation, it frequently becomes necessary to
estimate their rates of growth (or) decay. The primary objects of
study in differential calculus are the derivative of a function.

The fundamental and important aspects of calculus are
depending upon functions. The basic concepts of calculus are
concerned with functions, graphs and their transformation.

In this chapter, we will deal with functions, limit of function,
continuity and differentiability of functions and simple applications.

2.2 FUNCTION

Functions are very fundamental in mathematics. The term
function was coined by Leibnitz in 1673. A function is a tool that
scientists and mathematicians use to describe relationship between
varying quantities.

Definition

A function ¥: A———>B from a set A to a set B is a rule

that assigns to each element x € A a unique element y in B.

The element y in B is called the image of x under f (or) the
value of f at x and is written as f(x) (ie) y=f(x).

The set A is called the domain of the function f and B is
called the co-domain

The set of all values of the function f is called the range of
the function and it is denoted by f(A).

Methods of Representing a function

There are four common methods of representing a function.
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1. Verbally (description)

2. Visually (graph)

3. Numerically (table of values)

4. Algebraically (Explicit formula)
1. Algebraically (by an equation)

For example, area A of a circle depends on its radius r and

is given by A=n ¥ A is a function of r, since for each given r
there is unique value for A.

2. Numerically (by table)
x| 12345
y [ 3]6 9 12|15

represents a function, since for each x there is unique value
for y.

3. Geometrically (by graph)
The graph represents a function,

A
10

8

v

4. Verbally (by words)

For example, Issac Newton’s law of universal gravitation is
stated as below.



Differential Calculus 2.3

The gravitational force of attraction between two bodies in the
universe is directly proportional to the product of their masses and
inversely proportional to the square of the distance between them.

Verbal description of the formula.

my my

F=G 2

Arrow diagram

A function f: A ————>B can also be represented by an arrow
diagram.

A B

Domain and range
Generally, a function is given by an expression

x+2
x—1

fx)=

When the domain of a function f is not stated explicitly, it is
to be understood that the domain is the set of all real number x
for which f(x) is real. The set is called the natural domain of the
function f.

2.3 REPRESENTATION OF FUNCTION

Types of functions
e Algebraic function (polynomials)

e Rational function
e Real - valued functions
e Trigonometric function

e Inverse trigonometric function
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e Exponential function
e Logarithmic function
e Constant function

e Identity function

e One-One function

e Onto function

e Bijective function

Note

The above functions are continuous at every number in their
domain.

Special types of function

Transcendental function (combination of function)

Depending upon the nature, functions are classified into 3
types:

e (dd function
e Even function

e Neither even nor odd function

WORKED EXAMPLES

Domain and Range

Example 1: Find the domain, range and sketch the graph of

y=x2

Solution:

Verbally : It is a parabola.
Algebraically : y= X

Numerically Table
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X 0 1 2 -1|-2
y 0 1 4 1 4

Ay

A
Vi

-2

Example 2: Find the domain and range of y =25 —x?

Solution:

Given
y=YN25- X
Squaring on both sides
y2 =25-x°
2+ y2 =25

It is a circle

= x—-02+(y—-07>=5
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Verbally : It is a circle
Algebraically @ 2 4,2-352
Visually

Domain = (-5, 5)
Range = [0, 5]

Example 3: Sketch the graph of absolute function f(x)=|x|
Also find domain and range.

Solution:

-x, x<0
x, x=20

f(X)={

Domain = (— e, o)

Range =[O0, o)
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v

Example 4: Find the domain and sketch the graph of the
function

x+2 if x<0
f(x)_{l—x if x>0
Solution:
y=x+2
X -1 -2 -3 -4
y 1 0 -1 -2
y=1-x
X 0 1 2 3
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Domain = (— oo, o)
Find the domain of the following functions

x+4
x2-9

Example 1: f(x)=

Solution:

Consider x* — 9,

2-9=0
=9
V2 =9
x=%3
= x=-3,3

Domain : (—e0, —3) U (= 3,3) U (3, =)
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Example 2: f(x)=

x?—
Solution:
Consider, x> —x
¥ -x=0
x(x=1)=0
x=0,x-1=0
x=0,1

Domain: (— e, 0) U (0, 1) U (1, o)

Example 4: f(x)= %
-Xx

Solution:

Domain: (- oo, 3) U (3, =)

2.4 LIMITS AND CONTINUITY

Definition

Suppose f(x) is defined when x is near the number a. (This
means that f defined on some open interval that contains a, except
possibly at a.)

Then the limit of that function is

lim f(x)=L

XxX—a

It is defined as “the limit of f(x), as x approaches a, equals
L??
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Result
lim f(x)=L if and only if
X—a
lim f(x)=L and lim f(x)=L
x—a x—=a

Infinite Limits

Let f be a function defined on both sides of ‘a’ except possibly
at ‘a’ itself. Then

lim f(x)=co

X—a

means that the values of f(x) can be made arbitrarily large by taking
x sufficiently close to a but not equal to a.

Definition

Let f be defined on both sides of ‘a’ except possibly at ‘a’
itself. Then,

lim f(x)=—o0

xX—>a

means that the values of f(x) can be made arbitrarily large negative
by taking x sufficiently close to ‘a’, but not equal to ‘a’.

2.4.1 Limit laws
Suppose that ¢ is a constant and the limits

lim f(x) and lim g (x)

XxX—a XxX—a

exist. Then

I. Iim [f(x)+g®]= lim f(x)+ lim g(x)

XxX—a XxX—a X—a
2. lim [f(x)—g®]= lim f(x)— lim g(x)
XxX—a XxX—a X—a

3. Ilim [¢f(x)]=c lim f(x)

XxX—a xX—a
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4, lim [f(x)g®]= lim f(x)- lim g(x)

X—a XxX—a X—>a
lim f(x)
5. fim L&) 1o provided lim g (x)#0
XxX>a g (x) llm g (x) X—a
XxX—a

Important Results

1. lim f(x)=L if and only if

X—a

lim f(x)=L= lim f(x)

- +
X—a x—a

2. If f(x)<g(x)<h(x) when x is near a (except possibly at a)
and lim f(x)= lim h(x)=L

X—a X—a

then, lim gx)=L

xX—a

Definition

A function f is continuous at a number ‘a’ if

lim  f(x)=f(a)

X—a
In otherwords,

A function f is continuous from the right at a number a if

lim  f(x)=f(a)

+
xX—a

and f is continuous from the left at if

lim i fx)=f(a)
Note

1. A function f is continuous on an interval if it is
continuous at every number in the interval.
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If f and g are continuous at ‘a’ and c is a constant, then
the following functions are also continuous at ‘a’:

1. f+¢g 2. f-g
3. ¢f 4. fe
5. flgif g#0

Any polynomial is continuous everywhere: that it is
continuous on R = (— oo, o)

The following types of functions are continuous at every
number in their domains:

Polynomials, rational  functions, root functions,
trigonometric functions, inverse trigonometric functions,
exponential functions and logarithmic functions.

The intermediate value theorem:
Suppose that f is continuous on the closed interval

[a, b] and let N be any number between f(a) and f(b),
where f(a)#f(b). Then there exists a number in (a, b)
such that f(c)=N

2.4.2 Derivatives

Definition

The derivatives of a function f at a number, a denoted by

f(a) is
f@= lim W if this limit exists.
h—0
Definition
e m [O=1@
X—da

xX—a
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In otherwords,

A function f is differentiable at a if f’(a) exists. It is
differentiable on an open interval (a, b) [or (a, o) or (—eo, a) or

(— o0, 00)] if it is differentiable at every number in the interval.
Results
e If f is differentiable at a, then f continuous at a

e Derivatives of constant function

d

I (c)=0
e Power functions

d

e x=1

e Power rule

If n is a positive integer then
d  » _ -1
e ) =nx"*

e Power rule (general version)

If n is any real number, then
d  » _ -1
e () =nx"*

e The constant multiple rule

If ¢ is a constant and f is a differential function, then
d _.4d
Tl W= f ()

e The sum rule

If f and g are both differentiable, then

L rgi=Lrm+ 2L ew
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The difference rule

If f and g are both diffferentiable then

L -gwi=Lrw-2ew

The product rule
If f and g are both differentiable, then

L) g 1= ) 4 T8 0]+ 8 (00 [F )]

The Quotient rule
If fand g are differentiable, then

Al f@ |_s@F WI-f0e ®)
dx| g (x) [g (01

The chain rule

If g is differentiable at x and f is differentiable at g (x), then
the compositive function F=fog defined by F (x)=f(g (x)) is
differentiable at x and F’ is given by the product

Fr@)=f"(g(x) & K

In leibnitz notation, if y=f(u) and u=g(x) are both
differentiable functions, then

dy _dydu
dx ~ du dx
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2.4.3 Methods of differentiation

WORKED EXAMPLES

Type 1: Sum Rule

Example 1: Find Z—i ify:3x2+12x—7x7+ex—sinx+2c0sx

—2x Tx

+e F+e™ +cos3x+logx+e ¥+ 100

Solution:

Given: y=3x>+12x—7x + e —sinx+2cosx+e X +e'*

+cos 3x + log x + ¢~ 2 + 100

%=6x+12—49x6+ex—cosx—2sinx—Ze_zx

+7¢™ -3 sin 3x+%—9e_9x+0

Example 2: Find the derivative of y if y =

y=sin2x+tanx+secx+c0tx+5x2+sin7x

Given:

y:sin2x+tanx+secx+cotx+5x2+sin7x

2 2

y =2 cos 2x + sec” x + sec x tan x — cosec” x + 10x + 7 cos 7x

Example 3: Find y’ ify=x8+10x3+l2—%+x90+83+\/;
x

Given: y=x%+ 10x3+%+%+x90+83+\/;
X

2 1 1
"= 8x +300% -5 -+ 903 + 0+
y X X x3 x2 X 2\/;
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Type 2: Product Rule
Example 1: Find f’(x) if f(x) =xe*

Solution:
Given: f(x)=xe'=y

X

y=xe
%(uv):vu’+uv’

u=x v:ex

u,=1 v:ex

d%c xeH=¢e" (1) +x (")

dy

X X
gy =€ e ="' (1+x)

Example 2: y= (x> +2x) (¢¥)

Solution:

d P
e (wv)=vu' +uv

u:x3+2x y=e

W=3x2+2 Vi=er

d% [ +2x) (€9)] = ¢ B2 +2) + (X +2x) €*

Ay _ xiq2 3
il [Bx°+2+x” +2x]
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Example 3: y= (x2 +1) (x3 +3)
Solution:

Given: y=(2+1) (x> +3)

d wv)=vu' +w’
0 =

% (G2+1) (2 +3)] = (3 +3) 20 + (2 + 1) 3D

dy

=2x* + 6x + 3x* + 322
dx

ﬂ:5x4+3xz+6x
dx

X

Example 4: y=(x2+1)(x+5+lj

Solution:

Given: y:(x2+1)[x+5+%j

_ 2
u=x"+1 v=x+5+l
X
u,:2x v/zl_i
XZ

%{(xz+1)(x+5+%]:|=(x+5+%](2x)+(x2+1)(l—éJ

%=|:x+5+%}(2x)+(x2+1)[1—§j
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Example 5: Find y= 3x° log x

d ’ 4
Ux (uwv) =vu' +uv

u=3x v=logx

W =15x* v=

= =

=log x 15x% + 3% 1/x
= (log x) 15x* + 3x*

Type 3: UVW rule

Example 1: Find Z—i if y =x?sinx tan x

x% sin x tan x

Given: y=—
u v o w
d _ ’ ’ ’
— (wvw)=uwvw’ +uwv’ w+u’ vw
dx
d—)yc=x2sinxsec2x+x200sxtanx+2xsinxtanx

Example 2: Find y’ if y =xe* cosec x
Solution:
Given: y=xe" cosec x

dy

e xe* (— cosec x cot x) + xe* cosec x + (1) € cosec x

= — xe* cosec x cot x + xe* cosec x + ¢* cosec x
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Example 3: Find y’ if y =x° log x cosec x

Given: y= x log x cosec x

y _ 5 s(1
—=x"log x (—cosec x cot x) +x” | — |cosec x
e g x ( ) (xj
+5x% log x cosec x
4

Y == x log x cosec x cotx +x~ cosec x + 5x* log x cosec x

Type 4: Quotient rule

d(u)_ve—w’
dc|v | 2

X
Example 1: Find f’ (x) if f (x)=e_2
x

Solution:

i d (w)_ v —u’
Given: E("j_ 2

dx ) (xz)z

d (é ]: x2 () —e* (2x)

ﬂ_xzex—eXZx

dx o
_xe' (x—2)

x4
Q_ex(x—2)

dx |3
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' | 2 _sinx
Example 2: Find dx if f(x)= 3
Solution:
d(u)_ v’ —uy’
dc| v | 2
u=sin x V=X3 v2:(_x3)2:x6
u' =cosx V=32

dy _ x (cos X) —sinx (3x2) B X (x cos x — 3 sin x)
dx +© B +©

xXcosx—3sinx

x4
x2
E le 3: Find f’ if =
xample ind f’ (x) if f(x) L+ 20
Solution:
2
. _ X
@) f(X)—1+2x
Given:
2
X
y=f )
d(u vl —w/
del v | 2
u:x2 v=1+2%x v2:(1+2x)2
u =2x v=0+2
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dy _(1+2%) (29 - () (2)

dx (1+2x)°
dy 2 +4xr -2
dx (14 2x)?
dy _ 2x+2x°
dx (14 2x)?
2
x“ -1
(i) y=——"-
Hx+1
d(u vl —uw
de| v | V2
u=x*-1 v=x?+x+1
u =2x VvV=2x+1

v2=(x2+x+ 1)2

dy (P+x+1)@0)-(*-DQx+1)
dx ()c2+x+1)2

@_2x3+2x2+2x—[2x3—2x+x2—1]

dx o2 +x+ 1)
dy _ 20+ 20+ 2 =20 + 2x =P + 1 B X +4x+1
dx 2 +x+1)? @R Hx+1)
Example 4: Find Z—i if y= SxxiZ
Solution:
Given: y= o

3x-2
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u:x3 V:3X—2

dy(u vl —uV/
dcl v | 2

_B3x-2)3H-)B)
(3x—2)2

dy _ 9% — 6x2 — 3x°

dx (3x-2)?2
, 6x> — 6x2
y="———""3
(Bx-2)
3
—4
Example 5: Find y =2x7x
x“=3x-4

d(u v —w/
dx| v | 2

dy _(%=3x-4) (32 -4) - (- 4x) 2x-3)
dx (2 - 3x - 4)

u=x> —4x W =3x>—4
v=x>-3x-4 |V=2x-3

V= (= 3x—4)°

dy _ (@7 =3x—4) 3 —4) - () —4x) (2x-3)
dx (2 —3x—4)
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3t — 03 — 1202 — 4% + 12x + 16
_—2x4+3x3+8x2— 12x
(X% — 3x — 4)?

dy _x*-6-87+16
e (*-3x-4)

1-2x
Example 6: Find y= it
x

u=1-2x uw=-2

v=3+x V=1 V2 =3 +x)?

_B+n (=2 -d-29 1)

(3+x)2
_—6—-2x—1+2x
(3 +x)?
da -7
dx (3 +x)?
Example 7: Find y:x2 ex
u=x v=¢*
u,:2.x v/:2e2)€

i _ ’ ’

e (uv) =vu’ +uv
= &** (20) + () 2%
=¥ 2x +2x9)

= 2xe® (1 + 2x)
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Type 5: Chain rule

Chain rule is otherwise called as function of the function rule

Example 1: Find d—i if y =(2.x+3)2

d.
Solution:

y=02x+ 3)2

dy _

I 2(2x+3)(2)

dy _

P 4 (2x+3)
dy _
P 8x+12

Example 2: Find d—i ify=\/2x—5

d
Solution:
N
L
dx 2+N2x-5
__ 2
2V2x -5
da _ 1
dx 2x -5

Example 3: Find Z—i if y =sin (4x2 +3x+2)

Solution:

%: cos (42 + 3x+2) (8x +3)
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Example 4: Find d—i if y=sinVx?+x+1

d
Solution:
ﬂ:cos\]x2+x+l X2x+1) i(sinx):cosx
dx dx
. o dy . .
Example 5: Find dr if y =log (sin x)
Solution:
=1 X COS X
Y T Sinx
_ COS X
~ sinx
Yy =cotx d 1
e (log x) = .

Example 6: Find the derivative of f(x) =log (x> +1)
Hint : X=x"+1

Solution:
_ 3
f)=log(x’+1) £(x)=log x
P | 2
f (x)—x3+1><3x f’(x)Z%
d 1
f'(x)=x3—fl oy logx) ==

Example 7: Find % if f (x) =log (cos x)

Solution:
1

f=_ " (=sinx)

—sinx

COS x

[/ (x)=—tanx
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Type 6: Implicit differentiation

Find dy of the following functions

dx

Example 1: x?+ y2 =c?

Solution:

2iyt=c

Differentiate (1) on both sides

dy

2x+2y =0

dy

2y —-2x

dy _—x
dx  y

Example 2: X+ y3 =a’

Solution:

Zdy =0

3x2 + 3y I

Example 3: x*+ y2 =1
Solution:

2x+2y—=0

ay _
dx

2y dy =0—-2x

. (D)
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Example 4: ax? + 2hxy + by2 +2gx+2fy+c=0
Solution:

2ax+2h{y(1)+xd—}+b2y3 +2g(1)+2f +O 0

dy

2ax+2hy+2hxd + 2by +2g+2f%=0

% [2hx+2by + 2f] =— 2ax — 2hy — 2g

dy —2ax—2hy-2g
dx  2hx+2by+2f

EZ_X=2(—ax—hy—g)
dx 2 (hx+by+f)

EZX:—(ax+hy+g)
dx  (hx+by+))

MISCELLANEOUS EXAMPLES

Find ;llx for the following functions

Example 1: y=xx+1D)(x-1)(x+3)

Solution:

d _ , ,
(ww)=u"vw+uv w+uvw

dx
u=x+1 v=x-1 w=x+3
w=1 V=1 w=1

gX—l(x—l) @+ +E+DHM) E+3)+E+D) -1 (1)

gX x+3)x-D+x+DHx+3)+x+1)(x-1)
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%:x2+3x—x—3+x2+3x+x+3+x2—x+x—l
Y324 6x-1
dx

Example 2: y= \x sin x

Solution:
d ’ ’
ix (uv) =vu’ +uv
dy . 1
——=s8inx——+ VX COS X
dx 2 Vx

,_Sinx

= +’\/xicosx
Y=o\

Example 3: y=Q2x - 3)2
Solution:

V=22x-3) ()
=4 (2x-3)

y =8x—12

Example 4: y=sin 5x + cos 3x + cot x

Solution:

¥ =5cos 5x— 3 sin 3x — cosec? x

Example 5: f(x)= lo%
x

Solution:
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1
d(u vl —uv (xz)[;)_(ng) (2%)
a(V]_ v2 - \ /x4
dy x—2xlogx

dx x4

Example 6: y sin 2x —x cos 2y
Solution:

o DY - 2 gin o Y
{sm2xdx+y200s2x}—[cos2y(l)+x( 2s1n2y)dx}

sin2xd—§+2ycos2x—cos2y+2xsin2yd 0

LA
d dx

% [sin 2x + 2x sin 2y] = cos 2y — 2y cos 2x

dy _cos 2y —2y cos 2x
dx  sin 2x + 2x sin 2y

Example 7: y= \llog x

Solution:
11
Y 2Nlogx X
da_ 1
dx  2xVlog x
X sin x
Example 8: y=—"—
P Y 1+x
Solution:
_ x sinx
Tu v

d(u) v —-w
el v T 2 )
dx| v v W =sinx (1) +x cos x
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dy _ (1 +x) (sinx+xcosx)— (xsinx) (1)
dx (l+x)2

dy _ (1+x) (sinx) + (1 +x) (x cos x) — (x sin x)
dx (1+x)°

dy sin x + X sin x + X €08 x + x> cos x — X sin x
dx (1+x)°

dy _ sinx +x cos x +x* cos x

dx (1 +x)
Example 9: = m
p FY 1+x
Solution:
x% sin x
u="—
u 1%

u’ = sin x (2x) +x2 cos x

d(u)_ v’ — v’

dy| v | 2
dy _ (1+x) [(sinx (2x) +x% cos x)] —x?sin x (1)
dx (1+x)?

dy _ (1+x) (2xsinx) + (1 +x) (** cos x) — x° sin x

dx (1+x)?
2
+x+1
Example 10: f (x)=x27x
x“—-x-1
Solution:
u=x*+x+1 v=xt—x—1

Ww=2x+1 VvV=2x-1



Differential Calculus 2.31

P (x)z(xz—x—l) 2x+ 1) =P +x+1)(2x—1)
(xz—x—l)2

@ x - D) -2+ 2 42— —x - 1)

(xz—x— 1)2
-2l —x—1-28 2 2k P x|
(xz—x— 1)2
dy _ -2 -dx
dx (xz—x—l)2
2.4.4 Limits

Example 1: Evaluate lim (%*+x+1)
x—1

Solution:

Given: lim (x2 +x+1)
x—1

=17+1+1

lim x*+x+1=3

x—1

Example 2: Evaluate lim 2% +4
x—2

Solution:

Given: lim 2x*+4
x—2

=22 +4

lim 2x2+4=12

x—2
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2
+3x+4
Example 3: Evaluate lim x27x

Solution:

2
4
Given: lim T&
xr—=0 | x +2x+1

_0°+3(0)+4
0+2(0)+1

2
. +3x+4
lim xzix =4
r—0 | x*+2x+1

Example 4: Evaluate lim x> -3x2+4
x—>=-2
Solution:

Given: lim x> —3x%+4
x—>-2

=(-2°-3(-2%+4
=-8-12+4=-20+4

lim ¥ -3x*+4=-16
x—>-2

Indeterminate forms (Limits)

0
0’

o oo
—’ O b o
co

Whenever indeterminate form occur
L’Hospital rule.

we

need

to use
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WORKED EXAMPLES

L’Hospital rule

-1
Example 1: Evaluate lim

xro1 *—1

Solution:

3
. ) x’ =1
Given: Ilim
xs1 X1

_1P-1
T 1-1

_0
0

Indeterminate form

Apply L’Hospital rule

. 3x% -0
lim
x—1 1-0

Example 2: Evaluate lim
x—o2 X -2

Solution:

3
. : x -8
Given: lim
x—2 X~ 2

= Indeterminate forms
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Apply L’Hospital rule

2 2
lim 2_3@°_
1 1
x—2
3_
im ¥ =3_12
x—2 X~ 2
] sin O
Example 3: Evaluate lim
00
Solution:
Given: lim sin 0
650 0
_sin0_0
0 o0
= Indeterminate form
Apply L’Hospital rule
) cos® cosO 1
lim =~ ——="7"=7
6—-0
lim sin 6 -1
o0 O
1-—
Example 4: Evaluate lim C(;s 2
x—>0 X
Solution:
Given: lim L(Q)Szx
x—=0 X
_1—cos2(0)

02
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_1-1_0
0 0
= Indeterminate form
Apply L’Hospital rule Apply L’Hospital rule
. 0— (=2 sin 2x) . 2 (2 cos 2x)
lim I T— lim -5
x—0 X x—0
. 2 sin 2x . 4 cos 2x
lim Ty lim —
x—0 X x—0
_2sin2(0) 2000 0 _4cos2(0)
2(0) 0 0 2
4
_2_2
Ii 1-cos2x _s
x—>0 x2

Example 5: Evaluate lim

050

sin 50 — sin 30
sin 30

Solution:

Given: lim
x—0

sin 50 — sin 30
sin 30

_sin5(0)-sin3(0) 0-0
B sin 3 (0) T 0

= % Indeterminate form

Apply L’Hospital rule

5 cos 56 — 3 cos 30
3 cos 360

lim
60
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~5c0s5(0)—3cos3(0)

3 cos 3 (0)
_3-3_2
-3 73
. sin 50 — sin 39 2
lim — (=3
0—0 Sln3e 3

Example 6: Evaluate lim cos x
xomn2 T
2
Solution:
Given: lim 8%
x> X 2
_cosw2 0
n_n O
2 2
= Indeterminate form
Apply L’Hospital rule
im = sin x
x— 12 1
_ sinm?2
B 1
-1
=7 =1
lim 2% —_1
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Example 7: Evaluate lim x+S
Yoo | X —2

Solution:

2
Given: lim X+
Yoo 3X—12

_2(0)+5 e
3(0)—2 oo
= Indeterminate form
Apply L’Hospital rule
lim 2.2
X —> o 3 3
2x+5 2
lim = 3
oo | 3X—2
2
- 7
Example 8: Evaluate lim bxTox+7
X =300 x+3
Solution:
2 _
Given lim w
Y o0 x+3
C6(0)?x+7

oo+ 3

[oe)
= — Indeterminate form

Apply L’Hospital rule

12x -1
1+0

X —> oo
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C12(0) -1
T

:T:OO

. Limit does not exist.

Example 9: Evaluate lim

X —>oo

5x2 +7x+10
3x2+10x +25

Solution:

Given: lim
X —> o0

5x% +7x + 10
3% + 10x + 25

_5(=)*+7 (=) + 10
3 (00)? + 10 (o) + 25

oo
= — Indeterminate form

Apply L’Hospital rule

10x+7 10 (0) +7
6x+10 6 (o) + 10

lim

X = o0

oo
= — Indeterminate form

(e ]

Apply L’Hospital rule

lim —=—=2
X —> o0

lim

X o0

5x2+7x+10 _5
32 +10c+25 | 3
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2.4.5 Continuity

WORKED EXAMPLES

Example 1: Examine the continuity of a function
[x3-8

) x—2

; x#2

f&x)=

| 12; x=2
L b

Solution:

X -8
x—2

Given: f(x)=

To check the continuity at x=2

Left limit Right limit
lim  f(x) lim f(x)
X2 x—2"
. x> -8 ) -8
lim > lim >
x—2" . x—2" .
3_ 3_
= 2 -8 = 0 Indeterminate form | = 2 -8 = 0 Indeterminate form
2-2 0 2-2 0
Apply L’Hospital rule Apply L’Hospital rule
2 2 2
lim 37 = 32) lim ﬁ = 32)
o1 1 .1 1
x—2 x—2
Left limit =12 .. (1) Right limit =12 .. (2)

From (1) & (2), Left limit = Right limit

. The function is continuous at x =2
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Example 2: Examine the continuity of the function

[ x4
E L
x
Sf)=4
| 4 itx=1
L
Solution:
4_
Given: f (x)=x !
x—1

To check the continuity at x=1

Left limit
lim f(x)
x—1

= Indeterminate form

Apply L’Hospital rule

. 4x3
lim —
1
x—1
4(1)°
Left limit = (1) =4
Right limit
lim f(x)
x— 1"
N A B S
lim 1:1 1:6
x— 1" = B

= Indeterminate form

. (D
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Apply L’Hospital rule
4P 40’
lim T =1
x> 1"
Right limit =4 .. (2)

From (1) & (2), Left limit = right limit.
- f(x) is continuous in x=1

Example 3: Examine the continuous of the function at x =0

Sin2x e L0

for f(x)=
1 if x=0
Solution:

Given: f(x)= Slr;—h

. sin 2x
Iim ———

x—0
_sin2(0) 0
S0 0

= Indeterminate form

Apply L’Hospital rule
. 2 cos 2x
Iim ———

x—0

~2c0s2(0) 2cosO 2
B 1 1 _1_(2)

. sin 2x
lim ——=

2

x—0

but it is given in the problem lim sin2x _

x—0

1

*.” The given function f (x) is discontinuous at x =0
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Example 4: Determine the value of A for which the following
function is continuous at x =-—1

(2 _92y—
|% if x#-1
X
fx) =1
| A if x=-1
\
Solution:
Given
P —2x-3
fey= x+1
Since f(x) is continuous at x=—1
= Left limit = Right limit =2
po Xo2-3
x—-1 x+1
1V 9 (—1)—
L CP-2ED-3
—-1+1
1+2-3 0
0 _0_7L
Indeterminate form
Apply L’Hospital rule
2x—-2
lim xl =A
x—-1
2(-1D-
n-2_,
1
-2-2
1 =A
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Example 5: Determine the value of k for which the following

function is continuous at x =3

|[xz__39 if x#3
f@={"

|l k if x=3

P#-9
F@=""1

Solution:

Since f(x) is continuous at x =3

Left = Right limit =%

lim fx)=k
x—3
2_
lim 9=k
x—3 x—=3
2_
3 9=k
3-3
0
O—k

Indeterminate form

Apply L’Hospital rule

lim %=k
x—3

203)=k

6=k
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Example 6: Determine the value k& for which the following

1- 2x
[ =it x20
function is continuous on (— oo, %), f (x) =1 *
| & ifx=0
(
Solution:
1—cos 2x
foy=—"3"
X
Since f(x) is continuous on (— oo, c0)
Left limit = Right limit =%
lim f(x)=k
x—0
. 1—cos 2x
lim —— =
x—=0 X
1 _
cos2 2 (0) .
0
0
0= k
Indeterminate form
Apply L’Hospital rule
lim w =k
x—0 X
= lim 72512n2x:k
x—0 X
2sin2(0) X
200

oo
I
x~
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Indeterminate form

Apply L’Hospital rule

lim 2(2) gos 2x i
x—0
:w:k [cos 0=1]
4
:>2_k
2=k

Example 7: For what value of ‘c’ is the function continuous

e +2x if x<2
on — 090, 00 X)=
( ) fx) {x3—cx if x=>22

cx2 +2x X3 —CX

7 T T T T T T >
-3 -2 -1 0 1 2 3 4
Left Right

Solution:
Since f(x) is continuous on (— oo, co)
Left limit = Right limit

Iim f(x)= lim f(x)
x—2" x—2F
lim ex2+2x= lim x —cx

x—2" x—2F

c(2?+22)=2)>-2¢

4c+4=8-2c
4c+2c=8-4
6c=4

(o)

I
N

U

[

1]
W
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Example 8: Determine the value of ‘a’ for which f(x)

2 .

. x“=1 if x<3
continuous on (— oo, ), f(x) = .

2ax if x=23

Solution:
Right
o x>—1 2ax gl
“« T T | T T T >
3 2 - 0 1 2 3 4
Left

Since f(x) is continuous on (— oo, co)

= Left limit = Right limit

lim flx)= lim f(x)

x—3" x—3"

lim x*—1= lim 2ax

x—3 x— 3"
32-1=2a(3)
9-1=6a

§_Cl

==
‘,
3=

Example 9: Find the values of ‘@’ and ‘b’ for which the
following function is continuous on (— eo, o).
2x—-2 ifx<-1
f@=Jax+b if —1<x<1
5x+17 if x>1

Solution:
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2x—2 if x<—1
f)=3ax+b if —1<x<1
Sx+7 if x>1

Since f(x) is continuous on (— oo, c0)

= Left limit = Right limit

Case (i): To check the continuity at x =—1

lim f(x)= lim f(x)

x—>-1" x—>-1"

lim 2x—-2= lim ax+5b

x—-1" x—-1"
2(-1)-2=a(-1)+b

2(-1)=2=a(-1)+b

-2-2=-a+b
—-4=—a+b
—a+b=-4 . (D)

Case (ii): To check the continuity at x =1

lim f()= lim f£()

x—1" x—1F

lim ax+b= lim 5x+7

x—>1" x> 1"
a(H)+b=5()+7
a+b=12 )

Solving equations (1) & (2) we get

a=3§8

b=4
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Example 10: Find the values of a and b that makes f(x) is
[ x3-8
x—2

if x<2
continuous on (— oo, o), f(¥) ={ ax?—bx+3 if 2<x<3

2x—a+b if x>3

Solution:

¥ -8
x—2

if x<2
Given: f(x)= ax*—bx+3 if 2<x<3

2x—a+b if x=>3

Since f(x) is continuous on (— oo, co)

= Left limit = Right limit

Case (i): To check the continuity at x =2
lim f(x)= lim f(x)

x—=2" x—2t
X3—
lim = lim a*—bx+3
xs2” YT x—2"
8=8 4a_2m+3
2-2
%=4a—2b+3

= Indeterminate form

Apply L’Hospital rule
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2
lim 3%:4a—2b+3
x—=2"

3(2)?

=4a-2b+3

12=4a-2b+3
4a-2b+3=12
4a-2b=12-3

4a-2b=9 (D

Case (ii): To check the continuity at x =3

Iim f(x)= lim f(x)

x—3 x— 3"

lim a?—bx+3= lim 2x—a+b
x—3" x— 3t

9a-3b+3=6—-a+b
9a—-3b+a-b=6-3
10a—4b=3

-2
Solving (1) and (2) we get

-15
a=——
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Example 11:

-

Find the values of a and b that makes f(x) is

2 —
x -4 if x <2
x—=2
continuous on (— oo, 00), f(x) =+ ax’—bx+3 if 2<x<3
2x—a+b if x>3
Solution:
2 —
x4 if x<2
x—2
fx) =2 ax* —bx+3 if 2<x<3
22—a+b if x>3
Since f(x) is continuous on (— oo, o)
= Left limit = Right limit
Case (i): To check the continuity at x =2
lim f(x)= lim f(x)
x—2 x—2"
x2
lim 5 = lim ax® —bx+3
xs2” T x—2"
A a2 +3
2-2
% =4a-2b+3

= Indeterminate form

Apply L’Hospital rule

%:M—%+3

lim

x—2
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4=4a-2b+3
4a-2b=1 . (@)

Case (ii): To check the continuity at x =3

lim f(x)= lim f(x)

x—3 x— 3"

lim ax*—bx+3= lim 2x—a+b
x—3" x—3

9a-3b+3=6-a+b
9a+a-b-3b=3
10a —4b =3 .. (2
Solving (1) and (2) we get

D | b=

a=

S
Il
D | =

Example 12: Test the continuity of the function

4-x> s x<0
x—-5 ;0<x<1
xX) =
F@ a?2-9 ;1<x<2
3x+4 s x=2
—00 ¢ 4_X2 X_S 3X+4 »
N T T T T T T >
-3 -2 -1 0 1 2 3 4
4x2-9
Solution:
4 —x? ; x<0
x=5 ;0<x<1
X)=
S0 4x% -9 ; 1<x <2
3x+4 P x2>2
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Case (i): To check the continuity at x =0
lim f(x)= lim f(x)

x—=0" x—=0"
lim 4-x*= lim x-5
x—=0" x—o0f
4#-5

f(x) is discontinuous at x=0

Case (ii): To check the continuity at x =1

lim f(x)= lim f(x)

x—1" x> 17

lim x-5= lim 4x*-9

x—1" x— 1"
1-5=4(1)>-7
—4%-3

- f(x) is discontinuous at x=1

Case (iii): To check the continuity at x =2

lim fx)= lim f(x)

x—2 x—2"

lim 4x2-9= lim 3x+4
x—2 x—2F
4(2°-9=3(2)+4
16-9=6+4
7#10

~. f(x) is discontinuous at x =2
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Example 13: Discuss the continuity of the function

-X3 x<0
fx)= x; 0<x<1
2-x; x>1
Solution:
-X X 2-x
T < I I I I I I > o
-3 -2 -1 0 1 2 3 4
-Xx; x<0
Given: x; 0<x<1
2—-x; x>1

Case (i): To check the continuity at x=0

lim fx)= lim f(x)

x—0" x—0"
Iim —-x= lim x
x—0" x—=0"
0=0

f(x) is continuous at x=0

Case (ii): To check the continuity at x =1

lim f()= lim f()

x—1" x—1F

Iim x= lm 2-x

x—1" x— 1
1=2-1
1=1

f(x) is continuous at x=1
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2.5 EQUATION OF TANGENT AND NORMAL

Tangent line

Tangent is a line which is touching exactly one point on the
curve.

Normal line

Normal is a line which is perpendicular to tangent line.
¢ Equation of tangent line

O = yo) =m (x = xo)
- _(dy
where m is the slope —[ a’x)

¢ Equation of normal

-39 == (=)

WORKED EXAMPLES

Example 1: Find the equation of tangent and normal to the
curve y =x3-3x+1 at the point (2, 3).
Solution:
Given: Curve y =x3-3x+1 .. (D)
Points (xg, yp) = (2, 3)

Equation of tangent

y—Yyo=m (x—xp) . (2
_ o _dy
Slope =m=_
dy 52
dx—3x2 3

dy 2
Q) =302)?2-3
[dx ]Q, 3)

m=12-3
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m=9
0-3)=9(x-2)
y—3=9x-18

y—9x=-18+3

y—9x=—15

Equation of normal

1
y—yoz—z(x—xo)

0-3)=-g@-2)

9(y-3)=—11x-2)
9y —-27=—x+2

x+9y=2+27

x+9=29

Example 2: Find the equation of tangent and nommal to the
curve x%+ y2=25 at the point (3, 4)

Solution:

Given: Curve x>+ y2 =25 e (D)
(X0, o) =3, 4)
using Implicit differentiation

differentiate equation (1)

2x+2y%=0
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dy _—2x
dx 2y
dy _—x
dx

dy -3

—_— =—=m

(dx 13, 4 4
Equation of tangent Equation of normal

Y= Yo=m (x =) y—yo=—i(x—x0)

-3 L
y-4=""(-3) v—-4)= __3(x 3)

4

4(y—4):—3(x—3) @—4)2%()6—3)

3x+4y=9+16 3y—12=4x-12
4x-3y—-12+12=0

3x+4y=25 4x—-3y=0

Example 3: Find the equation of tangent and nommal to the
curve y=x+cosx at (0, 1)

Solution:
Given: Curve y=x+cosx

O, 1
X0 Yo

Point

%zl—sinx
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Equation of tangent Equation of normal

—yo=m (x — xp) -1
y yO 0 y_y():?(x_xo)

0-D=1(x-0) y—l=—%(x—0)
y—1=x-0 1y-1)=—-1x-0)
- x+y=0+1 y=1=—-x4+0
—x+y=1 x+y=1

Example 4: Find the equation of tangent and normal to the
2x+1
curve y=——at (1, 1
y=" ;1 *@&D

Solution:

2x+1
x+1

Given: y=

use Quotient Rule

d(u v’ —u/
del v | 2
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ﬂ:(x+1) 2)-2x+ 1) (1)

dx

(x+ 1)?

_2x+2—2x—1
(x+1)?

dy 1

dx  (x+ 1)2

_(dy
m_(dx

(L, 1)

at point
X0 Yo

Equation of tangent

y=yo=m(x—x)

1
L,y I+ 1)?

1
4

m =

Equation of normal

-1
y—yOZW(X—Xo)

1 1
y—l—4(x—1) y—l——1/4(x—1)

4y-DH=1x-1)
-x+4y=—-1+4
—x+4y=3

y=1=-Fe-1

y=1l=—4x+4

dx+y=5

Example 5: Find the equation of tangent and normal to the

curve y=e¢* cosx at (0, 1).
Solution:
Given: y=¢"cosx

Use Product rule:
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d P
e w)=w’"+vu

u=e Y =COS X
U= Vv =—sinx
d
D _ v
dx

=—¢"sin x + cos xe*

4y _ x o
¢ (cos x — sin x)
m= % :eo(cosO—sinO)
) (N
m=1(1-0)
m=1
Equation of tangent Equation of nommal

P=mi v30=-L s

-1=1(x-0) -1
g y=l=—1(-0)
y—=1=x y=1=-1()
—-x+y=1 x+y=1

Example 6: Find the equation of tangent and normal for

3
y==at 3, D.

Solution:

d (1)1
E[XJ__)@
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Given: y=% (i.e) y=3(
dy__3
dx 2
_(av) __3

= =

|

Equation of tangent

y=Yo=m (x=Xp)

1

30-1)=-1x-3)
3y-3=—-x+3
x+3y=6

Equation of normal

=30 == (= 30)

-1
-1= -3
O-D="7 (=3
3
o-D=7 =3
y—1=3x-9
-3x+y=—-9+1
-3x+y=-8

Example 7: (i) Find d—i’ if x>+ y3=6xy

d.

(ii) Find the equation of tangent and normal to the curve

P +y3=6xy at 3, 3)

(iii) At what point in the first quadrant is the tangent line

horizontal.
Solution:
Given: x° + y3 = 6xy

using Implicit differentiation

. (1)
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2, 2dy _ | dy
3x“ + 3y dx—6[xdx+y(l)}

2,32 Ay
3x“ + 3y dx—6xdx+6y
3y2%—6x%=6y—3x2
Q(3y2—6x)=6y—3x2
dx

@_6y—3x2_3(2y—x2)
dx 32 _6x 3 (y*—2x)

dy 2y —x?
dx  y2_ oy

At (3, 3)

2(3)-3?
23 -3
32-2(@3)

Equation of tangent Equation of nommal

—ya = — -1
y=Yo=mx=xo) (y—yo):7(x—xo)

-3=-1(x-3 -1
! N 6-3="10-3)
y—3=—x+3 y=3=1x-3)
x+y=6 y—3=x-3
-x+y=-3+3

-x+y=0
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For a horizontal tangent line
—0. G dy _
Slope =0, (ie) Put, I =0

2y—x2 B

=0
y2—2x

2y—x2=0 (72— 2%)
2y—x2=0
2y=)c2

%2

y="%

Sub. y in given equ (1) X +y3 = 6xy

KO =16x°
(x3 ) (x3) =16x°

¥ =16

x=%16

x=(2H13

x=243
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~. Required point is

8/3
473 2
[ 2 ’ 2 }

Example 8: Find the points on the curve
y= 2x3+3x2—12x + 1 where the tangent line is horizontal.

Solution:

Given: f(x)=y=2¢ +3x>—12x+1
y:?ﬁ:zaﬁy+3@n—1zu)+o

Y =6x%+ 6x — 12
To find horizontal tangents
dy

Put a=y =0

6> +6x—12=0
x; =1
P=-2
y=f(x) =2 +3x" - 12x+ 1
f(l):2(1)3+3 (1)2— 12(1)+1
=-6
f(—2):2(—2)3+3(—2)2—12(—2)+1
=21
The points on which the tangent line is horizontal

(1,-6)
(-2,21)
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Example 9: Does the curve y =x*-2x2+ 3 have any horizontal
tangents? If so where?

Solution:
Tangents are horizontal = Ey =0
Given:
y= A -2x? 43
D _ 43 410
dx
@ _
Put I 0
43 —4x=0
4x(x*-1)=0

4x=0,x+1=0,x—1=0

=5x=0,x=-1x=1

at x=0, y=0*—2(0)>+3
y=3

Point (0, 3)

At x=1,y=1"-2(1)?+2
=1-2+2
y=1

Point (1, 1)

at x=—1, y=(-1D*=2(=1)?+2

=1-2+2

y=1

Point (-1, 1)
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~. The curve will have horizontal tangents at
(0’ 3)9 (1’ 1)9 (_ 1’ 1)

Example 10: Does the curve have any horizontal tangents? If
so where?

sec x
X)=—"-"
S 1 +tanx
Solution:
secxtanx tanx
) =2
sec? x sec x

To find horizontal tangents
Put f (x)=0

tan x
sec x

=0 = tanx=secx
By using quotient rule, we have

d d
(1 +tan x)a (sec x) — sec X (1 +tanx)

fo=

(1+ tamx)2

_ (1 +tan x) (sec x tanx) — sec x(seczx)
1+ tanx)2

_secx (tanx + tantx — seczx)
(1 +tan x)2

s, secx(tanx—1)
S )= (1 + tan X)2 2 2

TLosecx —tan“x =1

Since sec x is never O,

. T
=tanx—1=0=tanx=1, and this occurs when x=nm+ T

where n is an integer.
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2.6 CRITICAL NUMBERS OR CRITICAL POINTS

A critical number of a function fis a number ‘c’ in the domain
of ‘f such that f’ (¢) =0 or does not exist.

WORKED EXAMPLES

Find the critical numbers or critical points for the following
functions:

Example 1: f(x)= 5x% +4x

Solution:
Given: f(x)=5x>+4x
f x)=10x+4

For critical number put f’ (x)=0

10x+4=0
10x=—4
_—4
=70
o2
~75

.. L =2
Here the critical number is —

5
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Example 2: f(x)= 2% — 3x2 - 36x
Solution:

£ (x)=6x% — 6x—36

For critical number put f’ (x)=0

-6
6x> —6x—36=0
-3/ % \ 2
Divide by 6 \ +/
¥ -x-6=0 -1
x=3)(x+2) =0
=x-3=0 x+2=0
x=3 x=-2
)Cl = 3 .
critical numbers
X2 =—
Example 3: f(x)= At a3 — 124241
Solution:
/() = 1260 = 12x% — 24x
Put f (x)=0
1223 - 12x2 = 24x+0=0 0

Solve using synthetic division method

x1=2

x2=0

x3=—1
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Example 4: f(x)=x2e ¥

Solution:

) =2 (=3¢ 3 +e ¥ (2x)
=—3x% ¢ 4 20
)= ¥x(=3x+2)
Put f @®)=0
xe ¥ (2-3x)=0

e 320

x(2-3x)=0 2-3x=0
-3x==2

W[

;

The critical numbers are {O,

-1
Example 5: f (x)=2x7
x—x+1

Solution:

FP-x+D) () -(x-1)2x-1)
(xz—x+1)2

[ o=

2 —x+ -2 —x—2x+1)
(xz—x+1)2

Pox+1-22%+x+2x—1
?—x+1)?

frx=
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, — 1%+ 2x
f (x)=m
Put f x)=0
—1x +2x
— 12 +2x=0
x(-1x+2)=0
x=0
—1lx+2=0
—lx==-2
x=2
Critical numbers are
x=0
x=2

2.7 ABSOLUTE MAXIMUM & ABSOLUTE MINIMUM VALUE
Let ¢ be a number in the domain D of a function f. Then

f(c) is the

e absolute maximum value of f on D if f(c)=f(x) for all
x in D.

e absolute minimum value of f on D if f(c) <f(x) for all x
in D.
The closed interval method
To find the absolute maximum and minimum values of a

continuous function f on a closed interval [a, b]:

1. Find the values of f at the critical numbers of f in
(a, b).
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2. Find the values of f at the end-points of the interval.

3. The largest of the values from steps 1 and 2 is the
absolute maximum value; the smallest of these values is
the absolute minimum value.

Local Maximum & Local Minimum Value:

The number f(c) is a

e Local maximum value of f if f(c)>f(x) when x is near
c.

e Local minimum value of f if f(c) <f(x) when x is near c.

Result 1: The extreme value theorem

If f is continuous on a closed interval [a, b], then f attains an
absolute maximum value f(c) and an absolute minimum value

f(d) at some numbers ¢ and d in [a, b].

Result 2: Fermat’s theorem

If f has a local maximum or minimum at ¢, and if f” (c) exists,
then £’ (c) =0.

Result 3: Rolle’s theorem

Let f be a function that satisfies the following three
Assumptions:

1. fis continuous on the closed interval [a, b]

2. fis differentiable on the open interval (a, b)

3. fl@=f(b)

then there is a number ¢ in (a, b) such that " (¢)=0

Result 4: The mean value theorem

Let f be a function that satisfies the following hypothesis:

1. fis continuous on the closed interval [a, b]

2. f1is differentiable on the open interval (a, b)
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then there is a number ¢ in (a, b) such that

b) —
WRLTIC

2. fO)—fl@=f"(c)(b-a)
Increasing / Decreasing rest
(@ If f/(x)>0 on an interval, then f is increasing on that
interval.

(b) If £ (x)<0 on an interval, then f is decreasing on that
interval.

The first derivative test
Suppose that ¢ is a critical number of a continuous function

I

(@ If f’ changes from positive to negative at c, then f has
a local maximum at c.

(b) If £’ changes from negative to positive at ¢, then f has
a local minimum at c.

(¢) If £’ does not change sign at ¢ (for example,) if f’ is
positive on both sides of ¢ or negative on both sides),
then f has no local maximum or minimum at c.

Concavity test

(@ If f” (x)>0 for all x in I, then the graph of f is concave
upward on [

(b) If £ (x) <O for all x in I, then the graph of f is concave
downward on /.

Inflection point:

A point p on a curve y=f(x) is called an inflection point if
f is continuous there and the curve changes from concave upward
to concave downward or from concave downward to concave
upward at p.
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The second derivative test

Suppose f” is continuous near c¢

(@ If £/ (¢)=0 and f” (c) >0, then f has a local minimum at
c.

(®) If ' (¢)=0 and f” () <0, then f has a local minimum at
c.

2.8 MAXIMA AND MINIMA OF ONE VARIABLE

2.8.1 Absolute maximum and Minimum value

Example 1: Find the absolute maximum and absolute
minimum of f(x)=3x*-4x3—12¢?+1 in [- 2, 3]

Solution:

Given: f(x)= 3t -4 - 122+ 1 o (D)
Interval: [- 2, 3]
£ =3@4x)—4Gx%)—12(2x)+0
() =120 — 12x% - 24x
To find critical points
Put f x)=0
1223 — 1262 = 24x =0
12 - 122 = 24x+0=0 (2
Solving equation (2) we get

Critical points

X1=2

X2:0

X3=—1
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F =3t -4 - 122+ 11
Put x=-2,0,2,3,— 1 in equation (1),
f(=2)=3(=2%-4(=2P1-12(=22+1=0+33
fED=3E=D 413 -12(-1)2+1=-14
F(0)=30)* =407 -1207>+1=1
f@)=32)*-42°-12(2)%+1=-31

f3)=303)*-403Y-12(3)%+1=28

Absolute maximum value =33

Absolute minimum value =— 31

Example 2: Find the absolute maxima and absolute minima of
F@)=x>-3x+1 in [0, 3]

Solution:
Given: f(x)=x>—3x+1 (D
Interval: [0, 3]
fr0)=37%-3
To find critical points
Put f (x)=0
3x2-3=0
32 +0x-3=0 ()

Critical points

x1=1

x2=—1
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f)=x=3x+1 e (1)
< | 2NN O R )] l ) >
—o 2 - 0 1 2 3 oo

Put x=1 & —1 in (1) we get
fED=CE1=3D+1=3
fO)=0y-30)+1=1
fM=1*-3(M+1=-1

f3)=03P-33)+1=19

Absolute maximum value =17

Absolute minimum value =—1

Example 3: Find the absolute maximum and absolute minimum
of f(x)= 3x2—12x +5 in the interval of 0<x <3 or [0, 3]

Solution:
Given: fx)=3x—12x+5 ()
Interval: [0, 3]
ffx)=32x)-12(1)+0
ffx)=6x—-12
To find critical point
Putf’ (x)=0
6x—-12=0

6x=12
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v
8

= T [ [ | [ (V)
-3 -2 -1 0 1 2
f) =3 —12x+5 o (1)
Put x=0,x=2,x=3 in (1), we get
£(0)=3(0)2-12(0)+5=5
f2)=302)°-122)+5=-7

f3)=33)2%-12(3)+5=—4

Absolute maximum value =5

Absolute minimum value =—7

Example 4: Find the exact maximum and exact minimum of
values of f(x)= x*—3x2+1 in the interval — % <x <4 by closed
interval method.

Solution:

Given: f(x) = =32 +1 o (1)

Interval: {— %, }

7 (x) =3x% - 6x
To find critical point
Put f (x)=0
32 —6x=0
32 —6x+0=0
x;=0
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f)=x"=-32+1

. (1)

< T T I — T D T Q)]
e -3 -2 -1-120 1 2 3 4

1

Put x=—§,

0,2and 4 in (1) we get
2
~1 1 1
f[TJ=[—§] +1=§=0.125
fO)=01-3072+1=1
f@Q)=2°-32?%+1=-3

fF@)=4)1-3@7>*+1=17

Absolute maximum value =17

Absolute minimum value =—3

v

Example 5: Find the exact maximum and exact minimum value

of f(x)=x-2sinx,0<x <2m.

Solution:

Given: f(x)=x-2sinx
Interval: [0, 27]
f (x)=1-2cosx
To find critical point
Put f (x)=0
1-2cosx=0

—2cosx=-—1

. (1)
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Cosx—l
T2
o1
cos 60 =5
cosE—l
32
sin0=0
degree x=60° x=300°
xz% & xzs?n:> critical points

fx)=x-2sinx
f(0)=0-2sin0=0

f(gjzg—Z sin(gjz—0.684

5T 5w . [ 5m
f[? ]—?—2 sm(? ]—6968

f(2m) =21 — 2 sin (27) = 6.283

Absolute maximum value = 6.968

Absolute minimum value =— 0.684

Example 6: Find the absolute maximum and absolute

minimum of f(x)=2 cos x +sin 2x in { 0, z ] by closed interval

2
method.
Solution:

Given: f(x)=2 cosx+ sin 2x
[’ (x)=2 (- sin x) + 2 cos 2x

[ (x)=—=2sinx+2 cos 2x
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For critical points f” (x) =0
—2sinx+2cos2x=0

2 cos 2x=2sinx cos 8 =sin (90 — )

sin (90 — 2x) = sin x

90 -2x=x
90=x+2x
90 =3x
0_,
3=
oI
x=30°= 6
Critical point is x= g | 3=0° 9=00
0 /6 /2

f(x)=2cos x + sin 2x

f(0)=2cos0+sin2(0)=2
T 1 . T
f[gJ—2cos€+s1n2g—2.018

T T . I
f(gj—20055+51n2><2—2.064

Absolute maximum value =2.054

Absolute minimum value =2

Example 7: Find the exact maxima and exact minima of
f@)=log @ +x+1) in —1<x<1 or [-1,1].

Solution:

Given: f(x)=1log (x2 +x+1)
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f'(x)Z%(2x+1+O)
xX“+x+1

, 2x+1
fr=—e—
x“+x+1

To find critical points

Put f (=0
&:O “T—OooT o T1*
PHx+1 2 A 12

2x+1=(x2+x+1)><0

2x+1=0

2x=-1

-1

=7

f(x)=log (P +x+1)

f=D=log[(- 1> +(=1)+1]=log1=0

(&l (3] o[ bl

f)=log (12+1+1)=log 3

Absolute maximum value =log 3

Absolute minimum value = log (3/4)
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Example 8: Using closed interval method find the maximum

2
and minimum value of f(x)=xe *’% in [- 1, 4].

Solution:
Given:
f)=xe ™7
U=x v=e" /B
u'=1 v,:e_XZ/g —2x
8
’ X B
V=—=Zue¢
4

Hint: "~ <Y = + v/

VAEY! :x(_Tx R j+ R (1)

2

f'(x):e_xz/g(—xz+l]

To find critical points

Put ' (x)=0
e_x@L—§+l)=0
2
Since ¢ /820
2
—xz+1=0
2
X
-5 -1
P=4
x=%2
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Critical points are x=2,x=—2

>

o O I I I I OAd
-2 - 0 1 2 3 4

2.8.2 Local Maximum and Minimum values of a funcion.

e The another name for local maximum and minimum is
relative maximum and minimum

e Here the ends points are not given [interval not given]

e The interval in which the sign of f’(x) is +ve then the

nature of f(x) is increasing.

e The interval in which the sign of f’(x) is —ve then the

nature of f(x) is decreasing.

e The interval in which the sign of f” (x) is +ve then the

nature of f(x is concave upward.

e The interval in which the sign of f” (x) is —ve then the

nature of f(x is concave downward.

Note

1. The point at which nature of f{x) is decreasing to

increasing then f{x) attains local minimum at the point.

2. The point at which nature of f(x) is increasing to

decreasing then f(x) attains local maximum at the point.

WORKED EXAMPLES

Example 1: Find the local maxima and minima of the function

fx)= 3x* —4x3—12x2 + 5. Find the inflection points, and also
find the intervals of concavity.

Solution:

Given: f(x)=3x"—4x —1242+5 (D
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Step 1: To find critical numbers
£ x) =123 — 1242 = 24x + 0

To find the critical points

< T * * T * >
— 2 0 1 2 =
Put f x)=0
3 _ —
1223 — 1262 = 24x +0=0 )
Solving equation (2) by synthetic division method, we get
X1 = 2
X, =0 critical points
X3=— 1
Step 2: Increasing / Decreasing test:
Sign of [’ (x)
Interval f)=1223 - Nature Conclusion
12x% - 24x
x<—1 —ve decreasing | Minimum point
(or) at x =—1
(—o0,—1) Local ~ minimum
value =0
-1<x<0 + ve Increasing | Maximum point
(or) (= 1,0) at x =0
Local  maximum
value =5
O<x<?2 —ve decreasing |Minimum point
(or) at x=2
0, 2) Local minimum
value =—27
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Step 3: Inflection points
() =120 — 12x% — 24x
£ (x) = 365> — 24x — 24

To find hyper critical points
Put f7(x)=0

36x% —24x —24=0

Solving (3) we get

x;=1215
x,=—0.548

Substitute x; and x, in (1)
To find Inflection points
F)=3x*—a’ - 122 +5
f(1.215)=-13.351
f(=0.548) =2.325
.. Inflection points
(1.215,-13.351)
(— 0.548, 2.325)

—0.548 1.215

-3 -2 -1 0 1 2

>

v

3)

. (D
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Step 4: Concavity test

Interval =S3i6g:2 O_fzj;; £x;4 Nature
x<—0.548 +ve concave upward
-0.548 <x< 1215 —ve concave downward
x>1.215 + ve concave upward

Example 2: Find the intervals on which the function
fx) =x*-22+3 is increasing or decreasing. Also find the local

maximum and minimum values of f(x). Find the intervals of
concavity and the point of inflection.

Solution:
Given: f(x)=x*-2x2+3
Step 1: To find critical points
fr () =4 —4x+0
To find critical points
Put f (x)=0
473 + 02 —4x+0=0 e (D)
solving (1) using synthetic division method
we get
x =1

X =0 critical points
X3 =— 1



Differential Calculus 2.85

Step 2: Increasing / decreasing test

Interval Sign of Nat Conclusi
nterva £ () =43 — 4 ature onclusion
x<—1 —ve decreasing | Minimum point at

(or) x=—1
(—o0,—1) Local minimum
value =2
-1<x<0 +ve Increasing |Maximum point at
(or) at x=0

(-1,0) Local maximum

value =3

O<x<1 —ve decreasing | Minimum point at

(or) (0, 1) x=1
Local minimum
value =2

x>1 (or) +ve Increasing
(1, %)

Step 3: To find inflection points
£ () =4x> — 4x
’” _ 2
f7x)=12x"-4
To find hyper critical points
Put f7x)=0
120° +0x — 4= 0= 12> = 4
204 _ 2 1
TTRTYT3
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_ ,‘[l __4/1
x=+ 30 = 3

x=-0.577,x=0.577
Put x=—-0.577 in fix) we get 2.444
Put x=0.577 in fix) we get 2.444

Hence inflection points are

(0.577, 2.444)
(- 0.577, 2.444)

Step 4: Concavity test

Interval Sign szf " Nature
=12x“ -4
x<—0.577 + ve concave upward
—-0.577 <x<0.577 —-ve concave downward
x>0.577 + ve concave upward

Example 3: Find the local maximum, local minimum value,
intervals of concavity and the inflection points of a function

f= x4 —axd,
Solution:
Given: f(x)= -4
Step 1: To find critical points
£/ (x) =43 — 1242

&

<

- -3 -2 -1 0 1

To find critical points

Put f (x)=0
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46— 122 +0x+0=0 ()
Solving equation (1) by synthetic division method,

X1 = 0
X, =3} critical points
X3 = 3

Step 2: Increasing / decreasing test

Interval Sign of f’ (x) Nature Conclusion
x<0 —ve Decreasing |No conclusion
0<x<3 —ve Decreasing |Local minimum

I ) at x=3
x>3 +ve NETEasNg 11 oeal minimum
value =—27

Step 3: Inflection points
£/ () =4x> — 1247
£ (x) = 1262 — 24x

To find hyper critical point
Put f7x)=0

12x% = 24x =0
1262 —24x+0=0
x(12x—24)=0

= x=0, 12x-24=0

12x=24
L
12
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Put x=0 & x=2 in f(x). we get inflection point (0, 0), (2, —
16)

< & >
- -3 -2 -1 0 1 2 3 i
Step 4: Concavity test
Sign of f” (x
Interval 8 2 S7 @) Nature
=12x“ — 24x
x<0 + ve concave upward
O<x<2 —ve concave downward
x>2 +ve concave upward

Example 4: Find the local maximum, local minimum value,
intervals of concavity and the inflection points of a function

a3 +3x%—6x+1
Solution:
Given: f(x)= A3 +3x% —6x+ 1
=122 +6x-6

To find critical point
Put f (x)=0

-2

N

1222 +6x—6=0 %

Divide by 6 \/
272 +x-1=0 !

2x—1) (x+1)=0

2x—1=0 x+1=0

2x=1 x=-—1
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Critical points
L1
T2
x=-1
Increasing / decreasing test
Sign of
Interval £ (x)=12x> Conclusion
+6x—-6
x<—1 (or) +ve Increasing |Maximum point at
(—o0,— 1) x=-—1
Local maximum
value =—6
- 1<x<0.5 —ve decreasing |Minimum point at
(or) (- 1,0.5) x=0.5
Local maximum
value =—-0.75
x>0.5 (or) + ve Increasing
(0.5, o)

Step 3: To find inflection points
Fr)=12x>+6x-6
f7(x)=24x+6

< A g & &

2
Put £ (x)=0= 24x+6=0

24x=-16
-6

X=—7r

24
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Put xz—i in f(x)

Inflection points

-1
[7,2.625]

Step 4: Concavity test

Sign of f” (x)
Int 1 Nat
nterva 46 ature
x<—1/4 —ve concave downward
x>—-1/4 +ve concave upward

Example 5: Find the local maximum, local minimum value,
intervals of concavity and the inflection points of a function

f ) =203 +3x% - 36x
Solution:
Given: f(x)=2x> +3x>—36x
Step 1: To find critical points
F7 (x) = 622+ 6x — 36
Put f @®=0 —6
6x2 +6x —36=0 3/\
Divide by 6 \i/
1

X +x-6=0

-2

(x+3) (x=2)=0
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x+3=0 x-2=0

Critical points

x=-3, x=2

Step 2: Increasing / decreasing test

Interval Sigh of Nature | Conclusi
nterva
v f’(x)=6x2+6x—36 a onclusion
x<-3 + ve Increasing | Maximum point
(or) at x=-—3
(—o0,—3) Local maximum
value =81
—3<x<? —ve Decreasing | Minimum point
(or) at x=2
(-3,2) Local minimum
value =—44
x>+2 + ve Increasing
(or)
(2’ - °°)

Step 3: To find inflection points
£ (x) = 6x% + 6x - 36
f7(x)=12x+6
To find hyper critical point

Put f7(x)=0
12x+6=0

_-6

T2

-1

)
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Inflection points

4

Step 4: Concavity test

Interval Sign of f” (x) Nature
x<—172 —ve concave downward
x>-12 +ve concave upward

Example 6: Find the local maximum, local minimum value,
intervals of concavity and the inflection points of a function

f(x)=x3—3x2—12x

Solution:

Given: f(x)= X =3x% - 12x

Frx) =32 —6x-12

Divide by 3
X —2x-4=0
To find critical point
Put f (x)=0
2 — —_ =
3x 6x—-12=0 . (1)

Solving equation (1) we get

x; =3.236

x,=—1.236
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Step 2: Increasing / decreasing test
Sign of
Interval fx)= 3x? Nature Conclusion
—6x—12
x<—1.236 + ve Increasing |Maximum point
(or) at x=—1.236
(— oo, —1.236) Local maximum
value = 8.3606
-1236<x —ve decreasing |Minimum point
<3.236 (or) at =3.236
(— 1.236, 3.236) Local minimum
value =—-36.360
x>3.236 + ve Increasing
(or)
(3.236, =)

Step 3: To find inflection point
Fr) =32 -6x—12

f7(x)=6x-6

6x—6=0 = 6x=6

x=1

Inflection points (1, —14)

Step 4: Concavity test

Interval Sign of " (x) Nature
x<1 —ve concave downward
x>1 + ve concave upward
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2.8.3 Second derivative

If y=f(x) then, the first order derivative is %: y’ the second
2
order derivative is d—2X= y’
dx

Example 1: Find y” if y=2x3+3x*—6x+5

Solution:
F_ 2 B dy
y=6x"+6x—6 = It
., d*y
Vi=12x+6 = —=
dx*

2
Example 2: Find d—jz) if y =€+ cosx +sinx +x°

dx

Solution:

Y =" —sin x + cos x + 5x
Y’ = e* — cos x — sin x + 20x°

Example 3: Find y” if x> +y*=1

Solution:
dy _
2x+2ydx—0
dy _ _ dy _—2x
DT Ty
dy _—x
dx y e (D)

Differentiate (1) again w.r.t ‘x’

dfu vl —w/
dc| v | 2
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2y | YOG
P 2
: —X
au
--|—
2] [[57)
AN Y B [x2+y2}
- 2 - y2 - y3
iiﬂ{ﬁiﬁ_
2 P

Example 4: If x4+ y3 =1 then find d—2
dx

Solution:

Given x> + y3 =1, By implicit differentiation, we have

3x2+3y2%20
2dy 42
3y e 3x
ﬂ_—?)xz
dx  3y?
dy__x
dx y2
[ 2 2 dy
dzy:_ Y (20 -2 2y)
P _ K
i 2
2xy2—2x2y(—x—}
__ y
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dx? s = y-xr=-1

|1

y_
dx® y

Example 5: Find y” if y =x?sinx

Solution:

% = x? (cos x) + sin x (2x)

2

Yy =x“cos x+2xsin x

dy
dx>

=x? (= sin x) + cos x (2x) + 2 [x cos x + sin x (1)]

= — x% sin x + 2x cos x + 2x cos x + 2 sin x

2

/7

y'=—x"sinx+4xcos x+2sinx
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TWO MARKS QUESTIONS AND ANSWERS

1. Find lim (2x2-3x+4)

x—5
Solution:
lim (2% -3x+4)=2(5)2-3(5) +4
x—5

=225 -3(5)+4
=50—15+4
=39

lim  (2x% = 3x+4)=39

xX—5

2. Find lim ~u*+3u+6

u—>-2

Solution:

lim Vut+3u+6 =N(E2*+3(=2)+6
u——-2

=V16-6+6
=16 =4

lim Vu*+3u+6=4
u—-2

x+2
3. Determine the infinite limit lim ——
v -3 X+3

Solution:
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4. Evaluate lim % =2
x =0 Sin Jx

Solution:

lim sin 5x ) _ sin 5 (0)

0 | sin3x | sin3(0)
_sin
~sin0

m.
)

oo

(Indeterminate Form)

Apply L’Hospital Rule

. 5cos5x 5cosS5(0)
lim =
0o 3cos3x  3cos3(0)

_3
-3
lim sin5x 5
tyo Sin3x -3
. -1
5. Evaluate lim -
i1 | £-1
Solution:
4 4
. -1 H*-=1
lim [ 3 Jz ( )3 :%
i»>1 (-1 (1" -1 (Indeterminate Form)
Apply L Hospital Rule
4 4(1)° 4
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oo dy o 2
6. Find e if xy =c“.
Solution:
Xy = ?
_?
YT
Q _—C
dc |2
dy _~—vy
dx 42
(. F=xy)
LAy _ )y
“dx x
7. Find 2 if x2 +y*=d?
dx
Solution:
24P =d?
dy _
2x +2y o 0
dy _
2y e 2x
dy _— 2x
dx 2y
dy -—x
dx y

8. State sandwich theorem (squeeze theorem).

Solution:

If f(x)<g(x)<h(x) and
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lim f(x)= lim A (x)=L then

xX—a X—a

lim gx)=L

XxX—a
9. State Rolle’s theorem.
Solution:
() f(x) is continuous in [a, b]
(i) f(x) is differentiable in (a, b)
(i) If f(a)=f(b) then there exists a point ¢ such that
[ (©)=0
10. State (Lagranges) Mean Value Theorem.
(i) f(x) is continuous in [a, b]
(1)  f(x) is differentiable in (a, b)

(iii) Then there exists a number ¢ in (a, b) such that

[ ~f(@
b-a

)
11. State Intermediate Value Theorem.
Solution:
() f(x) is continuous in [a, b]

(i) N be a number between f(a) andf (b)

(iii) There exists a number c in (a, b) such that f(c)=N.

12. Check whether lim e+ exists.
x—-3 Ix + 3|
Solution:
lim 3x+9 3(=3)+9

k+3]  |-3+3

x—-3
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=949
0
:% (Indeterminate form)
lim (§ j: 3 (exists)
1
x—-3
13. Given that lim f(x)=4 and lim g (x)=-2. Find the
x—2 x—2
limits that exists for lim m
x—2 & (x)
Solution:
3 lim f(x)
lim 3f (x) _ x.%Z
2 8 lim g (x)
x—2
3@
)
_12
-2
=—6
im J®__
x—2 8 (x)
14. Find lim |29
00 6
Solution:
tan0 | _ O
0 | O
. sec?
= lim T
060
_ sec0 _1_ 1
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sinx

PR <0
15. f(x)= Test the continuity.
x+1; x>0
sin x
X x+1
Solution: < T >
- 0
Left limit
lim smx:smOzl{smezl}
_ X 0 )
x—0

Right limit:

Iim x+1=0+1=1

x—0"
Here Left Limit = Right Limit

. The function is continuous at x=0

16. Does the curve y =x*-2x2+4 have any horizontal
tangents? If so where?

Solution:
For horizontal tangents %:O

Given: y =x*—2:2+2

%=4x3—4x
43 —dx=0

47 = dx
(x3—x)=0

X x2—1)=0
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~. The curve has horizontal tangents at x=0,1,—-1

17. Find d—i} if y= \/\/sinx +sin x + sin x

d
Solution:

y=\sinx+y
y2=sinx+y
dy _ dy

2y dx—cosx+dx

dy _dy_
2y ¢ gy = COs¥

A no 1y
dx(2y 1)=cosx

. dy _ cosx
Tdx 2y-1

18. Find % from y=x*

Solution:
y=x"
log y =log x”
logy=ylogx

Ldy_ (1 dy
y dx_y[x}rlogxdx
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y dx x
dy(l_ _Y
dx(y long—
y
dy _ x
dx
——logx

19. Find the critical points of the function f (x) =5x3 — 6x.

Solution:
F(x)=5x - 6x (D
() =152 -6
To find critical points,

Put f (x)=0

15 -6=0
152 +0x-6=0 (2

Solving (2) we get

* x1=0.632
x; =—10.632

X3 ,
20. X f()="—5, find f* (x).

Solution:
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(3x-2) 3xH) - () (3)
(3x—2)?

=

9% — 6x2 — 3x°
(3x—2)?

6x3 — 62
(3x — 2)?

' (x) =

21. If f(x)=xe", then find f’ (x) andf” (x).

Solution:

f(x)=xe*

d ,
I (uv) =vl + uv

[ =e"(1)+x ()

f/(x)=e* +xe*

7 x) =€ +[e" (1) +xe"]

f7 (x)=2e" +xé*

_xsinx

22, Ify then find y.
x

Solution:

dy _ ,_ [(1 +x) [x cos x + sin x] — x sin x (1)]
ax (1+x)°

_ (1 +x)xcosx+(1+x)sinx—xsinx
(1+x)?

’
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_xcosx+x2 CcOS X+ sin x + x sin x — x sin x
(1+x)?
,_X cos x +x% cos x + sin x
(1+x)2
23. If y=(x*+3x2—2)° then find Z—;VC.
Solution:

% =5+ 3% - 2)* (43 + 6%)

24. 1If y =sin (tan 2x) then find y’.

Solution:

QZX _ 2
4 = 2 cos (tan2x) sec” (2x)

25. Find the critical point of f(x) = 263 - 3x% - 36x

Solution:
F(x)=2x> = 3x% = 36x (D
7 (x) =652 — 6x — 36
Put fx)=0
6x° —6x—36=0 . ()

Solving (2) we get

. x1=—2

x2=3

26. Find y’ for cos (xy)=1+siny.

Solution:

cos (xy)=1+siny

i dy _ dy
sm(xy){xdx+y(l)}—0+cosdx
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: d : d
— x sin (xy)d—i—y s1n(xy):cosyd—i

— x sin (xy) % —Cos y % =y sin (xy)

% (= x sin (xy) — cos y) =y sin (xy)

dy _ Y sin (xy)
dx [-xsin (xy) —cosy]

27. Find y’ if y=x*
Solution:
Given y=x"

Taking log on both sides

log y =log x*

logy=xlogx

ldy | 1

y dx—[xx+logx}
d
d—izy[1+logx]

dy _
I =x"[1+log x]

28. Find the critical points of f(x)=log (x2 +x+1).

Solution:

f(x)=log (P +x+1)

1
"()=—=—— (2x + 1
S ) x2+x+1(x+ )

2 1
Frw=—a

x“+x+1
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Put f x)=0
2x+1
x“+x+1
2x+1=0
2x=-1
-1
=7

29. Prove that lim |[x|=0
x—0

Solution:

g |x if +n=0
r=h={",

if +n<0

lim f(x)= lim x=0

x—0" x—0"

lim f(x)= lim x=0
x—>0 x—>0"
from (1) and (2)
lim f(x)=0 lim f(x)

x—>0 x—0"

A
v
P

. (1)

. (2
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30. Prove that lim Jﬂ does not exist.
x—0

Solution:
Let f@:%
lim f@:lm(ﬁkl

x—0" x—0"

. . —X
lim f(x)= lim (TJz—l

x—0 x—0

lim f(x)# lim f(x)

x—0" x—0

. X .
lim J—l does not exist.
x—0
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EXERCISE

Domain

1. Find the domain of the following functions.

(@ f(x)=vV2x-1 b)) f)=VN3—-x—-V2+x
© fW=5— @ fE=A2-%

Sketch the Graph

2. Find the domain and sketch the graph of the function.

(@) f(x)=2-04x (b) f(t)=2t+7r

© g=\x=53 @) g=>"h
x+2 if x<0

© f(x)z{l—x if x>0

x+2 if x<-1

® f(X)z{ X if x>2

Odd and Even Functions

3. Determine whether each of the following function is even, odd
or neither even nor odd.

(@) f@)=x+x ) f@=1-x*
© f=r+1 d) g =x+x
Infinite Limit
4. Determine the infinite limit for the following:

@ lim =% (b) lim log (x*—9)

2
i1 (=1 gt
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2
~2x—8
(© lim S5——— @ lim 31
ot x“=5%+6 x—>1’x_1
© lim ——
L o1

Continuity and Discontinuity

1.

Use the definition of continuity and the properties of limits to
show that the function is continuous on the given interval.

2x = 3x% 2x+3
(a) f(x)=ﬁ,a=1 b) f)=""""-(2.)
2
© f@=2V3-x. (3] @ f@)=2T2 422
2x+ 1

Explain why the function is discontinuous at the given number

a.
") if x#-2
X
@ fx)= ,a=—72
1 if x=-2
2 _
LY i xzl
-1
(b)y f(x)= ,a=1
1 if x=1
cosx if x<O
© f)= 0 if x=0,a=-2
1-x% if x>0

[
| _

w)farﬁ x=3 La=3
|
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3. Use continuity to evaluate the limit.

5+ 2
@ lim = ol (b) lLim & ¥
x—4 S+x x—1
Differentiation

1. Differentiate the following function

3x—1
@ =3 ®) f)=-x) (x+x)
x+ 1
x? 2+2
= d - 'z
© fo)=—" @ y=g 5
_ 2y
e fx)= 2Nk
2. Find f’ (x) and f” (x) for the following functions.
2
(@) F=x*e (b) f()=7 jZX
)
(©) f(X)—errl)

3. Differentiate the following functions.

(a) f(x)=3x2—200sx (b) f(x)=sinx+lcosx

2
(¢) f(x)=cosecx+e*cosx (d) y(x)=#
2 —tanx
_ tsint X
e y@= - (f) f(x)=xe" cosec x

4. If f(x)=secx—x, then find f’ (x).
5. If f(x)=xsinx, then find f” (x) and f” (x).

6. Use the quotient rule to differentiate the function
tan x — 1
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7. Find the limit for the following
@ lim 5“33)‘ ®) lim o g’
x>0 x—0 sin 2t
Derivatives
1. Differentiate the given functions.
(@ g@)=x*(1-2x) (b) y=x?
© f)=-12 @ fug=trit3
= — — X)=—"T—"——"
s Vx
€ f(x)="x+4Vx
2. Find the first and second derivatives of the functions.
(@ f@=10x45°-x (b) s@=r -3t
© fO=r-20+~—1t
3. Find the derivative of the given functions.
(a) yztan_l\/; (b) G(x)=\1-x"cosx
b+
(©) y:cos_l[w} (d) y:cosh_l\/;
a+bcosx
Critical numbers
1. Find the critical numbers of the function.
(@) f(x)=5x>+4x (b) f(x)=2x>—3x"—36x
-1
© gO=rt+/+2+1 @ go)=—5——
vy —y+1

e h@=r"*-21" O fx)=2" (x—4)?
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Absolute maximum and minimum values

1.

Find the absolute maximum and absolute minimum values of
f on the given interval.

(@) f(x)=3x>-12x+5,[0,3]
() f)=2x>=3x>—12x+1,[-2,3]

© Ff)=3x"—43-12?+1,[-2,3]
@ f@)=x+110,2,4]

@ f=t\N4-7,[-1,2]

() f()=2cost+sin 2t, [0, T/2]

@ fO)=xe B [-1,4]

(h) f(x) =log 2 +x+ 1), [-1,1]

Local maximum and minimum values

1.

For the following functions.

(i) Find the interval on which it is increasing and decreasing
(i1)) Find the local maximum and minimum values.

(iii) Determine the intervals of concavity

(iv) Find the inflection points.

X
1+x2

() f)=x*—4x+4 b) fx)=

© f)=2+3x"-12x (d) f(x):ﬁ
@ f()=3x7—4r 122 +1
) Fx)=4x> — 6x* = 72x + 30
(@) f()=-2-9x*—12x+1

(h) f(x)=10—6x—2x>
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MULTIVARIABLE CALCULUS

3.1 INTRODUCTION

There are quantities which depend upon two or more variables.
If x,y,z are three variables and if there exists a relation between
them such that the value of z depends upon the values of x and
v, then z is called a function of two variables x and y and this is
denoted by z = f(x,y). Here z is a dependent variable and x and
y are the independent variables.

For example the area of a rectangle is determined when its
length x and breadth y are given. Thus the area of a rectangle is a
function of two variables, length and breadth.

3.2 Continuity

A function f(x, y) defined in a region is said to be continuous
Lt
at the point (a, b) if x—>af(x, y) exists and is equal to
y—>b

f(a, b) along whatever path x > a, y = b.
If a function is continuous at all points of a region, then it is

said to be continuous in that region. If a function is not continuous
at a point, then it is said to be discontinuous at that point.

Let us assume that the functions considered are continuous and

their partial differential coefficients exist.

3.2.1 Partial Derivatives of First Order

Let Z = f(x, y) be a function of two independent variables
x and y.

If we keep y as constant and vary x alone, then z is a function
of x only. The derivative of z, with respect to x, treating y as
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constant, is called the partial derivative of z w.r.t. x and it is denoted

dz df
bYEOraoer or f.
9z _ Lt ftAx,y) —f(x.))
Thus == Ax 50 Ax

In a similar way, the derivative of z w.r.to y, keeping x as
constant, is called the partial derivative of z w.r.to y and is denoted

byg—iorg—iorzyorfy.
Thus dz _ Lt fl,y+ Ay) - f(x,y)
dy Ay—0 Ay
0z 0z , . o
— and — are called first order partial derivatives of z.
dx dy

3.2.2 Second Order Partial Derivatives

2] d .
In general 2L and a—z are also functions of x and y and hence
X y

these can be differentiated further partially w.r.to x and y.

0 (9z)_ &z _
ThUSa ax —axz—fxx

d
ax |ay| axay_fxy

0
ﬂ 0x _ayax_fyx

0
x ay _ayZ_fyy

0%z _ 9%z
dxdy dy dx

all ordinary cases.

In general and it can easily be verified in
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3.2.3 Homogeneous Functions

If every term of the expression
ap X"+ a; XNy + a, X722+ L +a,y" is of the n” degree,
then it is called a homogeneous function of degree n as this

expression can also be rewritten as
2 n

[U ) +va:) }M@

Hence any function f(x, y) which can be expressed in the
form x* ¢ [%J is called a homogeneous function of degree n in x
and y.

In a similar way if f(x, y) can be expressed in the form
y”(l)? then it is called a homogeneous function of degree n in

x and y.

3.3 Euler's Theorem on Homogeneous Functions

Statement

If u is a homogeneous function of degree n in x and y, then

Proof: Since u is a homogeneous function of degree n in x

and y, it can be expressed as u = x'f (Xj

X
a_u:nxn—le+xnsz Yy
Jx X X xZ
Lou _ pt (L) oty () e (1)
dx X

du _ Ay
=)
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ﬂ_ I’L—l /X
yay—x yf(x]

Adding (1) and (2), we get

I

N

=

S
TN
= I=
~

ou du
CX—+y —

dx dy

nu

3.3.1 Euler’'s Extension Theorem

If u is a homogeneous function of degree n, then

, u 0% u 5 0 u
Xy y )
3 x* dxdy dy

=nn-Nu

3.3.2 Problems on Partial differentiation

Example 1: f(x,y)= O3+ 4y2 + 4xy + 8yx
+12y + 13x +100=0 find f, f}» foxs Sy Sfryr

Solution

F=x+3x% +4y? + 4xy + 8yx + 12y + 13x + 100

fo=32 +6x+0+4y+8y+0+13+0

f =3x2 +6x + 4y + 8y +13

fy=0+0+8y+4x+8x+12+0+0

fy =8y +4x +8x +12
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fo=6x+6
fy=8
fy=4+8=12

fa=d+8=12
o FPfPf P S
E le 22 Find ———,—,——,
xampre e o dy ox?" 9y*’ ox dy’ dy ox

problems (i) f(x,y)= 2+ y3 +6xy + 12

the following

Solution:

f=x+y +6xy+12

%=3x2+0+6y+0
ox

f.=3x>+6y
£,=0+3y2+6x+0
f,=3y" +6x
S =6x
fyy =06y
fy=0+6
fx=0+6

(i) f(x,y)=x +72xy+y> + 18x

Solution:

f=x3+72xy+y2+ 18x
fo=32+72y+0+18

=3x2+72y+ 18
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fy=0+72x+2y+0
=T72x+2y

S =6x

fy=2

=12

fix=T72

(i) f(x,y)= W dx+ y4 - 3x2y - 3xy2 + y3

Solution:

f=x4—4x+y4—3xzy—3xy2+y3

fo=4 —4+0—-6xy-3y*+0

=4x3—4—6xy—3y2

fy= 4y — 35 — 6xy + 3y?
for=124% -6y
fy=—0x—06y
fy=12y* = 6x+ 6y

iv) f(x,y)= X2+ 2xy+ y2

Solution:

f:x2+2)cy+y2
fi=2x+2y

fy=2x+2y
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V) Sl y)=x =37 y+ 307 -y’
Solution:
f=x3 - 3)c2y+3»xy2—y3
fi= 32— 6xy + 3y2

fy=—3x2+6)cy—3y2

frx=06x—06y
Jry=—06x+06y
fyy=0x— 6y

Euler’s Theorem for Homogeneous Functions
[For two variables x and y]

e Let u be a homogeneous function of degree n in x and y.

Then x%+y%=nu
X ~ dy

e Let f be a homogeneous function of degree n in x and y

Then xa—f+yg=nf
x ~ dy

Euler’s theorem [For 3 variables x, y andz]

e Let u be a homogeneous function of degree n in x,y and
Z

Then x%+yg—;l+z3—;t:nu

Euler’s extension theorem

2 2 2
2L 2%;‘=n(n—1)u (or)
Y

ox? w ox dy i

xzuxx+2xyuxy+y2uyy=n(n— Du
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Find the degree of the following functions.

2+y2

x+y

. f(x,y)=
degree (n) = Numerator degree — Denominator degree
=2-1

n=1

o4y

2 Jwy)= 3x+4y

degree (n) = Numerator degree — Denominator degree

=3-1
n=2
3 xX+y
U=
Vx +y
degree (n) = Numerator degree — Denominator degree
1
_1_2
oL
-2
4. u=2424 2
y z x

degree (n) = Numerator degree — Denominator degree
=1-1

n=0
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3.3.3 Problems on Euler’'s theorem

Example 1: If u =cos™ 1 [

X 8_u + a_u =— 1 cotu
o 7 oy 2

Solution:

Given

ERUURRES I N S A I
u = Ccos (\/)7+\/;]_

X+y
+\y

Letfzcosuz\/; N

- degree (n)=1 —%

S
Il
N | —

By Euler’s Theorem

¥

Yty

x+y
then prove that
@wy—J P

xX+y

COSU=—F7"—
Ty

is a homogeneous function

= xi(cos u)+yi(cos u):lcosu
X dy

o

x(—sinu)?+y(—sin
X

2

u)%—lcosu
ay 2

2

) { ou au} 1
(—sinu)| x—+y— |=5cosu
ox

dy

xa_u+ du 1[ cosu
ox yay 2| —sinu

xa—u+ a—u——lcotu
ox yay 2

. Hence proved
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3 +y°
Example 2: If logu = , then show that
3x +4y
ou ou
x—+y—=2ulogu
ox Y ay .
Solution:
Given
3 3
+
log u= Al
3x+4y

+
Let f=logu= AERSARN homogeneous function
3x+2

o degree (n)=3-1
n=2

By Euler’s theorem

oF  of

x$+ya—y=nf

= xi(logu)+yi(logu)=2logu
ox dy

X 1 8_u+ 1 8_u_2]0 u
w ox | u dy g
" Ou Ju

1
M x$+y$}—210gu

xa—u+ a—u—210 u
ox yay_ B

. Hence proved
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Example 3: If u=tan” | ——— |. Then prove that
xX-=y
X B_u + a_u =sin 2u
9 '
Solution:
Given

3 3
_ X+
u =tan l{ y}

X=y
3 3
+
tanuzx Y
xX=y
3 3
+
Letf:tanu:x u
xX=y
o degree (n)=3-1
n=2
By Euler’s Theorem
o o
XT—+y——=n
ox yay /

= xi(tanu)+yi(tanu)=2tanu
ox dy

u

dy

u

ox

X (sec2 u)y—+y (5602 u) —=2tanu

sec? u x%+ % =2tanu
ax Yoy |

X Ju y Ju _ tanu
ox ay Seczu
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sin u
cos U sin u 2
= X cos“u
1 cos u
cosu

=2sinu cos u

x ou + o _ sin 2u
ox Y dy
Hence proved.
5 5
+
Example 4: If u =log|:x3 Y 3:| then prove that
X" +y
x u + o _ 2
ox 7 oy
Solution:
Given
5 5
+
u=log x3 y3
x+y
Taking exponential on both sides
5
e X +x
X+ y3
degree (n)=5-3=2
5 5
X +y
Let f=eé"'=—5—=
o4y
By Euler’s theorem
o o
_ + _—
Tox Y dy "
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u ou L ou "
xe" > +ye ay =2e
au au
u i u
¢ [x a9y ] 2
du du
x o +y ay =2

Hence proved.

+2y+3
Example 5: If u =sin~ 1 22972 | Then show that
\jx8 + y8 + zs
0 0 ou
x—u+ —u+z—+3tanu 0.
ox By oz
Solution:
Given
+2y+
u=sin" ! xXt2y+3z
\])c8 + y8 + z8
_ x+2y+3z
sin u =
\/x8 + y8 + ZS
+2y+3
Let f=sinu= el T homogeneous function
x8 + y8 + Z8
. degree (n)=1-4
n=-3

By Euler’s theorem

d
rZ

0x

o o I
AR TR

(sinu)+yi(sinu)+zaisinu=—3sinu
Z

dy
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xcosu—+ cosua—+ cosua———3s1nu
ax dy ¢ 0z
cos u x%+ Bu au =—3sinu
ox ay az B
x%+ du du_ _,sinu
ox ay Zaz cos u
x%+ a_u %——3tanu
ox yay ‘%"
x?+yg;t z3—+3tanu 0

. Hence proved

3.3
Example 6: If u=sin_1[x Y J prove by Euler’s theorem

xX+y

Solution:

Given

3_.3
.- X =
u=sin" ! Y
x+y
3_.3

X =Y
x+y

sin u =

3+3

) X
Let f=sinu=

is homogeneous function
X+

. degree =3 -1
n=2
By Euler’s Theorem
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sinu+y—sinu=2sinu

dy

" ox

u du .
xcosu—+ycosu—=2sinu
o dy

X
cos u xa—u+ a_u =2sinu
ox yax B
@Jr @_ sin u
o yay— cos u
ou ou
XxX—+y—=2tanu
ox yay

. Hence proved

Example 7: If z=log (x2 +xy+ y2) prove that
R
ox y Iy

Solution:
Given
z=log (x2 +xy+ y2)
degree (n) =2
z=log (x2 +xy + yz)
Taking exponential on both sides
=02 +xy+y°)
z is homogeneous function
Let f=e%=x%+xy+ >

By Euler’s theorem
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a Z a V4
—ef+y—et =2
X i e +y > e
a
xe* — + ye* R, P
X dy
Jdz 0z
el x—+y— |=2°
( ax 7 oy
iz K
—+y_—=2
ox Y dy
. Hence proved
2 2
xX“+y ou du 3
Example 8: If u= show that x —+y —=-u
xamp Nx+y’ ox yay 2
Solution:
. X +y?
NX+y ". u is homogeneous function
1 3
degree (n)=2- =5
By Euler’s theorem
X du + du_ nu
ax dy
u ou_3
ox Ty 2
Hence proved.
3,3 d 0
Example 9: If u=¢* ™7 show that x — +y 2 = 3u log .
ox oy
Solution:
Given
X3 + y3
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u is homogeneous function

degree (n) =

u=e

3
x3+y

Taking log on both sides

logu=x3+y3

Let f=10gu:x3+y3

By Euler’s theorem

LA
xax+y8y

:nf

xi(logu)+yi(log u)y=3logu
ox dy

1 \ou
—_— —_— = 1
( Jay 3logu

100
1(x

Ju du

. +y 8 J— 3log u
au 8 =3ulogu
ax

. Hence proved.

Example 10: If u =sin™ 1 [i ]+ tan~ ! [% J

a
then prove that x =

ox

Solution:

Given

+yg—:—0

u=sin_1[£)+tan_l(xJ
y X

degree (n)=1-1
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n=0

By Euler’s theorem

Ju N Ju .
X— — =
ax dy
ou  Jdu
x—+y—=0
ax ay
3 + y3
Example 11: If u =sec” 1 " then prove that
y
ou du
X_—+y-—=2cotu
ox oy
Solution:
Given
3 3
u=sec ! (x Ty J
xX+y
3 3
+
sec u="—2
xX+y
x3 +3
Let f=secu= is homogeneous function

X+
- degree (n)=3-1
n=2
By Euler’s theorem

o I
x8x+y8y_nf

xi(secu)+yi(secu):2secu
X dy

a

0 0
X (sec u tan u)8—u+y(secutanu)a—u=25ecu
X y
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Ju  du
secutanu| x—+y— |[=2secu
ox ~ dy

au Ju  2secu
Bx Ve, ay sec u tan u

(1
xax yay_ tan u

8u+ ou 2 cotu
Y ox yay

. Hence proved.

. x+y
Example 12: If u =sin™! show that
8u a_u l tan u.
o ' ay "2
Solution:
Given

+
u=sin" ! 1Ty
+

o
&

. xX+y . .
Let f=sin u =———= is homogeneous function
/ Ve ey 1 homoe

degree (n)=1 —%

N | —

n=

J Jd
By Euler’s theorem x—f+y f

ox dy nf

1
X—sinu+y——sinu==sinu
ox yay 2
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u u 1 .
xXcosu—+ycosu—==—sinu

ox dy 2
cosu| x—+ du =Linu
ox yay 2
x%+ du 1 sinu
ox yay—2 COS u
xa—u+ 8_u tan u
ox yay 2

. Hence proved.

3.4 TOTAL DERIVATIVE

If u = f(x, y) where x and y are functions of ¢, then u can
be expressed as a function of ¢ alone when the values of x and y

are substituted in f(x, y). Then the ordinary derivative % is called

the total derivative of u. Now, we find % without actually

substituting the values of x and y in f(x, y). For this let us prove
the following formula.

du _ Ou dx Odudy
dt ~ ox dt 9y dt

3.4.1 Problems on Total Derivatives

Example 1: If o=f(y—z; z—x; x—Yy) then find the value of
00  Jo  Jo

+—+—
ox dy oz
Solution:

Given

o=fy-z;z-x; x=Y)
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A=y—z B=z7-x C=x-y
o _ w__ ac_
ox ox ox
n_ a8 _ ac__
dy ox dy
n__ a8 _ ac_
dz dz oz
8_(0 8(1) BA 803 aB Bu) BC
ox  0A ox BB o ac o
oM 510 om
=9A (0)+aB (= 1)+8C(1)
)
8_(0 _ 00 B_A Jm aB Jw 9C
dy O0A dy BB ay BC ay
oM 510 510
=2+ O+ 22 (- 1)
0A oB oC L@
8_0) B a_wa_A Jw dB aco aC
dz O0A 9z aB az BC az
510)

=4 C 1)+—(1)+—(0)

Adding (1) (2) and (3)

8(0 803 J0 _ Jdo
ax ay % 0B
0000,

ax 0z

)]

aco Jo  Jo  Jo aco
8C 0A 9C oA aB
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Example 2: If u=f(2x -3y ; 3y —4z; 4z — 2x) then prove that

Lou 10 1ou_,
2oxr 39y 40z

Solution:
Given

u=fQ2x-3y; 3y—4z; 4z—2x)
A=2x-3y B=3y-4z C=4z-2x
n_ a8 c_,
ox ox ox
n__, aB_ ac _
dy dy dy
n_ w__, ac _
dz dz dz

ou_oudn oudb  ouoC
ox O0A dx OB dx oC ox
ou_oudh  dudB  oudC

9y 9A dy 9B dy 9C dy

du_dudA dudB dudC
0z 0A dz 0B dz oC 0z

du du Ju Ju

oA DTVt 2

du_ 0w jou _ou_(ou_ou

dx 0A ~oC ox |94 oC

Lou_du_du

29x 0A oC . (D
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%=§—Z(—3>+§—g<3)+§—2(0)
Q:”{_B_MQJ

dy oA OB

1ou__du_u

39y 0A 0B o
3—;‘=§—X(0>+§—Z<—4>+§—2(4>
@=4(_8_u+ﬂ}

0z 0B dC

1ou__ou ou

49:" 9B aC e

Adding (1) (2) (3)

10u 10u 10u _Ou Ju Jdu Jdu Ju  du

29x 39y 4ox 9A 9C 9A 9B 0B oC
~0

. Hence proved

Example 3: If u =(§; Y ; %] then prove that

Z
ou Jdu Ou
x—+y—+z—=0

ox ° dy oz
Solution:

Given

<

Il
TN
<=
ISES]
= |
~
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y Z X

0A 1 oB oC z
oo _ 2 —=0 X

x Y ox ox 2
9A_ x 9B _1 oC _

dy y2 dy z dy
9 _, 9B__y o _1

aZ_ aZ ZZ az_x

du_0dudA OudB  dudC

ax A dx 9B ax | 9C ox

Ju Jdu BA ou BB du dC

dy A dy BB ay ac ay

Ju Ju BA du aB du dC

dz 0A Oz aB az aC az

du_du (1Y) du du( z
(1):>ax_aA( j (O)Jrac[ x2)

u_1du_z

dx YOA x2dC
Multiply by x
au X ou gﬂ

8x T Yy0A x9oC

du_xdu_zOu
(Hxx= xdx_yaA_XaC

Similarly

ou

ou —-x
@) xy= yay—y(yz JaAJF

. (D

o)

. (3

. @

y ou
Z 0B o (5)
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Ju_ [=zy|ou zou
QB)xz= zaz—z[zz JaB+xaC
Adding (4), (5) & (6) we get
ou Jdu  du

—+y—+z7=0
Y ox yay ‘%

Example 4: If u = [x;y; %] prove that

u du ou
2 0% 2 9% 2 0%
ox Y oy ¢ oz

X

Solution:
Given
[ x-y z-x
Let
A:x—y B:—Z_x
Xy X
_xX Y B=X_2
Xy Xy X
11 gl 1
y X X z
94 _ [ZLl)_L 9B _-1
ax_ x2 _x2 ax_xz
oA -1 oB
—=— —=-0
dy vy dy
24 _ B_1
aZ aZ 22

du_dudA  Ju B

ox 0A ax+aB ox

w1, (-1
_aA[x2j+aB 2

.. (6)
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1 ou—1 du

Ju_ 1| du_du
ax_xz BA aB
,0u Ju du
X =
dx O0A OB

Ju Jdu dA

dy O0A 8y+

_uf—1
T0A| 2

u_ouon
dz 0A Oz

Add (1), (2) and (3)

ou Ju
2 ou 2 ou
* 8x+y dy

ou Jdu ou
20U oou  Hdu _
* 8x+y dy ¢ 0z 0

. Hence proved

ou o8

0B dy

du
]+ B 0)

ou 08
0B 9z

20u Ou Jdu Odu OJu
Po= T
dz 0A 0B 0A OB

. (D

o)

. (3)
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Example 5: If z is the function of x & y, u and v are functions
of x and y, such that u =Ix + my, v =1y — mx. Prove that

2 2 2 2

a—§+a—zz=(lz+m2) a—§+a—§

ox“ dy ou” oy

Solution:
u=Ix+my v=2y—mx
ou _ v__
ox ox
u_ v
dy dy

dz 0dz du 9z dv

ox ou ax+8v8x

%k _% %

dx ou (Z)+8v( m)

%0 %

dx du v o (D
2,02

dx  ou dv .. 2)

dz 0dzdu 9z dv

9y oudy  ovay

o
" Ju (m) + v @

oz _ 9z 902
dy  du v . (3)
P 9 9

y o ow @
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Multiply (1) X (2)

a(a (0 ), %
ox| ox | | ou v ou v
2 2 2 2 2
T2_p9i gy 9% gy 92,000
axz auz au dv 8V 814 av2 B (5)
Multiply (3) and (4)
Pa_afo) (0 0 % %
oy> dy| 9y ou dv ou v
2 2 2 2 2
a_;z Za—§+l 02 92 zza—g
dy U ou v ovou ov . (6)
Adding (5) and (6)
2z 9z 2 9 %z 9z
St ="+ — t
o P (4 m) u>

Example 6: ¢ (u,v) is written interms of variables u = ¢* cosy,

y=¢"siny then prove that

o Fo_ 5. 5[0 0%¢
St =W V)| T+
ox2  oy? ( )8u2 ov?
Solution:
u=e"cosy v=e'siny

u
—=¢e"cosy=u

Voo,
—=¢"siny=v
ox

0x
g—Z——exsinyz—v g—;:excosy:u
9 _ 0 du, 3 av
ox Ou dx Jv Ox
d0 (0

J
ou (u) + o )
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9% _ 00 90
x Yoo (D)
9_,9. .9
ox  du dv .. 2)

Multiply (1) and (2)

9 (09 )\ _( 9 903 d¢ do
ax(ax]_[”au”av](”au”av]

2 2 2 2 2
70 _ 2979 ¢ 970 5070

o2 " u? T Ju dv " dv du o2
2 2 2 2
a—f=u28—§)+2uv8—¢+vza—§)
ox ou du ov G
Similarly
2 2 2 2
979 _ 0970 , 00 5370
oy? o’ udv  ou’ o))

Adding (3) and (4)

o %9 5,370 o 2970
= 2
x> " 9y? ‘ o e du dv T o2

0% o 9% 0 9% 0
2 -2 2
u auz uv PR +v auz

) 2+V2)[32_¢ 32(1)]

+

+—r= +
o’ 9y’ b w?  *?

. Hence proved.
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3.5 TAYLOR’S SERIES EXPANSION FOR A FUNCTION
OF TWO VARIABLES

We know that Taylor’s theorem for a function of a single
variable

2
Fe+ ) = FO+ hf () + %f W+

Let f(x, y) be a function of two independent variables x and

If we keep y as a constant, then by Taylor’s theorem for a
function of a single variable x, we have

P) oo
fx+h,y+k)=fx,y+hb)+ h—f(x,y+kb)++7 —Sf(x,y+k+ ...
a.x 2! axz
Note 1:

Put x = @ and y = b, in Taylor’s series, we get

fla+h,b+k = f(a,b)+{hﬂ(a,b)+kﬁ(a,b)}
0x dy
e L2 28 oy o TL@D o Ph@b
2! ox2 dxdy 3 y?

Note 2:

Putting ¢+ h = x and b+ k= y so that h = x —a and
k= 1y -b, we get

b b
f@.y) = fla.b)+ {(x o LD M}

dy

3*f(a,b)
dxdy

29°f(a,b)

( & |
+%{(x—a) 2 +2@x-a)(y-Db) 2L2’b)

F
J

+(-b)

This formula is wused to expand f(x,y) in the
neighbourhood of (a,b)
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Note 3:

Putting @ = 0, b = 0 in corollary 2, we get

af(©0,0 9f(0,0
f(x,y)=f(0,0)+{x [0.0), 3¢ >}
X y

2 2 2
L [p®r00 , F0.0, 2F00],
0 x dxdy 9 y?

2!

This formula is used to expand f(x, y) in powers of x and
y in the neighbourhood of the origin (0, 0).

Taylor’s series for functions of two variables
Case (i): (0, 0) or origin

First degree term
@D =FO,0+ 1 (=0, 0,0+ (= 0)f, 0,001 + ...
Second degree term
F (@ 9)=F0,0) 41 (= 0) £, 0.0) +(y=0), (0, O)
421002 (0,00 +2 (= 0) (1= 0) f, (0,0)

+ (= 072f,, (0.0)]+......

Third degree term of origin

F 00 =F 0,0+ 77 (= 0)f (0,00 + (= 0)f, (0, 0)] +

437 1= 07 £ (0,0) 42 (1= 0) (v = 0) f, 0,0)

+(y=0)%£,,(0,0)]
37 1= 0 +3 (=02 (= 0) £, (0,0)+ 3 (¥=0) (= 0%, (0,0)

Xy xyy

+ (=00 £y, (0, 0)] + ...
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Case (ii): (a, b) (numbers)
First degree term

fly)=flab)+; [ k- fiab) + (v =b) @ b) ]

Second degree term

@) =@ b+ 1y (=@ fy @ b) + (= ) f, @, D) +

4 [0 f (@, 0) 42 (6= @) (= b) fy @, D)
+ (=D fyy (@ )]+ ...

Third degree term

f . y)=f(a, b) +% [(x—a)f, (a.b) + (v = b) f, (a. B)] +
+ %[(x —a)* fy (@, D) +2 (x—a) (y = D) f,, (. b)

+ (= D) fyy (a, b)] +

% [(x = @)* frpn (@, ) +3 (x— @)% (v = D) foyy (@, b)

+3 (x=a) ()= b)* fiyy (@ b) + (= b) £, (. B)] + ..
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WORKED EXAMPLES

Example 1: Expand f(x,y)= x? y2 + 202 y+ 3xy2 in powers of
(x+2) and (y —1) upto second degree terms.

Solution:
Function Point (—2,1)

F=x2y? +2x% y + 3x)? f(=2,1)=6
fo=2xy% + dxy + 3y? fi(=2,1)==-9
=22 y+2x7 + 6xy f=2.)=4
fu=2" +4y fu=2.1)=6
fxy=4xy+4x+6y fxy(_z’ DH=-10
fy=22"+0+6x fp=2.)=-4

Formula:

f @) =f (@ D)+ (=) f, (@ b) + (= b) f, (@, b)]
4 (00 fo @, D) 42 (6= @) (= b) fy 4, )
+( = D) fyy (@ b)]
) =FE2 D+ (4D L2 D+ 0= D 2D ]
+%[ X+ 2 i 2D +2 (@ +2) (= D fyy (-2, 1)}

+ (=17 fy (=2, 1]
Taylor series expansion

@) =6+ [6+2) 9+ (= 1) @)1+ 57 [+ 22 (6)

+2(x+2) (y=1) (= 10) + (y = 1) (- 4)]
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Example 2: Obtain the taylor series expansion of
JAER)) =x3+ y3 +xy2 in powers of (x — 1) and (y — 2) upto second
degree terms.

Solution:

Function Points (1, 2)
fz)c3+y3+)cy2 f(1,2)=13
fo=32+0+)? fo(1,2)=7
£,=0+3y*+2xy f(1,2)=16
S =0x fo (1,2)=6
Jyy =0y +2x fy(1,2)=14
Formula

F@)=F(@.b)+ 2 [~ a) fy (@.B) + (= b) f (a. )]
4 [0 (@ ) +2 (= @) (= B) fy @, D)
+ (= D) fyy (@ )
F@3)=f LD+ =D f, (1,2 + 6=, (1,2)]
o= 1) fi (1,2)

+2(=1) (= 2) fry (L2 + (= 22 £, (1,2)]

Taylor series expansion

f(x,y)=13+%[(x—l) N+ —=2)16)] +

=1 6)+2 (= 1) (r=2) () + (=2 (14)]
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Example 3: Obtain the taylor series expansion of
fx,y) =x2y +3y—2 in powers of (x—1) and (y +2) upto 2nd
degree terms.

Solution:

Function Points (1,-2)
f=2y+3y-2 f1,-2)=-10
fe=2xy f(,=2)=—4
fy=x"+3 f(1,-2)=4
foe=2y o (L,=2)=—4
fyy=0 fyy (1,=2)=0
foy=2x foy(1,=2)=2
Formula

@) =@ b+ 77 (=@ f @ b)+ (= b) f, (@, D)] +
i (0= f @, D) +2 (1= a) (=) o (@ )
+(y=b)* £,y (a, b)]
FU=2)=f (=2 + 57 10— D f (1,=2) + 6+ 2) £, (1,-2)] +
S G = D2 AL =2 +2 (= ) 6+ fy (< 1,2)

+( =27 f, (- 1,2)]

Taylor series expansion

fxy)=- 10+%[(x— DEH+6+2) @]

Fr =27 () +2 (= D) (r+2) Q) + (= 2 (O)



3.36

Matrices and Calculus

Example 4: Expand f(x,y)=¢* siny near the origin by using
Taylor series expansion upto third degree terms.

Solution:

Function Point (0, 0)
f=é€"siny f(0,0)=0
fi=¢€"siny f:(0,0)=0
fy=¢€" cosy £, 0,0)=1
fix=€'siny S (0,0)=0
fyy=e€"cosy [y (0,0)=1
fyy=—¢"siny fyy (0,0)=0
foe=€"siny S (0,0)=0
fey=€"cosy Jey (0,0)=1
fyyx =—¢"siny fyyx 0,00=0
fyyy=—¢€"cosy Syyy (0,0)=—1
Formula

1
S, y)=£(0,0)+ m [x—0)/,(0,0) + (y - 0) £, (0, 0)]
10— 02 £ (0.0)+2 (1= 0) (v = 0) £, (0, 0) + (= 0)* £, 0. O}
+% [((x=0)f.. (0,0)+3 (x—0)2(y—0)fmy(0, 0)+3 (x—0) (y — 0)

Fpy (0.0) + (y=0)° £,,,(0. 0)] + ..
Taylor series expansion
f(x,y)=0+%[(x—0) 0)+(—0) (1] +%[(x—0)2 (0)
+2(x=0) (= 0) (1) + (v = 0)* (0]

3 1= 0P ©+3 (=0 (=0) (1) +3 (r=0) (= 07 (0) + (= 0)* (= )]
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Example 5: Obtain the taylor series expansion of

f(x,y)=€" cosy above the (0, g } upto third degree terms.

Solution:

Function Point [0, g J
f=ecosy f[O,Ej=O

2

f.=e*cosy T
X fe 0,2 =0
fy=—¢'siny T
y fy O,2 =-1
fy=—¢siny LA
Xy fxy 0,2 =-1
foy=—¢€"cosy T
yy fyy 0,2 =0
fxxx:gxcosy f_xx_x O’g :0
fay=—¢€"siny T
xxy Sy 0,2 =-1
fyyx=—¢€ cosy T
yyx Sy O,2 =0
fop=€"siny T
Y fyyy 0’2 =1

Formula
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T
2
f[O,g]=0+%[(x—0)(0)+(y—gj(—1)}+%
2

{(x—0>2(0)+2(x—@(y—%j(—m(y—gj <0>}+

2 3
%{(x—()f(0>+3<x—0>2(y—§]<—1>+3<x—0)(y—§] (0>+(y—§] (1)}
Example 6: Obtain the taylor series expansions of

f(x,y)=¢€"siny above the (0, T } upto second degree term

2
Solution:
. . T
Function Point [0, 2 ]

— X o3

f=¢€"siny [O,E)=l

2
fe=€'siny fx(O,E]ﬂ
2

fo=€"cosy T

y fy 0,2 =0
foy=€"cosy T

xy fxy O,2 =0
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Function Point {0, had ]

foy=—¢€"siny
Yy fyy

2i!|:(x—0)2fxx[0,g]+2(x—O)(y—g}/xy(O,g
f(O,g}1+%[(x—0)(1)+[y—gJ(0)}+%
- 1)}

{(x—0>2(1)+2(x—0)(y—§J<0)+[y—§j
2

f(x,y)Zl+%[(x—0)+0]+%{(x_0)2+0_(y_gJ }

Example 7: Obtain the taylor series expansion of
f(x,y)=¢* cosy above the (0, 0) upto third degree term

Solution:

Function Point (0, 0)
f=e"cosy £0,0)=1
fi=¢€"cosy £:(0,0)=1
fy=—¢€"siny £,(0,0)=0
fix=€"cosy S (0,0)=1
fy=—¢"siny [y (0,0)=0
fyy=—¢"cosy fyy (0,0)=-1
Sy =€"cos y S (0,0) =1
foy=—¢€"siny Sy (0,0)=0
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Function Point (0, 0)
fryy=—€"cosy Sy (0,0)=—1
fyyy=¢€" siny Jyyy (0,0)=0

f(x,y)=0+%[(x—0)(1)+LV—0) (0]

+2i,[<x—0>2<1>+2<x—0> ¥ =0) (0)+(y—0)* (- 1]

437100 (1) +3 (= 07 (7= 0) (0)

+3(x=0) (y—0)* (= 1) + (v - 0)° (0)]

Example 8: Obtain explain using Taylor’s series sin (xy) about

the point (x —1) and ( y —g} upto 2nd degree term

Solution:

Function

Point (1, w2)

J=sin (xy)

Jx=ycos (xy)

fy =x cos (xy)

for=—y"sin (xy)

__r
T4
fyy:—x2sin(xy) fyy[l’g):_l
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ool

2

1 T T T L T
5{@—1)2]@”[1,§]+2(x—1)[y—5}/y 1,§J+[y—5] fyy[l,zﬂ

f(x,y)=1+1i{(x—l) <0>+(y—§j<0)}+

e Sk

Example 9: Expand ¢* log (1+y) in power of x and y upto third
degree terms.

Solution:
Function Point (0, 0)
f=¢"log (1 +y) 0
fe=¢"log (1+y) 0
1 1
h= ey
fo=¢" (log 1+y) 0
a1 1
Ly =e (1+y)
-1 -1
:ex
f;’y ((1 +y)2 ]
Fooe=€"log (1 +y) 0
1 1
fxxyzgx 1+y)
-1 -1
=ex
2 2
=¢'| ——
o= (5|
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f @) =000+ 6= 0) £, (0.0) + (3= 0) £, (0, 0] +

S 1= 02 £ (0,0) 42 (= 0) (/= 0) f, (0.0 + (= 0)* £, (0, 0]

437 10— 0 £ (0,0) 43 (1= 07 (7= 0) 1, (0. 0)

+3 (x=0) ()= 0)% 1 (0, 0) + (y = 0)° £,,,, (0, 0)]

£ 3) =047 160=0) (0) + (v = 0) (D] +5; [(x= 0)% (0

+2(x=0) (= 0) (1) + (= 0)* (- )]

4371002 (0)+3 (=07 (7= 0) (1)

+3(x=0)(y-0)* (= 1)+ (y-0)* (2)]

Example 10: Expand ¢ in Taylor’s series upto 2" degree

terms about the point (1, 1).

Solution:
Function Points (1, 1)
=" fl,)=e

fe=ye? fi,D=e

£, = xe® A D=e
fu=y?e? fu (L D=e
fy=xye + e fo (L, 1)=2e
fyy=xzexy Sy, )=e
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1
Sy =fL D+ 6= DA D+0-Df (L DI+
1
oy L= DX (LD +2(x—1) (y— D fy (1,1
+ (=12 f, (1, D]
1 1
ferny)=e+ 7 Ix=1@+0=Del+5 (k=D (@)
+2(x=1) (= 1) () + (v — D* 2e)]
Example 11: Expand ¢* siny in Taylor’s series upto 31 degree
terms about the point (— 1,%]
Solution:
Function Point | — 1,%]
f=e"siny RTINS DO B |
N=ba e " e
fe=€siny ST S D S
L] I R Ry
fy=¢€" cosy R NS RV S
Mha e mTer
fxx:e)CSiny -1 E — _1XL= 1
fa| =h g 7O G T
fxy:excosy LT _1XL: 1
Tyl Tba 70 G T
fyy=—¢€"siny LT :_1XL:—1
L e )
fxxx:gsmy -1 T —IXL:L
fon| =bg 2 TR
fyy=—¢€"siny LT :_1><L=_l
e e N AT)
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Function Point[ 1 %]
Juoy =" c0sy foy Gl = I b
Formula
f(x,)’):f(— j (x+1)f( 1gJ+(y_%jfy(_L%ﬂ+
2
2—{( +1) fxx( ]+2(x+1)(y §]fxy(_l’%j+[y_gj }L
%{(X+l) fxxx( ]+3(x+1)2[ %foxy[—l’gJ
2 3 -
RO PSR paat)

Taylor series expansion

f(x,y)=e_1><\/2-

1
2!

—_

3!

+%{(x+ l)e_1
x+1)2e ! \/15+2(x+1)(y Z

1
x+1)Pe lxﬁ+3(x+l)2(y——

X

T
4

"

1

V2

+3(x+1)(y—gje_lx\%2—+(y—%Je_lx

|

Example 12: Find the Taylor’s series expansion of x’ near the
point (1, 1) upto the 1 degree terms

Solution:
f=x fa,H=1
fx:y_xy_l fx(l,l)zl
fy=x"logx fy (1, 1)=0
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) =03 + 55 (=) £y 6 3) + (= B) fy ()

fn=f D+

[Cc=Df (L D+ =1f (1, D]

f(x,y)=xy=1+%[(x—1)(1)+(y—1)(0)]

Example 13: Expand sinx cosy in powers of x,y upto the

terms of degree 3 by using Taylor’s series

Solution:

Function Points (0, 0)
f=sinxcosy £(0,0)=0
fy=cosxcosy £.00,00=1
fyz—sinxsiny fy(0,0)=0
fix=—sinxcosy for (0,0)=0
fy=—cosxsiny fiy (0,0)=0
fyy=—sinxcosy fyy(0,0)=0
Srox =—COS X COS y fooe 0,00=—1
fx)Cy =sinxsiny fx)Cy 0,0)=0
fxyy=—cosxcosy fxyy 0,0)=—1
Jyyy =sinxsiny Fyyy (0,0)=0
Formula

f,y)=£(0,0)+ % [(x=0) £ (0,0)+(y=0)f, (0, 0)]

+2i! [(r = 0)% £ (0,0) +2 (x = 0) (¥ = 0) fy, (0, 0) + (y = 0)* £,,, (0, 0)]

43 [0 07 £ (0,0) 43 (1= 0% (v=0) £

+3(x=0) ()= 0 fryy+ =00 £,
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Example 14: Find the Taylor’s series expansion of
f(,y)=x2y+siny +¢° about the point (1, ) upto 2" degree
terms.

Solution:

Function Point (1, )
f=x>y+siny+e f,n=m+e
fi=2xy+e Sl m)=2n+e
fyzxz+cosy fy(lyﬂ)=0
fxx:2y+€x fxx(l’n)zzn-‘re
fxyzzx fxy(l’n)zz
fyyz—siny fyy(l,n)zo
Formula

Sy =1, m) +ﬁ (=D fp (I, ®) + (-7 f, (L, W] +

S G 12 (L) +2 (= 1) 0= 1) fy (1L )+ (= 02y, (1 )

Taylor series expansion

@) =t et =1 Qo)+ (r=0) O)]

+%[(x—l)2 2r+e)+2(x+1)(y—m) (2)+(y—11:)2 0)]

f(x,y)=(7|:+e)+1i![(x—1) (21t+e)]+%[(x—1)2(2n+e)

+2(- D) (y-m]+...
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Example 15: Using Taylor’s series expand ¢t in powers of
x and y upto 31 degree terms.

Solution:

Function Point (0, 0)
f=&tY £0,0)=1
fomettY £:0,0)=1
fy=ey i 0.0)=1
fu= Y [ 0.0)=1
foy=e Y 5 0,0)=1
frp=e Sy (0,0)=1
foe=€tY S (0,0)=1
fry=* fuy ©0.0)=1
=€t fy (0.0)=1
fyyy:exw fyyy(0,0):l
Formula

1
f@ ) =£(0,0)+ 77 [(x=0) £, (0.0) + (y=0) £, (0, 0)]
+2L! [(6=0)° £ (0,0) +2 (x=0) (y = 0) £y, (0, 0) + (¥ = 0) £, (0. 0)]

+%[(x—0)3fxxx(0, 0)+3 (x—O)z(y—O)fxxy(O, 0)+3 (x—0)

+ (= 00 £, (0,0) + (y = 0)° £, (0, 0)] + ...

Taylor series expansion
FEy) =1+ =0+ (=)
42 1= 0242 (0= 0) (7= 0) + (v~ 0)°

+$[(x—0>3+3(x—0>2(y—0>+3(x—0>(y—0>+(y—0)3]
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3.6 MAXIMA AND MINIMA OF FUNCTIONS OF TWO
VARIABLES

The function f(x,y) has a maximum value at (a,b) if
f(a,b) > f(x,y) always when (x,y) is in the neighbourhood of
(a,b)

i.e., for small and finite value of £, k,
fla+h, b+k) < f(a,b).

ie., f(a+h, b+k) —f(a,b) 1is always negative for
sufficiently small values of 4 and k£ whatever may be the sign of
h and k.

Similarly, the function f(x,y) has a minimum value of
(a,b)iff(a+h, b+k)—f(a,b) is always positive for sufficiently
small values of & and k whatever may be the sign of & and k.

Thus f(x,y) attains a maximum or a minimum at (a,b)
according as f(a+h,b+k)—f(a,b) is always negative or always

positive for sufficiently small values of 4 and k. The maximum or
minimum value is also termed as external value.

3.6.1 Working rule to find the maximum or minimum
value of a function of two variables

Let f(x,y) be the given function

) 0
1. Find a—f and a—f and equal to zero, by solving the equation
X y
2] )
9f =0, 9f = 0, find the roots (x;,y1), (x5,¥,) ... These
dx dy
points may be maximum points or minimum points.
2 2 92
2. Find the values of A =ﬂ,C: ﬂ. B = L) at these
dx° dxdy 8y2
points.

3. () If AC ~B*>>0and A <0 at a certain point, then the
function is maximum at that point.
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(i) If AC-B>>0 and A > 0 at a certain point, then the
function is minimum at that point.

@iii) If AC —B% < 0 for a certain point, then the function is
neither maximum nor minimum at that point. This point is
known as saddle point.

@iv) If AC —~B% = 0 at a certain point, then nothing can be
said whether the function is maximum or minimum at that
point. In this case further investigation are required.

e fAC-B%>0and A< 0, the function is maximum
e IfAC—B%>>0and A> 0, the function is minimum
o If AC—B?><0 there is a saddle point.

e If AC—B>=0 No conclusion

3.6.2 Problems on maxima and minima of two variables

Example 1: Find maximum and minimum values of
fe,y)=x3+y>—3x - 12y + 20

Solution:
f=x3+y>-3x—12y+20

f=3%+0-3-0+0

£,=0+3?-0-12+0

A=f.,=6x
B=f,=0
C=fy, =0y

To find stationary points

Put f,=0 and f,=0
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fe=3*-3

3x2-3=0 (i)

Solving (i)

x1=1

X2:—1

The stationary points are

f,=3"-12

3y2-12=0 (i)
Solving (ii)

yi=2
y2=-2

(L,2)1,-2)(-1,2)(-1,=-2)

To find maximum and minimum values

Points | A=6x |C=6y B=0|AC | B2 | AC- B> Cgi';;l“
(1,2) | 6(+ve) 12 0 72 | 0 72 (+ve) |Minimum
point
(1,-2) | 6(+ve) | —12 0 |-72| O —72 (- ve) Saddle
-1,2) |-6(-ve)| 12 0 |-72| O —72 (- ve) Saddle
-1,-2)|-6(-ve)| —12 0 7210 72 (+ve) | Maximum
point

Minimum value at

(1,2)=2

Example

Solution:

F,y)=x>+y> +6x+12

f=x2+y2+6x+12

fi=2x+0+6+0

fy=0+2y+0+0

2: Find maximum
f(x,y):x2+y2+6x+12

Maximum value at
(-1,-2)=38

and minimum

values of
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A=f, =2
B=f,=0
C=f,=2
To find stationary points

Put f,=0 and f,=0

fi=2x+6

fy=

2x+6=0

2x=—-6

x=-3

The Stationary point (— 3, 0)

Point A=2 c=2

B=0

AC — B?

Conclusion

3.0 | 2 2

0

Minimum point

Minimum value at (- 3,0)=3

Example 3: Find the extreme value of the function

fee,y) =32 —y?+x3
Solution:
f()c,y)=3xz—y2+x3
fo=6x—0+3x"
fy=0-2y+0
A=f,=6+06x
B=f,=0

C=fyy=-2
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To find stationary point

Put f:=0 and fy:O
fo=6x+3x7 fy==2
32 +6x=0 —2y=0
x1=0 y=0
Xp=—2

The stationary points are (0, 0) (—2,0)

Point | A=6x+6 C=-2B=0| AC-B?> | conclusion
(0,0) 6 (+ve) -2 0 12 (—ve) |saddle point
(-2,0) | —6(—ve) -2 0 12 (+ ve) Maximum
point

Maximum value of (—2,0)
fOey) =32 =y 420

f(=2,00=3 (=22 = (02 +(-2)°

Maximum value =4

Example 4: Discuss the maxima and minima of
2 y* (6-x-y)

Solution:
f=2y 6-x-y)
f= 6x3 y2 _x4y2 _x3 y3
fi= 182 y2 — 43 y2 —3x2 y3
fy= 12x3y—2x4y—3x3y3

A=f,=36xy° — 12:% y? — 6xy?
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Bzfxyz36)62y—8x3'y—9xzy2
C=fy=120" -2~ 627y

To find stationary points, put f,=0 and fy=0

Fo= 1822 — 4?2 =323 fy=12x3y—2x4y—3x3y2=0

x> y? (18 —4x—3y)=0 X y(12-2x-3y)=0

x2y2=0
18 —4x—-3y=0

x3y=0
12-2x-3y=0

—4x-3y=-18...(1)
Solve (1) & (2) we get (1)

—2x-3y=—12...(2)

(1) =4x+3y=18
(2) = 2x+3y=12
(1)-(2) = 2x=6

Put x=3 in (2) = 6+3y=12

3y=12-6
y=2
x=3;y=2
The stationary point is (3, 2)
Points A C B AC — B® | Conclusion
(3,2) (__IV‘: -162 | -108 +ve | Maximum

Maximum value of (3, 2)
flay)=6x"y?—xty? -7 y?

f3,2=63°2*-03)*2°-03°©?

Maximum value =108
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Example 5: Discuss the maxima and minima of
3y?(12-x-y)

Solution:
f=2y* (12-x-y)
f= 12)63 y2 _ x4 y2 _x3 y3
fi= 36x2 y2 —4x° y2 —3x7 y3
fy=24x3y—2x4y—3x3y2
A=f = 72x); — 1242 y2 - 6xy3
B=fxy:72xzy—8)(3y—9xzy2

To find stationary points, put f,=0 and f, =0

fx=36x2 )12—4)c3 y2—3x2 y3 fy=24x3y—2x4y—3x3 y2

36x2y2—4x3y2—3x2y3=0 24x3y—2x4y—3x2y2=0

2y (36— 4x—3y) =0 Xy 4-2x-3y)=0

x2y2=O x3y=0

36 —4x—-3y=0 24 -2x-3y=0

—4x—-3y=-136 —-2x—-3y=-24

4x+3y=36 ... (1) 2x+3y=24 ... 2)

H-2)=2x=12 x=6

(1) = (4) (6) + 3y =36
24 +3y =36

3y=12 . y=4

x=6

y=4
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The stationary point is (6, 4)

Points A C B AC B2 AC—B?| conc

(6,4) | —2304 | —2592 | — 1728 | 5971968 | 2985984 | 2485984 |Maximum
(—ve) (+ve) point

Maximum value at (6, 4)
Fly) =120y - a2 -3 )3

f6,4)=12(6)° (4> - (6)* (4)* - (6)* 4)?

Maximum value = 6912

Example 6: Find the extreme values of
f=x’—xy+y*-2x+y

Solution:
f=x2—xy+y2—2x+y
fi=2x—-y+0-2
fyZO—x+2y—0+1
A=f,=2-0-0=2
B=f,=0-1-0=-1
C=f,=2=2
To find stationary points
Put f,=0 and fy=0
fi=2x—y-=2 fy=—x+2y+1
2x—y—=2=0 —x+2y+1=0

2x—y=2... () —x+2y=—-1... (2)
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Solve (1) & (2) we get

Il
-

0

y

The stationary point is (1, 0)

To find maximum and minimum values

Points | A=2|C=2|B=—1| AC | B2| AC-B? |Conclusion

\S)

-1 | 4 |1

2 3 Minimum
(L, 0) (+ve) (+ ve) point

Minimum value at (1, 0)
fony) =x"—xy+y* = 2x+y

FAL,0)=(1)*= (1) (0)+(0)* =2 (1) +0

Minimum value =-1

Example 7: Find maximum and minimum values of
f=xy3-x-y)

Solution:

f=3wy -2 y—x?
fe=3y=2xy-
fy=3x— x> — 2xy
A=f=-2y
Bzfxy=3—2x—2y

C nyy =—2x
To find stationary points

Put f,=0 and fy=0
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fx=3y—2xy—y2 fy=3x—x2—2xy
3y—2xy—y2=0 3x—x2—2xy=0
y3-2x—y)=0 x(3-x-2y)=0
3-2x—-y=0 —x—2y=-3 3-x-2y=0
-2x—-y==-3..(1) —x—-2y=-3...(2)
Solve (1) & (2) we get
x=1;y=1
The stationary point is (1, 1)
Point | A C | B |AC| B2 | AC-B? conclusion
1, 1) "2 o4 3 Maximum point
—ve +ve

Maximum value at (1, 1)
[ y)=3xy—x*y—xy*

FAD=31) ()= ()= (1) (1)

Maximum value =1

Example 8: Find maximum and minimum values of

¥y (1-x-y)
Solution:

PRI S B I
fx:3x2y2—4x3y2—3x2y3
fy:2x3y—2x4y—3x3y2
A=f..= 6xy2 — 1242 y2 - 6xy3
Bzfxy=6xzy—8)c3y—9xzy2

szyy=2x3—2x4—6x3y
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To find stationary point

Put f,=0 and fy=0

fx:3)(2y2—4)63yz—3xzy3 fy:2x3y—2x4y—3xSy2
3)62)72—4963 y2—3x2y3:0 2x3y—2x4y—3x3y2
X2y (3—4x=3y)=0 Xy2-2x-3y)=0
3-4x-3y=0 2-2x-3y=0
—4dx-3y=-3 ... (1) —2x-3y=-2 .. (2)

Solve (1) & (2) we get

x=12;y=1/13
. ... (11
The stationary point is | =, 5
2’3
. > » | Conclu
Point A C B AC B AC-B .
sion

W | =

I/
N | =

—0.11 | —=0.125 | —0.08 | 0.01375 | 0.0064 | 0.00735 Maximum
(= ve) +ve point

N | —

Maximum value at( ,%j

fy =2y —xty? -y
ALV (Y (Y (LY (LY _(1Y(2
223 ]2 3 2 3 2 3
Maximum value 1
T 432

2

|
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Example 9: Find the maximum and minimum values of
fe,y)=x3+y>—12x -3y +20
Solution:
f=x3 +y3— 12x -3y +20
fi=32%-12
f,=3y"-3
A=f =6x
B=f.,=0
C=f,y=06y
To find stationary point
Put f,=0 and f,=0
3x2-12=0 3y2-3=0
3% =12 3y2 =3
P=4 =1
.X2=2, x2=—2 y2=—1;y2=—1
The stationary points are
2,DE2-DE-DE21
Points A C | B| AC | B2 | AC-B? | Conclusion
12 72 ini
@, 1) 6 o] 720 Minimum
+ve +ve point
-12 -72
-2, 1) 6 | 0| -721]0 Saddle
—Vve —ve point
—-12 72 i
(-2,-1) 6|0 72 |0 Maximum
—ve +ve point
-1 2 60| =72 0| 72y | Sadde
+ve point
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Minimum value at (2, 1)
Fl,y)=x+y —12x=3y+20
e, D=22+1-12(2)=3(1)+20

=2

Minimum value =2

Maximum value at (—2,—1)

f=2,-D==22+(=12-12(-2)-3(-1)+20=38

Maximum value =38

Example 10: Find the extreme values of function
F,y) —x+yt— 202 + axy - 22

Solution:
f=x4+y4—2x2+4xy—2y2 (*)

fo=d —4x + 4y

f,=4y +4x -4y
A=fo =124 -4
B=f,=4
C=f,=12y"-4

To find stationary points
Put f,=0 and fy=0

fx=4x3—4x+4y fy=4y3+4x—4y

43 —4x+4y=0... (1) 4y +4x—4y=0...(2)
Adding (1) and (2) we get 4x3—4x+4y=0
43 —4x+4y=0 and 4y> +4x—4y=0 43 +4x+4y=0

48 +4y° =0 483 +4y° =0
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47 =4y°
By
x=-y
Put x=—y in equation (1)
4=y ~4(y+4y=0
+4 (=) +4+y=0
—y+2y=0
Y +2)=0
y=0, —y2+2:O
—y*==2
y=2
y=\25 y=V2,y=-2
=Sx=—y x=\2,x=-"2
The stationary points are
(=V2,\2), (=2, -2), 2,V2), /2, -2) (0, 0)
Point A | C AC | B2 |AC-B? Conclusion

Non-conclusive

(=V2,V2)| 20 | 20 400| 16 | 384

Minimum point

B
0,00 |-4|-4 4 |16|16] 0
4
4

400 | 16 384

(~2,-v2)| 20 | 20

Minimum point

Minimum value

Fx,y) =2t + 9% = 267 + dxy — 27

FEN2,\2)=f(V2,-V2)=-8
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Example 11: Find the extreme values of
f= x>+ Z')xy2 —15x% - 15y2 + 72
Solution:
f= X+ 3xy2 —15x% - 15y2 +72x
fo=3x%+3y* = 30x+ 72
fy=06xy—30y
A=fi=6x-30
B=f,=0y
C=/,,=6x-30
To find stationary points

Put f,=0 and f,=0

fo=32%+3y? ~30x+72 £, — 6xy-30y

32 +3y? = 30x+72=0 ... (1) 6xy — 30y =0
Put y=0 in (1) 6y (x—5)=0

3x2+3 (0> =30x+72=0 6y=0 x-5=0

3x%2 —30x+72=0 y=0]|x=5

x> —10x +24
x—6)(x—4)=0
xX1=6, x,=4
Put x=5
3(5)2+3y2+30(5)+72=0
75+ 3y =150+ 72=0

3 -3=0
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y=x1

. The stationary points are (6,0) (4,0) (5,1) (5,—-1)

Points | A | C AC| B2 |ACc-B? Conclusion

B

(6, 0) 6 6 | 0 36| 0 36 Minimum point
0
6

4,0) | -6 | -6 36| 0O 36 Maximum point
G.n |00 0| 36 -36 Saddle point
G- 0] 0 |-6|0 |+3]| -36 Saddle point
Minimum value at Maximum value at
(6,0)=108 4,0)=112

3.7 CONSTRAINED MAXIMA AND MINIMA BY
LAGRANGIAN MULTIPLIER METHOD

Let us consider a function of three variables f(x,y, z) where
these variables are connected by the number of relations

¢x,y,9=0 (1)

where the number of relations is less than the number of
independent variables.

For f(x,y,z) to have a maximum or minimum value the
necessary condition is

LTSN VR T

dx 9y 9z
of of of
2 dvt —Ldy+ —>dz = 0
ax 7 dy S P 2)

From (1) taking differentials, we get
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99 , 96 96 . _
8xdx+ aydy+ Py dz= 0 ...... 3)

Consider, (2) + M3), where A is a parameter

then,
[%+ A g—i)]dx+ (3—];+ kg—ﬂ dy + (g—£+ A 3—1)] dz= 0
This equation will hold good if
%+ kg—i =0
88—];+ X;—i =0
g—§+ %Z—i’ =0

These equations together with equation ¢ (x,y,z) = 0 gives

the values of x,y,z and A for a maximum or minimum.

3.7.1 Working Rule For Lagrange’s Method of Multipliers

L. Assume u(x,y,z) = f(x,y,2)+ Ad(x,y,z) where A
is an undetermined constant.

2. Find the partial derivatives of u and equate each of them

to zero. i.e.,%— 0 %— 0 ﬂ

dx  dy =0

9 a Z -
3. Solve the above equations together with ¢ (x,y,z) = 0 and

find the values of the four quantities x,y,z and A.

[Method of Lagrange’s Multipliers]
Constraint Maxima and Minima

e To find Extremum (Maximum or Minimum)
Put Fx:O,Fy:O,FZ:O
o F=f+Ag

where f is the function
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3.7.2 Problems on Constraint maxima and minima

Example 1: Find the extreme value of X2+ y2+z2 subject to
the condition x +y +z=3a

Solution:
F=f+kg . (D)
Feeyte?
g=x+y+z-3a
F=(x2+y2+12)+7\.(x+y+z—3a) )
F.=2x+\
Fy=2y+7»
F,=2z+A

Put F,=0,F,=0,F,=0
2x+A=0 = 2x=—A = xz_T
2y+A=0 = y=—

> wl>

274+A=0 = z=

= x=y=z
g=x+y+z-3a
g=x+x+x-3a

g=3x—-3a
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Put g=0
3x=3a=0
3x=3a
x=a
f=az+az+a2
f=3d

. The Extremum value is 3a2

Example 2: Find the minimum value 2+ y2 +722 subject to the
1

condition 1+l+—=1.
x y z

Solution:
F=f+Lg (D)

f=x2+y?+7

1 A
F.=2x+A| —— |=2x——
SR

1 A
Fy=2y+A| - |=2y-=
y y2 ] y2

Q:k+k—iﬂ=k—%

To find minimum values

Put F.=0,F,=0,F,=0
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A A A
2x—;—0 = 2x—x—2 = x3—§
) s A
2y——=0 =y’ =~
s 2
) 5 A
2Z——2=0 = 7 =§
Z
ix:y:
1
=—+—+—-1
8 x 'y
1 1
g_x+x+x_1
Put g=0
l+—+l—1=0
X X
=—1=0
3_,
X
x=3
f=32+32+43
f=9+9+9
f=27

». The minimum value is 27
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Example 3: Find the maximum and minimum value of

f(x,y)=3x+4y on the circle x*+ y2 =1

Solution:
F=f+\Ag
f=3x+4y

g=x2+y2—1

F=3x+4y+k(x2+y2—1)
F,=3+A(2x)=3+2Ax

Fy=4+XA(2y)=4+2%y

Matrices and Calculus

To find maximum and minimum value

Put F.=0, Fy=0

= F.=3+2Ax
3+2Ax=0
2Ax=-3

= Fy=4+2Ly
442Ly=0

2Ay=-4

_—4

Y

—4
= 2h=—o"
y

—4
== =2\
y

3y=4x
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Put g=0
2
x2+169x -1=0
9% + 16x% — 9
= = -0
9
2 _
9% +16x* -~ 9=0 ﬁy:%
25x2 - 9=0
25x2=9 3
45
y="3
_9 _12 1
ﬁ‘zs Y=75%3
3 4
=+_ = —
= *¥=*3 Y=3
f=3x+4y
_2(3 4
_9,16 25
55 5

Example 4: Find the extreme value of the function

2+ y3 +7° subject to the condition x +y+z=24

Solution:
F=f+hkg (D)

f=x3+y+7

g=x+y+z-24
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= F=X+y + 2+ (x+y+2-24)
Fx=3x2+7u
_n.2
Fy=3y"+A
FZ=3ZZ+}\,
To find extreme value

PutF, =0, F,=0, F,=0

3 +A=0 = 3= = xz:?

32 +A=0 = 3y’ =-LA = yzz—&

3
3zz+7»:0:312=—7u:zz=—%

-2 2_232_22__
xz:yzzzzzT 3x*=3y" =3z A
x:yzzz_% x:y:z:—k
ix:y:z

= g=x+y+z-24
=x+x+x-—24
Putg=0, 3x—-24=0
3x=24
x=38
= f=xX+y+7

=8>+ 83+8°

f=1536
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Example 5: Find the minimum values of x? yz3 subject to the
condition 2x +y + 3z =a.

Solution:
F=f+\g
f=x*yd
g=2x+y+3z—a
F=x2yz3+?\.(2x+y+3z—a)
Fo=2xy2 + L (2)
Fy=x*22+ 1 (1)
FZ=3x2yz2+37\,
To find the minimum value
Put Fx=0,Fy=0,FZ=0
2092 +2A=0 = 2h=—2xy7 = A=—xyz
P HA=0 D A=—227
32y 2 +30=0= 3A=—3x2y 7>
A=—x2yz?

S JE R S o Y

=22 o B
y_x2z3 CyP=x
Xz
y=x :
Y= Py =2
Z

g=2x+y+3z—a
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g=2x+x+3x—-a

g=6x—a
Put g=0
6x—a=0
6x=a
=4
6
= f=x*y7

(e et

Example 6: A rectangular box open at the top is to have a
volume of 32 cc. Find the dimension of the box requiring the
least material for the construction.

Solution:
F=f+kg e (D)
f=xy+2yz7+2zx
g=xyz—32
F=xy+2yz+2zx+ A (xyz—32)
F.=y+2z+X(y2)
Fy=x+2z+7L(xz)

F =2y +2x+ X\ (xy)

Put F,=0, F,=0, F,=0
y+2z+Ayz=0 .. ()
xX+2z+Axz=0 ... (i1)

2y +2x+Axy=0 ... (iii)
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(i) Xx = xy+2xz+Axyz=0
(i) Xy = xy+2yz+Axyz=0
(i) Xz = 2yz+2xz+Axyz=0
i) — (D)
xy + 2xz + A xyz — (xy + 2yz + A xy2)
2xz—-2zy=0

2zx =2zy

xX=y

(@) — (i)
xy + 2xz+ A xyz — Qyz + 2xz + A xyz)
xy—2yz=0
y(x—22)=0

y=0 ; x—2z=0

x=2z

= g=xyz—32
g=022) (22) (z) — 32
g=4722-32

Put g=0
473 -32=0

473=32
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= x=2z
x=2(2)
x=4

y=4

.. The dimensions are

x=4, y=4,z=2

Example 7: Find the dimension of the rectangular box without
top of with maximum capacity whose surface area is 432 sq.m.

Solution:
F=f+\g e (1)
f=xyz
g=xy+2yz+2zx —432
F=xyz+ A (xy + 2yz + 2zx — 432)
F.=yz+A(y+22)
Fy=xz+k(x+21)

F,=xy+X\ 2y +2x)

PutF, =0, F,=0, F,=0

yZ+Ay+20z=0 o (D)
xZ+Ax+2hz=0 ... (i)
xy+2yA+2Ax=0 ... (iii)

(i) Xx = xyz+Axy+2Axz=0
(ii) Xy = xyz+Axy+2Ayz=0

(i) Xz = xyz+2Ayz+2xAz=0
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(i) - )
xyZ+Axy+2Axz=0

() Ayz+Mxy+2Ayz=0

2Axz—2Ayz=0
2Az(x—y)=0

2Az=0 x—-y=0

xX=y

(1) — (i)
xyz+Axy+2Axz=0

(=) xyz+2Ayz+2xAz=0

Axy—-2Ayz=0
Ay(x—272)=0

Ay=0; x—2z=0

x=2z

= x=y=2z2
g=xy+2yz+2zx—432
8§=(22) 22) +2(22) (1) + 2 (2) (22) — 432
Put g=0
422 +42 + 472 -432=0
127> - 43z=0
1272 =432

2_432
T2

zz=36 z2=62
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.. The dimensions are
lenth, x=12

breadth, y =12
height, 2z=6

Example 8: The temperature at any point (x,y,z) in space is

given by T=400xyz2. Find the maximum temperature on the

surface of the units sphere X2+ y2 +22=1.

Solution:

F=f+Ag

f=400xy2” fog=xtayi ol
F=400xy2 + L (2 +y2+ 72— 1)

F,=400y7 +2 A x

F,=400xz +2 Ly

F,=800xyz+2 Az

Put F,=0, F,=0, F,=0
400y22 +2 A x=0 . Q)
400572 +2 Ay =0 ... (i)
800 xyz+2Az=0 ... (iii)

Adding (i), (ii), (iii)
(i) xx = 400xyz2+2Ax*>=0
(i) Xy = 400xyz2+2A1y*=0
(iii) xz = 800xyz>+2Az>=0
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1600xyz2 +20 (% + y2 + zz) =0
1600xyZ2 +2 A (1)=0
2 h=— 1600xyZ

A =— 800xyz>

iH = 27\.x=—400yz2

= 400y2
2
Lo 400y -400y2
2 (- 800xyz?)  — 1600 xyz>
L
T 4x
4% =1

pol et
T4 2

(i) 2Ay=—400xz>

— 400xZ — 400xZ
e TN NSNS b n

2y y=
A — 800xyz2

(i) = 2\z%=—800xyz

— 800xyz
2p=—"-7
— 800xyz
222l
b4
1 1
22=1= z2=5 :>z=\/—5
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= f=400xy7
2
1Y 1) 1
o[z ):) %)

_ 400

2x2x%x2

Maximum temperature,| f=50 | units

Example 9: Show that maximum volume of a rectangular

x2 y2 z2
parallelopiped enclosed in the ellipse side St 5t 5= 1 is
a b° ¢
8abc
33
Solution:
F=f+Ag . (D

Volume of rectangular parallelopiped

f=8xyz
2 2 2
g:£§+X§+§§—l
a b ¢

Fy:8xz+k %

F,=8xy+A| =

Put F.=0, F,=0, F,=0
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i) xx = 8xyz+2 =0

(i) xy = 8xyz+

(iii)) xz = 8xyz+
C

Adding (1), (ii), (i) we get,

2

8xyz +
a

8xyz +

20 2%
8xyz + 22 =0
c

2 2 2
= 2z +20| S+5+5 =0
[a2 P
2xyz+ 20 (1) =0
24xyz=—2\

12xyz=—A

A=—12xyz

.. (ii)

... (iii)
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Sub A value in eqn (i)

2Ax

= — 8yz
a2
- 8yza2
2x=—""—"
T
oy 8yza2
—12xyz
2a%
2x = e
62 = 24°
3x2=d?
2
2=L
3
a
x=t—
\3
2
(i) _2y =—8xz
b
 — 8xzb?
A
— 8x7b?
2y = 8xz
—12xyz
+2b°
2y = 3y
6y% = 2b*
)b
=3
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Similarly
:z:i%
f=8xyz
gl )L )<
&5 %)
_ Sabe

f= 3 \js—cubic units

Example 10: Show that the rectangular solid of maximum
volume that can be inscribed in a sphere is a cube.

Solution:
F=f+kg ()
f=8xyz
g=2ty? 42 R
F=8xyz+7»(x2+y2+z2—R2)
F,.=8yz+ A (2x)
Fy:8xz+k(2y)
F,=8xy+2A (22)
Put F,=0, F,=0, F.=0
8yz+2Ax=0 o (1)
8xz+2Ay=0 .. (i1)
8xy+2Az=0 ... (iii)
1) xx = 8xyz+2kx2=0
(i) Xy = 8yz+2Ay*=0

(il) xz = 8xyz+2Az2=0
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2Kx2:—8xyz
2Ay?=—8xyz
2072 =—8xyz
= 27»x2=27uy2=27»22=—8xyz
B=y2=7
xX=y=z2

= gz)c2+y2+zz—R2

Put g=0
P+ +x>—R*=0
3x2—R>=
3x2=R?
2
X’ = L
3
R
x=1+t—
V3
Similarly,

Matrices and Calculus
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Example 11: Find the maximum value of x™y" 77 subject to
the condition x+y+z=a

Solution:
F=f+Ag )
f=x"yt
g=x+y+z—a
F=xX"y'P+A(x+y+z—a)
F.o=mxX™~1y" 2 4+ 0 (1)

X

Fyzxmny"_lzp+k(1)

F=x"y"p =1+ (1)
To find maximum value

Put Fy=0, F,=0, F,=0
m
mx—y"zp+7u:0
X
yn
xmn7Zp+7u=0

n &
xmypz+7»—0

n
L =
y
n e
Xy p?——k
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y oz a
m_mtn+p n_mtntp p_mtn+tp
x  a y  a 7z a

ma=m+n+p)x na=(m+n+p)y pa=(m+n+p)z

y=—na —_ ha pep— L —
m+n+p m+n+p m+n+p

m n
Maximum value :[ ma ] [ na ) [ pa JD
m+n+p m+n+p m+n+p

3.8 JACOBIANS

Definition: If # and v are functions of two independent

du Ju

variables x and y, then the determinant gx gy is called by
v v
dx dy

Jacobian of u and v with respect to x and y and it is denoted by
du,v) or T u,v
a (-x s Y) X, y

Similarly, if wu,v,w are functions of three independent
variables x,y and z, then the Jacobian of u,v,w with respect to
X,y,z is defined by

du du du

dx dy dz

J[u,v,wj: a(u,v,w): dv dv dv
X,y,2 d(x,y,2) dx dy dz
dw v aw

dx dy dz

e Jacobian is denoted by the J
e If J=0, then functionally dependent
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e If J#0, then functionally independent

o JxJ =1
(ie) Jx 1_ 1
;=
3.8.1 Problems on Jacobians
Example 1: If x=r cos 0,y =r sin 6. Evaluate M
a(r,0)
Solution:
d (r,0)
o ax
Jor 00
Tlay o
Jr 00
x=rcos 0 y=rsin0
% =cos 0 % =sin 0
%:—rsme ﬁzrcose
| cos® —rsin®
| sin® rcos®
d(r,90)

=rcos2 0+ rsin’ @

=r [cos2 0 + sin? 0]

=r (1)
J=r
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Example 2: If x=u (1-v) and y=2uv find 9(,y)

9 (u,v)
Solution:
A
J= a(x’)’) _ al/i av
d(u,v) |dy 9y
du Ov
x=u(l-v) y=2uvy
ox dy
=~ _1= 9 s
du ' u
ox dy
B u0-1) w
=—u
1-v —u
]_| v 2u
=1—-v Qu)+2uv
=2u —2uv + 2uy
J=2u
2
Example 3: Find u:y;, fi J @) and 9 (x,y)

d (x,y) o (u,v)
Solution:

du Jdu
du,v) | dx dy
d(x,y) |ov ov
ox dy

J=
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Example 4: Find the Jacobian of yy,y,,y3; with respect

. X2 X3 X1X3 X1 X2
X1, X, X3 if y = X »Y2 = ) » V3= 5
Solution:
WM W
BX2 BX2 8x3
d (1> y2s »3) ayz ayz 9y,
J = = —_— —_— —_—
8 ()Cl, X2, )C3) axl aX2 8)63
93 3 s
ox; Oxp Ox3
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X X3 X1 X3 X1 X2
= X Y2 = X V3= X
Wi _—o W2 _x3 W3 _x
E)xl x% axl X2 axl X3
Wi _% W2 _—a % W3 _x
aX3 X1 ax2 X% 8x2 X3
Wi _% W2 _x W3 _~N %
aX3 X1 aX3 X aX3 x%

—X2X3 X3 X2
x% X x|
X3 —)CIX3 )Cl
J= = —
2%) 59) 2%)
X1 X XX
3 3093
—X2 X3 X3 X1 X7 X1
=8 A A X2 X — X1 X X1 X
) 342 143 142
X1X2X3 X~ X X1 X — X1 X
2X3 143 142
Xy X3 X3X| XX | !
J= > 2 5 1 -1 1
14243 1 1 -1
J= 1 -1
1 1 -
=—1(1-D-1(-1-D+10+1
=242

J=4
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Example 5: If u=x2+y2,v=x2—y2 find J.

Solution:
du
9, v) | ox
S o(ny) | ov
ox

J

Example 6: If u=x—-y,v=y—-z,w=z—x, find

Solution:

_d(u,v,w)
S0y 2

J=—8xy

0z
ov
0z

0z

0 (u, v, w)
d (x,y,2)
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V—y—2
dv
a—o
I _
ay_
dv
2o
0z
1
J=| 0
-1

=1(1-0)+1(0-1)+0=1-1=0

J=0

.. Functionally dependent

Example 7: Find the Jacobian of u,v,w with respect to x,y,z

ifu:K,v:x—z,w:
X Yy
Solution:
0 (u,v,w)
d(x,y,2)
u=2=2
X
o _ -y
ax_ x2
du_x
ay z
du_y
dz X

Xy
Z
o o
ox dy
o
ox dy
w  Iw
ox dy
Xz
y===
y
W _z
ox ¥
v __x
ay_ y2
W _x
oz Y

du
0z
v
0z
ow
0z

w=2

Z
w_y
ox 2
w _x
dy 2
ow —xy
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S oex m e

N ‘

|

J=—1(1=-1)=1(=1=-D+1(1+1)

-2 z
X2 X
zZ —XZ
J= = —
y y2
Y X
Z Z
|
J= zy
2.2.2
Xy z ¥z
-1
;o090 |
- xZ 2.2
y z 1
J=0+2+2=4
Example 8:
a(xay’z) =u2v
d(u,v,w)
Solution:
X+y+z=u ytz=uv
X=u—y-—z y=uv-z
x=u—-(y+2) y=uv—uvw
X=u—uy
% ax A
Jdu oJv ow
_9y,9) _|dy Iy Iy
d (u, v, w) du oJv ow
% % %
du oJv ow

Ifx+y+z=u; y+z=uv; z=uvw then prove that

=uvw
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X=u-—uv Y=uv—uvw Z=UuUvw
ox dy 0z
—=1-v —=v—-vw —=ww
ou ou ou
%— u @_ u—uw %— uw
dv dv dv
ﬁ_ ﬁ—— uv %— uvy
ow ow ow

1-v —-u 0
J=|v—vw u—uw —uv

vw uw uy

J=1—v[(u—uw) (uv) +uvuw] +u [(v —vw) uv + vwuv]

=(1-v) [uzv—usz+u2vw]+[u\/2—uv2w+uv2w]

=(1-v) > v+u@?

2

2.2

2.2

=uTv—u- v +uv

J=u2v

.. Hence proved

Example 9: x=rsinOcos¢; y=rsinOsin¢dp; z=rcos 0

then find M
o(r,0,0)
Solution:
%
ar
I J(x,y,2) | dy
S 9(r,0,0) | or
9z
or

o0x
00

20
0z
00

ox
a9
9
0z
dd
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x=rsin 0 cos ¢

ézsinecosq)

or

y=rsin 0 sin ¢

ﬂzsinesimb

or

ﬂ:rcosesin(])

—=rcos 0 cos

00 ¢ 00

ox . dy

——=-—rsin 0 sin —==rsin O cos
0 ¢ 00 ¢

sin@cosd rcosOcosd —rsinb sin
J=|sinOsin¢® rcosBsind rsin6 cos
cos © —rsin @

z=rcos 9
9z _
ar—cose
s—é:—rsine
0z
a¢‘0

0

0

0

J=sin0cos ¢ (r2 sin” O cos ) — rcos B cos O (—r cos 0 sin 6 cos 0)

— rsin 0 sin ¢ [—rsinzesin(b—rcoszesin 0]

J=r?sin> 0 cos? o+ 1% cos’ 0 sin O cos’ o+ 2 sin’ @ sin’ 0

= /2 sin> O [cos? o+ sin? o] + 1% cos? 0 sin O [cos’ o+ sin’ 0]

+ 12 cos” O sin  sin’ (0]

=72 sin> O + 1% cosZ O sin O

=72 sin 0 (sin2 0 + cos? 0)

J=rzsin9

Example 10: Find the Jacobian if

U=X+Y+Z,V=Xy+yz+2x, w=x>+y2+z

Solution:

9 (u,v,w)
d(x,y,2)

o
ox dy 0z
oo o
ox dy 0z
w aw aw
ox dy 0z

2
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M:)C+y+Z v:_xy+yz+zx W:.x2+y2+22
Ju dv ow
ox ox yrz ox *
du dv ot ow 5
—_— = —_— = Z —_— =
dy dy y
Ju dv iy ow 5
= — —_— — =27
oz 2z oz

1 1 1

J=|y+z x+z y+x
2x 2y 2z

J=1[x+2)2z-2y v +x)]—-1[(y +2) 2z —2x (y + x)]
+1[(y+2)2y—2x(x+2)]

J=2zx+2zz—y2—2xy— 1 [2yz+222—2xy—2x2]
+2y2+2yz—2xz—2xz
J=0

. Functionally dependent.

Example 11: If x=uv and y =2 find J=M and
v 0 (u,7)
J = M Also verify JJ =1
d (x,)
Solution:

ox  Ox
~d(xy) |du v
o) dy dy
ou dJv

J



Multivariable Calculus

3.95

= J/=1

-2u -v
TR
JI'=1

Example 12: If x=u cosv and y =u sin v, prove that
0(x,y) 3wy _,

o(,v)" 9,y

Solution:

ox
79y | du
9w, v) |9y
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X=UCcosv y=usinvy
X ay .
—=COS YV —— =Sy
Ju Ju
ox i y
—=—usinvy ——=ucosv
dv Jdv
_|cosv —usinvy
sin v U Ccos v
=1 cosZ v+ u sin® v
:u(coszv+sin2 V)
J=u
J’=l
u
JxJ =
1
ux—=1
u

1=1 = LHS = RHS

. Hence proved

Example
w=x (x+2y—2z). Are
this relationship.

Solution:

O (u,v,w)
d(x,,2)

13: Let

u=3x+2-z,

v=x-2y+2z

and

u,v and w functionally related? If so find
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u=3x+2y—-z

v=x—-2y+z2
W _
ox
v,
dy
W _
oz
3
J=]1 =2
2x  2x

2

w=x"+2xy—xz
ow

— =9

ox *
a—W=2x

dy

My

dz

32x—2x)—2(—x—2x)—1 2x+4x)

=0-2(-3x)— 1 (6x)

=6x — 6x

J=0

. Functionally dependent

Example 14: Find

Solution:

d (x,,2)
J: =
d (u, v, w)

o (u,v,w)

ox
du
dy
ou
9z
ou

ox
v
dy
v
Iz
v
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v Y= S
o _2u & _ = __w
du Vv Ju u 2
o0x u? dy 2y 0z
_— —— —_ = — =0
ov V2 v w Jdv
A _ y__7 %2 _2w
ow W w? ow U
2u - 0
v V2
=] o0 2 ¥
L
—w? 0 2w
u? u
2u
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TWO MARKS QUESTIONS AND ANSWERS

1. Define stationary points? [critical points]

Solution:

Stationary points are the points at which function attains its
maximum (or) minimum value.

2. Define saddle points?
Solution:

A point at which the function neither maximum nor minimum.

For this AC— B*><0 (Negative)

2 2
3. Condition for maximum and minimum 8_f= s at =B,
ox> ox dy

P f_
dy>

Solution:

If AC—B?>>0 and A <0 then function is maximum.
If AC—B?>>0 and A >0 then function is minimum.

If AC—B?<0 saddle point exists there is no maximum nor
minimum.

If AC—B?=0 No conclusion.

4. If x*+y*=1 find d—JyC.

d.
Solution:
X2 +y2 =1
2x +2y % =0
2y dy =—2x
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dy _—2x
dx dy
dy _—x
dx y
5. X +y"'=c findd—y
dx
Solution:
X +y'=c
Xy —c=f

0 _
fx=a—§=yxy Ly logy

fy

=ﬂ0=)cylog)c+x)f‘_1
dy

dy_—fx_—[yxy_l"'}ftlogy]

dx Iy - * log x +xy* 1

6. Find d—ltl for u=x2+y2; x=at2; y=2at

di

Solution:
u=xz+y2 x=at® y=2at
ou dx _ ay _
a_x_zx dt—2at dt—Za
Ju
— =92
dy Y

du_dudx du dy
dt  ox dt 9y dt

=2x (2ar) + 2y a)
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Solution:

du
dt—4xat+4ay
=4(a12) at + 4a (2at)
Ldu_ 23 o2
o dt_4a t’'+8a"t
. . du 2 2
7. Flndaglven u=y“—dax ; x=at"; y =2at.
u=y"—4ax x=at y=2at
du dx _ dy _
a:—é].a dt—Zat dt—2a
ou
— =9
dy Y

8 Ifx=u(l-v) and y=2uv find

Solution:

du_dudx dudy
dt  ox dt 9y di

du

Pl 4a 2at) + 2y (2a)
i __Re2 142 (2ar) (2a)
dr

LI PP
dt

=0

S

d (x,y)
d (u,v)

o
Jd(x,y) |ou du
o, v) |9y 9y

Ju Jdu
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1=y —u
B dv  2u

=2u (1 -v)—(—2uv)

=2u—2uv+2uv

d(xy) _
d(u,v) 2u

9(y) | 1 3(6)

9. Wx=rcosf; y=rsin find > = and = =

Solution:
x=rcos 9 y=rsin0
a—)rczcosﬂ %zsine
g—;:—rsine g—g:rcose
dx ox

d(x,y) ar 08
d(r,0) |dy dy
dr 09

cos® —rsin®
sin © rcos 0

=rcos® 0+ rsin’ 0
=r (cos2 0 + sin? 0)

Jd(x,y)
2(n0)

L9y _ 98 1
(e oy 7
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2 2
10. 1 u=2"y=% fina 2&5Y
x y d (u,v)
Solution:
2 2
u="> y=2
X y
u_ -y v _ox
ax 2 dx Y
du 2y av_—x2
ay X ay_ y2
ou u| |-y 2y
d(u,v) | ox dy| | ¥ X
Iy v | | 2 -
ox dy yooy2
_y X 4oy
x°y Xy
=1-4
J=-3
Jdu,v) , dxy -1
d(y) T o@v) 3

11. If x=rcos0; y=rsin0 then find g_r
X

Solution:

x=rcos0; y=rsin® )c2+yz=r2



3.104 Matrices and Calculus

&_%Qx)_ X
dx 2\))c2+y2 \))c2+y2
o x
ox /2
_x
_}”
ar_x
“ox T
12. Ifu=1+£+£ then findxa—u+ya—u+za—u=?
z x )y o dy 0z
Solution:
u=2y2.X
Z Xy
n=ND-DD=1-1=0
n=0
By Euler’s theorem x%+y%+z@:nu
ox ~dy 0oz
x8u+ 8u+ Ju 0
Ly
ax Yy o

13. Find the Taylor series expansion of x’ mean the point (1,
1) upto the first degree term.

Solution:
f=x
fo=yx¥7!
fy=x"logx
D=1

£, D=0
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0 =F D+ 1= D f (D, + =D fy (1, Dl +-

:1+%[(x—1)(1)+(y—1)(0)]

=14+x-1

=X

S f@y)=x

14. Verify Euler’s Theorem for the function

u=x> +y3 +7 + 3xyz
Solution:
Given: u=x+ y3 +23+ 3xyz

degree of u,n=3
Euler’s Theorem;

ou ou
X—+y—=nu

ox dy
LHS = RHS
RHS

nu=23u

RHS =3 (x> + y3 +70+ 3xyz)

LHS
%:3x2+3yz %:3y2+3x2
ox dy

xa—u=3x3+3xyz ya—u=3y3+3xyz
ox dy

. (A) ... (B)

ou

0z

=37+ 3xy

du =373+ 3xyz
oz

. (D

.. (C)
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And A, B, C
x%+yg—§+ Z—Z=3x3+3xyz
+3y3 + 3xyz + 3z3 + 3xyz
=33 +3y° + 327 + 9xyz
=3 (x3+y3+z3+3xyz)
LHS=3u

from (1) and (2)

=@

Euler’s Theorem is verified

15. Evaluate % and ad if z=x3y —x sin (xy).
ox dy

Solution:

z=x3y—xsin(xy)

9 =2xy — [xy (cos xy) + sin xy (1)]
ox
% =3 - [)c2 cos (xy)]
dy
16. I u=x%v=y? find 2,
0 (x,)
Solution:
o
| dx dy
/= av  odv

aay

o)
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u=x> V= y2
ou v
—=2x —=0
ox ox
u_, CI
dy dy
|2 0
= ' 0 2y '
J=4xy
17. Verify Euler’s theorem for the function
u=x>+ y2 + 2xy
Solution:
u=x>+ y2 +2xy
degree of u,n=2
By Euler’s Theorem,
ou N Ju
X—+y_—=nu
ax dy
LHS =RHS
RHS
nu=2u
RHS =2 (2 + y% + 2xy) . (D
LHS
(o
ax Y ay
) 0
—u=2x+2y —u=2y+2x
ox dy

xa—u=2x2+2xy .. (A y%=2y2+2xy
ox dy

(B)
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Add (A) and (B)

Xty —

= 2x% + 2xy + 2y% + 2x
ox a Ay Ty

=22 +2y° + 4xy
LHS =2 (* + y% + 2xy) )

from (1) and (2)

=@

Euler’s Theorem is verified.

Of S
18. Prove that if x>+ y +2° - 3wyz.

ox ay dy ox
Solution:
f=x3+y3+z3—3xyz
fngz 3x% - 3yz
ox
of
fy—a—y—?ay - 3xz
2
fo= aiz{ ==
Y e
2
fyx aa a];——3z
Y o)
2 2
From (1) and (2) Of_9F =-3z

dxdy  Jy dx
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19. Ifu=2x_y and v=lthen findM
2 2 0 (x,y)
Solution:
u ou
7= ox dy | d(u,v)
“lov v | oy
ox dy
2x—y _y
u= 7 V—2
du _ W _
ox ox
du_—1 v _1
dy 2 ay 2
-1
1 JE—
J= 21
0 3
1
1
..J—E

20. If x=uv,y= % then find the Jacobian.

Solution:

a o
Jd(x,v) |Odu du
d(u,v) dy dy

Jdu dv
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X=uv _u
Y=
an_ »_1
du du V
9% _ 9 _-—u
v v 2
v u
—uv oy
J: _————
1w 2
voo,2
L goTM_u_z2u
v v v
21. Ifu=1+£, then find the value ofxa—u+ya—u+za—u.
Z X ox dy oz
Solution:
7 X

n degree of u= degree of Numerator

=1-1
n=0

— degree of denominator

= u is a homogeneous function of x,y and z in degree 0.

By Euler’s Theorem;

x%+ a_u+ %—O
ox yay Zaz_

22. State Euler’s theorem for homogeneous function.

Solution:

If u is a homogeneous function of degree n in x and y then
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23.

State any two properties of Jacobian.

Solution:

(i) If uandv are the functions of x and y then

(i)

24.

Q) d(xy) _
9(ny) )

0 (u,v)

If u and v are the functions of x and y then
d(x,y)

=0, then

it is functionally dependent.

Solution:

If x=u?—v* and y=2uv, then find the Jacobian of x and
y with respect to # and v.
x=u?—1? y=2uvy
ox dy
—_— = 2 —_— =
Jdu ! Ju
ox dy
— =2 —_— =
v y v
a ax
7= ou odv| |2u -2
dy dy v 2u
ou dv
= du® + 42

~J=4 (u2 + vz)
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EXERCISE

Euler’s Theorem on Homogeneous Functions

2 2

2,2 1y O u u
1. If u=log(x“+y“)+tan " | = | show that —2 + <2 ¢
X ox~  dy

3
+
2. If u=tan~ ! x—y)} prove that

xX—=y
9’ 9’ 0
xz—u+2xy u+y2—;[:2cos3usinu
axay ay
10 Xty ] ou Jdu 1
3. If u=tan ! ' that x — + —sin 2
u=tan \/;+\/; prove that x . yay 4s1n u
-3 37
1| X +y du du 5
4. If u=sin ! , prove that x —+y ~tan u
” e+ [P o Ty T2

5. If z=log (¢ +¢”), show that rr — s> =0.

Total Derivatives

1. Find %, if X +y° =3axy
2. If z=f(,y) and x=u—-v,y=uv then show that
+v) 0z Bz az
u+v)_——
x Tou ov

3. If u=x2+y3,x= 1 +\/t—,y= 1 —\/t—, then find %
4. It u=02+y*+75)" 2 then find the value of
% u N % u N % u
y Z
ox> 9y? 07
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5. If u=f(,s,t),r=
Ju Ju du

—+y—+z-—=0.
xax yay Zaz

X
=, 5= X, =% then show that
y z X

Find the extreme points of the following functions

2 2 11
I. x*+xy+y +x+y

2. X3 +3xy% - 1552 — 1597 + 72x
3. 3)62—)12+x3

4, x3y2(a—x—y)

5. X +3x7—15x—12y

Taylor’s series

1. Find the Taylor’s series expansion of x¥ near the point (1,
1) upto the first degree terms.

2. Find the Taylor’s series expansion of X2 y2 + 2% y+ 3xy2 in
powers of (x+2) and (y—1) upto third degree terms.

3. Expand ¢*siny by Taylor’s theorem in powers of xandy
as far as the terms of third degree.

4. Use Taylor’s formula to expand the function f defined by
fxy) =x° + xy +y2 in powers of (x—1) and (y —2).

Jacobians
L@ If x=u’ =% y=2uv, find 9(%.y)
0 (u, v)
9(x.y)

u .
b) If x=uv,y=—, find
(b) xX=uvy ) 3 (. v)
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6.

Find the Jacobian of the transformation

1) x=u-2v; y=2u—v (i) x=2u,y=3v2, z=4w’

(i) x=ecosv,y=e?"sinv

Are u(x,y)ziandv(x,y)z(x-‘-y)
x_

functionally dependent?

If it so, find the functional relation between them.

d
It u=x+3y2 =2 v=did yz, w=22 — xy, find 200V W)
d (x,,2)
(1a_1,0)
d
If u=xye, v=r2 432+ 22 wex+y+z find 200
a (u, v, w)

State any two properties of Jacobian.

Lagrange’s method or undetermined multipliers

1.

Determine the greatest and the smallest values of xy on the
x2 y2

ellipse 3 + 5= 1.

Prove that the rectangular solid of maximum volume which

can be inscribed in a sphere is a cube.

Find the dimensions of the rectangular box without a top
of maximum capacity, whose surface area is 108 sq.cm.

Find the minimum distance from the point (1, 2, 0) to the

cone x% = x>+ 2

Find the maximum and minimum values of the function

f(x,y)=3x+dy on the circle x> +y>=1.



UNIT - 4

MULTIPLE INTEGRALS AND
THEIR APPLICATIONS

4.1 INTRODUCTION

e Integration symbol _[ was identified by great

Mathematician Leibnitz
e Integration means area under the curve [summing]
e There are two types of integral
1. Definite Integral [limit is given]

2. Indefinite Integral [limit is not given]
4.1.1 Integration formula
o _[ dx=x+c

2

xdx =2 +¢
Juae=3

n+1

J.x"dxz +c

n+1

dx 1
_[ . =log x (or) fxdx—logx

d 1
[ =108y (on) [ dy=logy

dz 1
— =1 —dz=1
. ogz(or)_"Z z=1log z

-2+1 -1
ia’x=J.x_2a’x=x =2
X2 241 -1 x




4.2

Matrices and Calculus

_[xdy =Xy
J.ydx =yx

Iidx:'[x_sdx:ﬂ:ﬁ:—L+c

s

Jsinxdx=—cosx+c
Icosxdxzsinx+c
J.tanxdleog (secx)+c
J.secxdleog (sec x+tanx) +c
jcotxdleog (sinx) +c¢
Icosed9=sin9

jsin@d@z—cosG

sint=0, sinnt=0

COS T

cos 3m ;=—1 (odd)
cos 5T

cos 21 } ~ 1 (even)
cos 4m
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4.3

4.1.2 Problems on Single Integral

1
Example 1: Evaluate I x*dx

0
Solution:
1
1= _[ X2 dx
0
- 1
_ _3}
_3 0
130
:_?_?
1
_ 3_0}
1
1_3
2
Example 2: Evaluate _[ (x2+x) dx
0
Solution:
2
1= J (x2+x)dx
0
- 2
_ £+£}
_3 2 0
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8 +£ _16+12
32 6
28
I= 6
w2
Example 3: Evaluate I (sin x + cos x) dx
0
T-0
Solution: cos 5 =
/2
I= '[ (sin x + cos x) dx cos0=1
0 o4
sin 5= 1
=] —cosx+sinx]0
sin0=0
T . .
—{ (—cos§+sm 5 ]—(—cosO+smO)}
=[(-0+1)—-(—1+0)]
=1+1
I1=2
T
Example 4: Evaluate _[ (sin x — cos x) dx
0
Solution: cost=—1
" sint=0

I= '[ (sin x — cos x) dx
0

Y
:[—cosx—sinx]0

= [(— cos T —sin ) — (— cos 0 — sin 0)]



Multiple Integrals and Their Applications 4.5

=[=E=D-0)-(=1-0)]

=1+1
I1=2
Y
Example 5: Evaluate I (x +x3) dx
0
Solution:
1
1= J. (x+x3)dx
0
1
2 4|
12 1*) (0> o
= Z2rF |2t
1.1
2 4
3
I_4

4.2 DOUBLE INTEGRALS
b
e The definite integral J f(x) dx is defined as the limit of
a
the sum

f@)Ox +f(x) 0xy+ ... +f(x,) dx,
where n — oo and each of the lengths dxj,8x, ... tends to

ZEero.

A double integral is its counterpart in two dimensions.
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e Consider a function f(x,y) of the independent variables
x,y defined at each point in the finite region R of the

xy-plane. Divide R into ‘n’ elementary areas
8A;,8A,...8A,. Let (x,y,) be any point within the r

elementary area 8 A,. Consider the sum

f(xl, yl) SAI +f(x2, y2) SAZ + ... +f(xn, yn) 6An

n

ie z fx,.y,)0A,

r=1

The limit of this sum, if its exists as the number of
sub-division increases indefinitely and area of each sub-division
decreases to zero, is defined as the double integral of f(x,y) over
the region R.

Thus

n

ij(X,Y)5A= Lt Y f(.y) 04,
n— o

3A—0 r=1

The utility of double integrals would be limited if it were
required to take limit of sums of evaluate them. However, there is
another method of evaluating double integrals by successive single
integrations.

e For purposes of evaluation (1) is expressed at the repeated

RY) Y2
inegral | | fxy) drdy
X1 N

Its value is found as follows:
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Case (i): When yy, y, are functions of x and x, x, are constants

e f(x,y) is first integrated w.r.t. y keeping x fixed between
limits y;, y, and then the resulting expression is integrated

w.r.t x within the limits x, x, i.e

X3 Ay
L= [ [ reyda
Xy 1

where integration is carried from the inner to the outer
rectangle.

Diagram illustration

=f

R . nyi& 5

AT ~

X=X X=X
L~

— B

A P YT f1 )
0 X

ABand CD are the two curves whose equations are
v1=/f1 x) and y, =1, (x). PQ is a vertical strip of width dx.

e The inner rectangle integral means that the integration is
along one edge of the strip PQ from P to Q (x remaining
constant). While the outer rectangle integral corresponds to
the sliding of the edge from AC to BD.

e Thus the whole region of integration is the area ABCD.

Case (ii): When xy, x, are functions of y and y;, y, are constants
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f(x,y) is first integrated w.r.t x keeping ‘y’ fixed within the
limits xy,x, and the resulting expression is integrated w.r.t y
between the limits yq, y, ie.

Y2 %2
L= [ | reydcay
yooox
Diagram illustration
Y,
B/ \D
Y=Y,
P Q
x, =1 ) X=H®
A\ Y=y /C
o » X

e ABand CD are the curves x;=f; (y) and x, =f, (y). PO 1is
a horizontal strip of width dy.

e Inner rectangle indicates that the integration is along one
edge of this strip from P to Q while the outer rectangle
corresponds to the sliding of this edge from AC to BD.

e Thus the whole region of integration is the area ABDC.

Case (iii): When both pairs of limits are constants the region of
integration is the rectangle ABDC

e In /|, we integrate along the vertical strip PO and then
slide it from AC to BD.

e In [;, we integrate along the horizontal strip ‘PQ’ and the
slide it from AB to CD.
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Here obviously Iy =1,

Thus for constant limits, it hardly matters whether we first
integrate w.r.t. x and then w.r.t y or vice versa.

YAL
C Q D
Y=Y,
X=X X=X,
P Q
A P Y=Y, B
0 > X

Type I: Problems Based on Double Integration in Cartesian
Co-ordinates

1 2
Example 1: Evaluate J. J. X (x+y)dydx
0 1

Solution:

1 2
= J. J x(x+y)dydx
0

()c2 + xy) dy dx

Il
O — —
—_—

(x2 + xy) dy dx

Il
O — —
—_—

(x2 dy + xy dy) dx

=2
2
[x2y+%}y dx
y

Il Il
S —) O —) —
—_—
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Il Il
) — O —y —

(=]

w|><w

:
{

1
3

AW

[2x2+2x] —(x2+%ﬂdx

D | =

2%+ 2x —x* — }dx

2

1
d
2 b

}—(0+0)=%

x2+§xjdx

Y[

1

X
Example 2: Evaluate I J dy dx

Solution:

0 0

=} [ ayax

)
)

[y dx

xdx

O ——) — O —)

1l
N %,

L
(=)

[ SN
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1 2
Example 3: Evaluate I I (yz+x2) dx dy
0 1

Solution:

1 2
= J. J (y2+x2) dx dy
0 1

Il
O —y —

1
W=,
+
=
[\®)
~<
=
&

1
_ (8 2| [1, 2
= J 3+2x:| |:3+x }dx
0 L
o
= J. §+2x2—l—x2}dx
0 (.
1 [ 7
_ s 2
= J. 3+x :|dx
0 (.
1
3 3 b
7 1
_(3+3j—(0+0)
_8
3
a oy
Example 4: Evaluate I J xy dx dy
0 0
Solution:
Nay
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[NSTES
L».)|‘<L,J

at

6

[NSNENY
w|],

4.2.1

1 2

Double Integral Type | (Constant limit)

Example 1: Evaluate _[ J (x+y)dydx

0 0
Solution:
2

[ @+yavax
0

I=

2

B 2
Y
xy + 5 }de

i 4 02
(2x+2 J—(Ox+ 2

252

2

O —) — O —y = O —) = O — =

(2x+2)a’x:[

:[x2+2xll)=(l+2)

- +2x

-

1

L
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1 3
Example 2: Evaluate J. J. (x2 + y2) dx dy
0 0

Solution:

1 3
1= [ | @@+ acay
0 0

(=]
T

Il
O — =

27 Y }
{ 3 3 0
1
_ 3
—[ 9y +y }0
=[9+1]
I1=10
a b
Example 3: Evaluate J. J. (x3 + y3) dy dx
0 0
Solution:

a b
I= '[ I (x3+y3)dydx
0 0
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Example 4: Evaluate J. J xy dx dy

Solution:

I=

O ey —

O —y = O — =

T 4
= J x3y+yz} dx
O - O
a —
= J (x3(b)+
0 L
a7 4
1= | bx3+%}dx
o L
r 4 4 7T
x b
= b—+—x}
j_ 4 4 0
4 4
a* b
I=b 4 +4a
1 2

0

2
J. xy dx dy

0
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a

Example 6: Evaluate J.
2

Solution:
a
1= |
2
a

b dy
= logx1,—=
{ [logx];

N —
= &
=&

a
- | (1ogb—1og2)%
2

a
=log b —log 2 '[ ‘_iX
2

= (logb—log2) | logy]g

= I =(log b —1log 2) (log a —log 2)

4.2.2 Type 2 [Variable limit]

1 x
Example 1: Evaluate I j dx dy
0 0

Solution:

1
- |
0

O —y =

dx dy [not in correct form]
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X

_[ dy dx [correct form]

~
1
S —_—

0
1
= | g
0
1
I= _[ xdx
0
b
2 0
12 02
"2 2
1
I=3
2 x
Example 2: Evaluate I j xy dx dy
1 2

Solution:
X

_[ xy dx dy [not in correct form]
2

I=

e

X
_[ xydy dx [correct form]
2

2
{x%]dx
2

~
Il Il
[S SEEE G I S S )
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Example

Solution:

I=

(2]

16 1 _ -7
7
——2+8
-9
=%
1 x
3: Evaluate I I xy dy dx
0 0
1 X
_[ J. xy dy dx
0 0
Lo 2
J xy? dx
0 = 0
1
2
j x%)dx
0
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1
1_8
4.2.3 Reduction formula
Case (i): n is even
/2
1= J sin” x dx
0 ~n—-1 n-3 n-5 n-7 1n
w2 " n-0 n-2 n-4 n—-6""2 2
I= _[ cos” x dx
0
Case (ii): m is odd
/2
1= _[ sin” x dx
0 n-1n-3 n-5 n=-7 2 |
2 " n-0 n-2 n-4 n-6"""3
1= _[ cos” x dx
0
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2
Example 1: Evaluate I sin® x dx
0

Solution:

172
I= _[ sin® x dx
0

n =4 (even)

n-0 n=2""

2 |
) n-—
J sin” xdx = .
0

4-1 4-3

)
N
|
8]

2

I sinffxdi=—— —2
4

0

AW
N[ —

2
Example 2: Evaluate I cos’ x dx
0

Solution:

2
1= f cos’ x dx
0

n =17 (odd)
~ 1 3
f cos xdx="—— .1~

n—-0 n-2

N | =

N [ =

RS

S|
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~2 1 3 5
f cos’ x dx=— -7_ ~7_ ...2-
7-0 7-2 7-4""3
0
77573
48
1_105
w2
Example 3: Evaluate J. sin® x dx
0
Solution:
/2
1= _[ sin® x dx
0
n =6 (even)
2
J‘ sm”xdx:n_l-n_3-n_5~
n-0 n-2 n—-4
0
2 1
_[ sinﬁxdx—6_ -6_3~6_
6-0 6-2 6-—
0
5.3 1. ®
6747272
15wt

N | —
3

N | —
NOYN]
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2
Example 4: Evaluate I cos' x dx

0
Solution:
2
1= J. cos1V x dx
0 n=10 (even)
i 1 3 5
'[ cos xdx=—— D=2 T ...l
n-0 n—-2 n-4" "2
0
2
J' 10 10-1 10-3 10-5 10-7 10-9 1 9
cos ~ xdx = . . . . o
) 10-0 10-2 10-4 10-8 10-8 2 2
107876747272
_ 945t 184rm
~ 7689 " 1536
1_1841c
~ 1536

4.2.4 Double integration in polar form

m/2 cos©
Example 1: Evaluate I j rdrd®©
0 0

Solution:

cos 6

/2
I= _[ _[ rdrd®©
0 0
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Limits

r= 0 to cos 0

T
e=>0t0§

w2 0s O
1= | -ﬁT do
B 2
0 O

2
/2
2
cos”“ 0
= [ ==a0
0
= n=2, even
i 1 3
n-1 n- 1 =
"0do= . e mE X
I €08 n-0 n-2""2 2
0
_Lp2-1rn
21 2-0"2
_if1, m
20272

~
Il
k)
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w2 sin®
Example 2: Evaluate I j ?drdo
0 0
Solution:
/2 sin 0
1= | | Parae
0 0
Limits

r= 0 to sin©

T
e:>0t05
2 r3 sin 0
=] | 5| a0
0 0
/2
_J‘ sin3(-)_6_3 70
3 3
0
2
-3
sin” O
= [ *5-ae
0
/2
1 . 3
Izgj sin”0do
0
= n=3 (odd)
2 1 3
n-— n-— 2
in"0d0= X=x1
_[ sin - — 3><
0
11 3—-1
=~ =—x1
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120
373
2
1_9
/2 cos©
Example 3: Evaluate [ [ A2drde
0 0
Solution:
m/2 cosO
1= | | Parae
0 0
Limits
r= 0 to cos 0
T
e:>0t05
2 _r3 cos 0
= [ | 5| ae
0 = 0

w2 3
_ J‘ cos e—O]dG
3
0

do

3
0
_g 0053

I=

0 =

2
J cos°0d 0
0

=>n=3 (odd)
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i 1 3
I cos"0do="" x = szl
n-0 n-2 3
0
11 3-1
== ——x1
1 2
_3x3x1
2
1_9
/2 sin0
Example 4: J _[ rdrd©
0 0
Solution:

sin 6

/2
I= J. J. rdrd©
0 0

Limits

r= 0 to sin©

0= 0 tog
727 sin O
2
= [ | 5| ao
0 - O
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/2
1 )
1=5 | sin0do
0
n=2 (even)
i 1 3
n-— n— 1 w
in"d 0= c. X
J. - n-0 n-2 2 12
0
_1 2-1 =
272072
11 n
27272
14
I=3
T2 sin0
Example 5: Evaluate j j rd O dr
0 0
Solution:
m/2 sin©
1= [ | Raear
0 0
W2 sin©
- [ | Paear
0 0
m/2 sin®
1= | | Parae
0 0
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w2

_ ﬁ :|sin 0
g [3 a0

2
1 . 3
=3 _[ sin° 0d 0
0
2 1 2
I=3x3=9
w2 2cos0
Example 6: Evaluate J. J. r*dodr
-2 0
Solution:
m/2 2cos0
1= [ | Paear
w2 0
/2 2cos0
1= [ | Parde
-2 0
2 3 2 cos 0
,
= {—} do
3 0
-T2
5 8 cos> 0
cos
= | =5—a0
%)
2
8 3
:g _[ cos”0d0
-2
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/3
8 3
=§(2) J. cos"0do
0
162
3
32
1_9
Note
2
J cos"0d0
0
. n—-1 n-3 mn, .
1) " ‘n_z...zlfnlseven
... n—1 n-3 2 . .
(i) . ~n_2...3><11fnlsodd

4.3 TRANSFORMING INTO POLAR COORDINATES
[CHANGING INTO POLAR COORDINATES]

r, 8 ———> Polar co-ordinates

x, y —> Cartesian co-ordinates

Transformation

x=rcos0
y=rsin 0
xz+yzzr2

dxdy=dydx=rdrdd
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Example 1: Evaluate by converting into polar co-ordinates

j Nx?+y* dydx
0

S ]

Solution:
Let I= _[ J. ‘\/x2+y2 dy dx
0 0 . (D)
Transformation
x=rcos 0
y=rsin 0
2y=r
dxdy=dydx=rdrd®

Limits in cartesian form

y 0 a —Xx

Limits in polar form

N[
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Squaring on both sides
Pod?-2
y2+x2:a2
P=g?
r=a
Equation (1) becomes
w2 a
1= [ | NPrarae
0 0
w2  a
= J. J. rXxrdrd®©
0 0
2
T [2]ae
B 3
0 0
2 a
3
,
= J. |:?i|0de
0
2
3
1= | “ae
0
2
3 3 3
a _a _a|r
1=5 | ae=%r101; :1_3{2}
0
3
amn
=1="¢
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Example 2: By changing into polar coordinates evaluate

2a 2ax — X’
J J. (x2 + y2) dy dx
0 0

Solution:

2a \j2ax—x2
Let I= J J. (x2+ y2) dy dx
0 0 .. (D

Transformation

= x=rcos 0
y=rsin 0

2

2 +yr=r2

dxdy=dydx=rdrd®

Limits in cartesian form

X 0 2a

y 0 2ax — x

Limits in polar form

r 0 2a cos O

T
0 had
0 2

= y=\2ax- X
Squaring on both sides
y2 =2ax — x>

¥ +x° = 2ax
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2 =2ax
= 2ar cos 0

r=2a cos 0

Equation (1) becomes

w2 (2acos©
I= J J. P rdr |d©
0 0
2 4 2a cos 0
= | r—} do
4
0 — O
" Qacoso)*
a cos
0
2
24 4% cos* 0
1= | = "ae
0
475/2
:164a J cos*0do
0
/2
I—4a4_[ cos*0d0
0
Hint

n=4 (even)

2 1 3
_[ cos"0d="""x"" ...le
n-0 n-2 "2 2
0
i 4 4-3
-1 —
[ costoae="""x2=2 LT
0 4—-0 4-2 2 2
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Example 3: By transforming into polar co-ordinates evaluate

2 ’.7.7c—x2

J J «*+ y2) dy dx
0 0

Solution:

2 2x—x2

Let I= J. _[ (x2+y2) dy dx
0 0 .. (D)

Transformation

x=rcos 0
y=rsin 0

2 2

X +y2:r

dxdy=dydx=rdrd®

Limits in cartesian form

X 0 2

y 0 2x— X

Limits in polar form

r 0 2 cos O

[




4.34

Matrices and Calculus

= y= \]2)(—)62

Squaring on both sides

y2=2x—x2

2 =2x

% =2rcos®

:>x2+y2=2x

r=2cos0

Equation (1) becomes

/2 2cos 0
1= [ | Prarae
0 0

2 2 cos O
o I do
= 1 '
0

2
[ @coso)yae
0

I=

=

I=

=

w2
[ 2*costede
0
2
16 4
I:T '[ cos 0d0
0

2
I1=4 J cos*0do
0
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S
|
(an]
=
|
&}
N | —
o a

N
|
(@)
N
|
)
N | —
N8

Example 4: By transforming into polar coordinates evaluate

J J‘ x? dx _x“dxdy

«?+y332
Solution:
a a 2
0 § X +y)/2
.. (1)
/2 /4
Transformation

x=rcos9 n<

2n
y=rsin 0 /
3n
+yr =72 5

dxdy=dydx=rdrd®
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Limits in cartesian form Ty
2 b - n
\\\\\ )
X y a y=a Ny
N
\\
y 0 a 4 \
7 \\
4 \
\
1
1
xX=y xX=a G
=0 -
S y ®
y=0 | y=a v I
»

Limits in polar form

a
d 0 cos 0
i
0 0 -
4
= x=a
rcos0=a
a
r=
cos 0

Equation (1) becomes

_a
/4 cos B

2 cos2 0
I= ———rdrd®
0 0
a
/4 cos© 3 5 Je
I= _[ I % rdrd©
0 0
_a
/4 cos©

[ ] cos20arde
0 0
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w4 a

= _[ coszﬁ[r](c)osede
0
w4

1l
—
(@)
o
7]
(S}
D>
7~ N\
g
* |
[en}
|
)
N—
IS
[«n)

A
I= J acos0do
0

=a _[ cos0do
0

.7
za[s1n9]0

=a

1

sing—sinO}

1
=a—=-0
"

v
S

a a
Example 5: Evaluate by changing J j

Solution:

2 2

a a
_ X
Let I= £ { o dx dy

~|a
s

sin0=0

2ty

X
2

dx dy

. (D)
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Transformation
x=rcos 0
y=rsin0
X+ y2 =72

dxdy=dydx=rdrd®

Limits in cartesian form

x a
v a
Limits in polar form
a
d 0 cos 6
i
0 0 -
4
Equation (1) becomes
a
n/4  cos B 5
= [ ] %%rarae
2
0 0
_a
w4  cos O
= _[ cos0drd©
0 0
w4 a
= _[ cos O [ r](c)osede
0
A

cose[ a —O}de
cos 6
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4
=a [ a0
0
_ 0 /4
=al0],
T
an
=4
2 2
Example 6: Evalate [ [ ¢ @+ axdy by
0 0

converting into polar co-ordinates.

Solution:

oo

Let I= J. J e_(x2+y2)dxdy
0

0 . (1)
Transformation
x=rcos 0
y=rsin 0
+y?=r
dxdy=dydx=rdrd®

Limits in cartesian form

X 0 oo

y 0 o

Limits in polar form

r 0 oo

0 0 2
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Eqgn (1) becomes
/2
0

Substitution method

2
e " rdrd®

o —3

Put 2=t
2rdr = dt

dt
rdr = >

2 e
=] ] g
0 0

w2

1 .y

| e ldrde
0

O — 3

l\)l»—

2
1 Ceo -0
EJ —e )do
0
/2
1
EI 0-1)d®
0
2
1
=3 | ao
0
1 /2
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N [ —
A

~
I
&3

Example 7: Transform the double integral into polar
coordinates and hence evaluate

2 2
a —-X
J‘ J‘ dx dy
2 2 2
a“—x“—-
0 ax —x y
Solution:

2 2

a
Given: 1= J _[ % (not in correct form)
0 5 Na“ —x"—y
ax —x
2 2
a a —x
Let I= J J % (correct form)
0 - Na“ — (x* +y°)
ax—x .. (D)
Trasformation
x=rcos0
y=rsin 0
2+ y2 =2
dxdy=dydr=rdrd®

Limits in cartesian form

X 0 a

y ax—x a —x
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Limits in polar form

r acos 0 a
T
0 0 =
2
y= ax — x° y= > —x*
V= ax -2 P
y2+x2=ax x2+y2=a2
" = ar cos 0 2 =a?
r=acos0 r=a

Equation (1) becomes

rdrd 0
T} e

0 acos®

Substitution method
Put A -r*=F
0 — 2rdr = 2tdt

— rdr =tdt

=T

0 asin®

2 0

—— | | awae

0 asin®
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2
0
- j [t]asinG do

—asin0do

I=a sin0d o

o —3 o—3 o

2
:a[—cose]0

Z—G(Cosg—COSO]

=—al[0-1]

I=a

Example 8: By transforming into polar coordinates evaluate

Qaz -X
j Nx?+y? dy dx
0

S — R

Solution:
2 2

a a —x

1= J j \l)c2+y2 dy dx
0 0 . (D

Transformation
x=rcos 0
y=rsin 6
ryr=r?
dxdy=dydx rdrd©
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Limits in cartesian form

X 0 a

y 0 a2_x2

Limits in polar form

r 0 a
0 0 g
y=NZ -2
Ped? -2
V42 =d
EE
r=a

w2 a
1= [ | Prarao
0 0
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4TC/2
a
1=5 | ae
0
4 w2
a
I=5 18],

Example 9: By transforming into polar co-ordinates evaluate

2.2
“. LV ix dy over the annular region between the concentric
xr+y?

circles x2 + y2 = a2, x?+ y2 = b2 b >a).

Solution:

]S e

. (1)

Transformation

x=rcos 0
y=rsin 0
x2+y2=72

dxdy=dydx=rdrd®

Limits in polar form

r a b

0 0 2n

Now (1) becomes
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2n b
. I r* cos® @ 1% sin® 0 rdr d 0
= | 5

0 0

2n

P cos? 0 sin? 0drd®o

Il
—
S —_—

2n b
}"4 2 2
= _[ T cos“0sin“0do
0 a

NI

21
J [b* — a*] cos® 0 sin> 0 d O
0

2
_ [ cos?0(1-cos?0)do
0

a

2n
= '[ (cos2 0 — cos? 0)do
0

2

4 4
b’ —a ><4J. (cosze—cos4e)d6

4

I=p*—g* J coszede—‘[ cos*0d0
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_g4 o aT(1
oot

_pd_ AT
=I=(0 a)16

Example 10: By transforming into polar co-ordinates evaluate

a a 2
— X  __ixd
Solution:
a a 2
1= J. _[ %dxdy
0y - (D

x=rcos0

y=rsin 0

2 2

+yr=r
dxdy=dydx=rdrd®

Limits in cartesian form

X y a

y 0 a

Limits in polar form

r 0 a
cos 0
o | 0 %
=x=a
rcos0=a
a

cos 0
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Now (1) becomes

a

cos 0

J‘ % cos2 0
L7

A4
1= '[ rdrd©
0

a
w4  cos©

7 cos?0drdo

Il
—
—

a

cos 6
= _[ {?} cos20d0
0 0

/4 3
_1 a B 2
ar J‘ Ucosej O}COS 0do
0
2
:lJ. @ cos’0d0
3 cos’ 0
0
31t/4
a 1
= do
3 g cos 0
375/4
a
:?J‘ sec0do
0

@ /4
=3 [ log (sec © + tan ) ]0

SCCE:\/T

tan—=1

sec0=1

tan0=0

3
a T T
=3 [log(secz+tanZJ—log (secO+tanO)}
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4.4 AREA IN POLAR COORDINATES

Example 1:

Solution:

Area = [ [rdra o

Find the area of the cardioid » =a (1 + cos 0)

Area A=_”rdrd9

=]

= Area of the cardioid r =a (1 + cos 0)

T a(l+cos0)

_[ rdr d 6

0 0

} 12 a (1 +cos 0) .

2 a9 r=a (1+cos 0)

0 0

n « 0

J a2(1+c056)2d6 "

0 (like semicode)
T SoOtom
| @(+cos0)?de

(1 + cos 9)2=12+c0529+2c059

T

=a? J. (12+200s9+c0529)d6
0
I T 2
[ 12a6+ [ 2cos6d6+2 [ cos’Ba0
0 0 0
r T T
. 2-1 =m
0] +2 0] +2| —x—=
[ ]O [ sin ]0 (2_0 2}}

[By reduction formula]
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:a{(n—O)+2[sinn—sin0]+[gﬂ
:aZ{n+g}:a2|:2ﬂ72+ﬂ::|

3
A=a2"7n-‘sq-units

Example 2: Find the area of cardioid r=a (1 — cos 0).

Solution:

Area, A=_”rdrd9

= Given area of the cardioid

r=a (1 —cos0)

Ta (1 —cos 0)

a=2 [ [ rde
0 0

(1-cos ©)
2 a
|:7 do

0

a? (1—cos 6)*>d 8

j
j

(1—cos6)2:12+00526—2c059

T
A=d* J. (12—200s6+00529)d6
0

T 2

T
A=a?| [ 12d0- | 2cos0d0+2 [ cos?0d6
0 0 0
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T g 2-1 =
=a*| [0] -2[sin®] +2|>—x=
0 0 2-0 2
_ (by Reduction formula)
_ 2 0y T
=a”| (t-0) +2(4H
_ 2| T
i3]
2T+ T
)

2

3
A =a2[ T ]sq - units

Example 3: Evaluate “‘r"’ drd© over the area included

between the circles r=2sin 0 and r=4sin 6

Solution:
A= [[rarae .. )
r=4sin0
Circles
r=2sin
r=2sin 0
r=4sin 0

Limits in polar form

r 2sin® | 4sin©

(1) becomes

T 4sin0

a= | | Paras

0 2sin®6



4.52 Matrices and Calculus

4 sin ©
r4
h} a6
2 sin O

Il
S — a

T
:%j (4sin@)* — (2sin 0)* 4 0
0
L
A:i] (44 sin* 90— 2% sin* 0) 4 0
0
i L s
=;| | 2sesintode- [ 16sintedo
0 0
2 w2
=42 | 256sin*eqe-2 [ 16sintode
0 0
[using Reduction formula]
2 2
=i 512 | sin*feae-3 [ sin*ede
0 0

Az

5123w 32(3m) (1536-96) 7 1440 -

64 64 64 64

= A =22.5 T sq.units




Multiple Integrals and Their Applications 4.53

Example 4: Evaluate jjrz’ drd® over the area included

between the circles =2 cos © and r =4 cos 0.

Solution:
a=[[rParae (D)
Circles
r=2cos 9 4 cos O
2cos B
r=4cos 0 (0,0)
Limits in polar form

r 2 cos O 4 cos 0

Eqgn (1) becomes

n 4cos0
A= j J Pdrd®
0 2cos®
T 4 cos 6
4
e
0 2 cos O
i
=i J (4 cos ©)* — (2 cos ©)* d ©
0

T
A:i J. (4% cos* 0 —2%cos*0) d 0
0

T

T
| 256cos*0do- | 16cos*6de
0 0
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w2 2
_1 4 4
=42 ] 256cos*6d0-2 | 16cost0do
0 0
2 w2
_1 4 4
=4 512 J cos” 0d0—32 J. cos"0d0
0 0
1[ oy 3n 3
4 512[16]_32[16]}

_S51203m) _32(3m) _ (1536 -96)n _ 1440 _

64 64 64 64

= A =22.5 1 sq.units

Example 5: Find the Area of the Leminiscate r* =a? cos 20.
Solution:
Area,AzjjrdrdO 2= a2 cos 20

Leminiscate

2 = a? cos 20

Polar form limits

r 0 aNcos 20

T
0 ki
0 4
/4 acos 20
Area, A=4 J J rdrd©
0 0

4 a \cos 20
=4 | [f} 6
2
0 0



Multiple Integrals and Their Applications

4.55

A
2
=43j (acos20)2d 0
0
4
A=2 | dPcos20d6
0

A
=2a4* J cos20d 6

2
:%{smz(%j—smz(m}

A:az{sing—siHO}

A=d*(1-0)

= A=d? Sq.units

4.5 AREA IN CARTESIAN COORDINATES
A =J.dedy or deydx

2 2

Example 1: Find the area of ellipse x—2+y—2= 1
a b

Solution:

Area, A = _”dx dy

2 2

. xX“ 0y
Ellipse, 5 +—5=1 .. (1)
@ b2
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Limits in cartesian form

X 0 a
Ellipse
3 X
y | 0 baf1-%
v
Put y=0 in (1) from (1)
2 2 2
a b a
2
2=d yzzbz(l_%]
a
2
— X
x=a y=b 1-=5
a
. b 1—?
A=ax [ dvax
0 0
a b >
1__
=4X J (v, N & dx
0
4 2
X
—4x [ |baf1-% |ax
0
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=

Il

N

S
S — Q
IS

|

=

&

2
j - d =§\laz—x2 +%sin‘1[§J+c

\/aT—F+%2sin‘l[g]H

A =ba Tt sq.units

Example 2: Find by double integration the area enclosed by

curves y=x and y =x2
AY
Solution:
) (1,1
Given y=x +% (&)
2 ) 4
=X >
g 0.0 .
x,y)
Area, A= '[ J. dy dx

x=0to 1

y:x2 to x
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1 Hint:
X
= J. [y]xzdx 5
0 y=x
1 x=x2
= [x—xz]dx
J ¥-x=0
0
1 x(x—1)=0
_[ﬁ_xj}
2 3 o x=0,x=1
_ 1 1 O— x=0=>y=0
=373 |
- x=1=y=1
A—ls - units
Note Upper open parabola
A
Left open , Right open
parabola parabola

Lower open parabola
Example 3: Evaluate J.J(x— y)dx dy over the region between
the line y =x and the parabola y =x2

Solution:

A=||@x-y) dxd
”xyxy . (D)
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Given y=x N
y=x*
W ((B)
x 0 1 7
2
=X
N T
©,0)

3 6 5x2
(11 1 1
- [3_6_4+10J_0}
A:Esqumts

Example 4: Evaluate double integral [ [(xy +xy?) dydx over

the region between line y=x and y =x~.

Solution:

2

Azfj(x2y+xy2)dydx
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X

O —y —

[

2.2
_ Ay
- | P
L
1 _
[ ot
2 3
L
|20 A
110 15 14
(L.t 1
110 15 14

)
=

1
24

J

(1, 1)

v

(0,0)

3
A_56

Sq - units

Example 5: Evaluate double integral ijy dx dy over the

quadrant of the circle x?+ y2 =a

Solution:

Given circle

Az_”xydxdy

2

. (D

x“+y“=a
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y 0 @ — ¥ / 4
TE\ 0¥X

:>x2+y2:a2 (D JZTE
Put y=0 3775
2=
xX=a

(1) :y2=612—x2

Taking square root on both sides

Il
N
S —

a
:%j X N2 =22 =01 dx
0
—ZI x(az—xz)dx
0
2 [ (@x-xax
0
a2x2 .x4 ‘
{24]
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) 4a* Za ]:2(614)

4
a
a4

8
7 Sq - units
Example 6: Find the area of the circle x4 y2 =a?
Solution:
A= J J. dx dy
2+ =

:>x2+y2=a
Put y=0 in (1)

2o

X=a

(1) :yzzaz—x2

Taking square root on both sides

y=Va? -2

Limits

. (D
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Y 2 2
:4J. [y]oa dx
0
a
:4J. [(Na® = x*) - 0] dx
0
2
j a—x dx——'\j 2 24+ % gin 12
2 2 a
=4 z\laz—x +—sm (gﬂ
| 2 )b
=4 —(\/a —a)+—sm (%J (0)}
_4_a2 =1 1 T
=4| 5sin (1) (1):5
2
a T
—4_ > xz}

A=ma? Sq - units

Example 7: Find by double integration the area enclosed by

the curves y2 =4ax and x%= day
Solution:

Area = J J dy dx

Given curves

Solving (1) & (2) we get (0, 4a)

. (1)

. Q)
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X 0 4a
x2
y —_ 2 Nax
4a
Hint
Lower limit | Upper limit
¥ = 4ay y2 =dax
day = x* y =Vdax
2 =2Vax
Y= 4a
4 2Vax A
= A= '[ f dy dx
0 2
Ea ¥ 5Y)
“ K// (43, 4a)
4a =
= | P a x* = dax
o (0,0) '
4a 2 (X9 Y)
X
- | (2 Vax -2 jdx
4a
0
2 =xx
4a da
2 372
= J. 2Va x2 -2 |ax=| 2Va T - x
) 4a 3 3x4a
2 0
4a -
| 4Nax? B [ (4Va (o) Vda  (4a)’ 0
B 3 12a |, B i 3 12a )
[ 3222 e4a®] [ 324 16 2
| 3 12 13 3
2
—A= 1‘% 5q. units
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Example 8: Find double integration area enclosed by the

curves x2 = 4y and y2 =4x
Solution:

Area Az_”.dydx

Given curves

x2:4y
y2=4x
b 0 4
2
y xz 2Vx
Lower limit | Upper limit
x2=4y y2=4x
4y:x2 yzm
x2
4
4 2
A= [ [ ava
0 2
4
4 Ax
2
- | e
0 4
4
= j [ZVx_—gjdx
0
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462 S 4_ 444 @? 0
- , | 3 1270

= A=%sq-units

4.6 TRIPLE INTEGRAL

4.6.1 Type | [Constant limit]

Example 1: Evaluate

S ) R

b c

J J xyzdzdy dx
0 0

Solution:

a b c
Let I= J I J xyz dz dy dx
0 0 0
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Example 2: Evaluate Y2 dz dy dx

S — R

i

S —

Solution:

a b
Let I= J J YT dz dy dx
0 0

S — 0

e* e’ et dz dy dx

O —
S — 0

e" dx

Il
oS —
o —_

c
e’ dy J et dz
0

-[«JLT[T

— [ea_e()] [eb_eO] [eC_eO]

SI=(*-1) (- 1) (-1

EXERCISE
3 2 1
1. Evaluate j _[ J X2 y2 2 dz dy dx
0 0 0
216
I= 7
e f h
2. Evaluate j _[ J X y3 2dz dy dx
0 0 0
;)
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1 2 3
3. Evaluate _[ _[ I dz dy dx
0 0 0
I=6
a b c
4. Evaluate j J. J dx dy dz
0 0 0
I=abc

4.6.2 Type Il (Variable limit)

\x +y

Example 1: Evaluate I z dz dy dx [correct form]
0

S ey =
S e =

Solution:
1 X \/m
Let I= '[ f J. zdzdy dx
0 0 0
1 X ) \/m
= '[ I [ % } dy dx
0 0 0

1l
—_—
O — =

Il
—_—
O — =

(=)
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X 211
6 12 0_ 6 12
1
= I—4
1 1 1-x
Example 2: J. J. _[ xdz dy dx [not in correct form]
0 y2 0
Solution:
1 1 1-x [correct form]
I=J _[ J.xdzdxdy
0 y2 0
1 1
1_
1= [ x 1, dxdy
0 y2

|
1
A\ |~
<
|
>—|\<
ol Tn
+
l\)|‘<
— 3
L
(=)
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1 1-x x+y
Example 3: Evaluate I J j xdz dy dx
0 0 0 [correct form]
Solution:
1 l-x x+y
I= _[ J. _[ xdz dy dx
0 0 0
1 1-x
I= j f x[z]ngy dy dx
0 0
1 1-x
= J. J X (x+y)dydx
0 0
1 1-x
= J. J (x2+xy)dydx
0 0
) - 5 1-x
= J. x2y+xy?} dx
o Gt 0
1
= '[ xz(l—x)+x(l—2_x)2]dx
0
! 2
_ J‘ 2_3 x(1+x —2x)]dx
p 2
{ﬁ___ z_}
3 4 4 8 6 o
{1 1, 1,1 231
3 4 3 8 6 8
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a b
Example 4: Evaluate J. J
0 0

Solution:

I=

I I Il Il
— Q — Q S = Q S = Q S —

0

Il
—

_a
)

B
2

M T O M O —™m, >

b2
bc+ )

xcy+

a
b2
bc+—cx+—x}

0

(x+y+2z)dzdydx

S ——

C
_[ (x+y+2)dzdydx
0

Y

2

b

2 2

2
c
ca+—ba
2

xc+yc+

2
2

C
xz+yz+z—} dy dx
0

Z

5 ]dydx

b

2 2
y cy
2c+ 3 de

2 2
xbc+b—c+%]dx

=1=

%[a+b+c]
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4 1
Example 5: Evaluate J. J.
0 0

Solution:

~
Il

Il
TN

S te— b Ot— b Ot—e— b O Cte—e—em b O e >

N[5y

1PN

O e m O e —

SIFS

SYFS

(x+y+2)dzdydx

S —_— =

1
_[ (x+y+2)dzdydx

=1=12
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a b c
Example 6: Evaluate J. J _[ (x2 + y2 + zz) dz dy dx
0 0 0

Solution:

Cc

J (x2+y2+z2)dzdydx

~
Il

S —
—_—

—_—
=
)
3\l
+
<
()
A\l
+
W [P,
L
(=} [
&
S

T 303
= J x20y+y?+%y} dx
0 L a

4 P 3
C
= J. xzbc+?c+?bjdx
0

abc (a2 +b2+ c2)
1= 3
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2a
Example 7: Evaluate J.
0

Solution:

N | —

O'—.g)

xyz dz dy dx

S ey =
= C—— =

X
I xyzdz dy dx
y

Z2
|y dy dz
Y

X

| ooy dyax
0

—_— =

)

—_— =

X

2a
=%f J (o y—xy’) dy dx
0 0
2a -~
1 Y ot
) j > g | &
0 — O
(20,
T2 2 4
0
- 2a
_Lfa0 a0
T2 127 24,
_1{@a°_ a°
2| 12 24
I—l 64a® 3 64a°
21 12 24x1

. (D
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2 24
_1(64 6
‘2(24“)

4a6
I=-3

a b c
Example 8: Evaluate I
-b -c

—a

Solution:

If f(x) is even

= [ foa=2 | fwar

—a 0

Since f{x) is even.

a
[=2%x2X2 f
0

O —_—

b -
) 3

3

Il
o0

X —
—

3

3

Il
o0
o —

cy3 I ’
cx2y+—+—y dx
3 3 0

Il
oo
o — 2

1 ( 1284° — 644°

|

j j (x2+y2+z2) dx dy dx

Cc
| Py 4P dzayax
0
C
X z+yzz+z—} dy dx
0

_[ cx2+cy2+c—)dydx
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=8| 5 bc+—c+——

1 1-x1-x-y
Example 9: Evaluate J I j %dzs
A+x+y+2)
0 0 0
Solution:
1 1-x —-Xx-y
7= J‘ J‘ J‘ _ dxdydz
0 0 0 (1+x+y+z)
bn+1
:>I(ax+b)ndx=u
n+1a
1 l-xl-x-y
I= J. I J (1+x+y+z)_3dzdydz
0 0 0
1 1-x | _s l-x-y
_ J- J‘ {(z+ +x+y) } dy dx
-2
0 0 0
| 1 1—x
=_7J J [(1—x—y+1+x+y) 2= +x+y) " dydx
0 0
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1 1-x
:%lf | 1@ 2= +x+y 2 dydn dydx
0 0
. 1 1—-x
— 1 _
== j j (Z—(l+x+y) Z]dydx
0 0
1 - | 1-x
_-1 1o _Otx+l) 7
== '[ 4y 1 } dx
0o = 0
1
__1 Lo_ _ -1
= 2_[ 4(1 X+(1-x+x+1) )j
0
1 -1
—{Z(O)+1(l+x) }dx
1 [ 1
1 x 1 1
=—= —— d.
2 { 4 4 2 1+x} !
1 3
1 X 1
=3 i
0 L
- 1
1 K
__E_Z —g—log(l+x)}0
1[(3_1_ —(0-0—
=-3 (4_8 logZJ 0-0 O)}
175
=53 log2}
1 5
1—510g2—1—6
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Example 10: Evaluate

0 N N2

dzdy dx
[ e
Solution:
4 V22 R .
_ 7 dy dx
SRl

dy dx

~
Il
S = Q
S —
1
2]
.
:|
—
VR
Q
¥}
|
o ||
)
|
<
)
N——
(=)

(PR )
= j J. sin™ ! o dy dx
0 0 k a —x"—y )
a a —x
= '[ I sin_l(l)dydx
0 0

|
S —
o —\ M
S
&

Il
ST
S —

——
<
e
[en)

Q

|

=

&



Multiple Integrals and Their Applications 4.79

SRS

a
_[ & —x* dx
0

I
ks
Q
)
W
=
8]
+
|Q
o
2
=
—_
—//
|
~—
5—

1]
(SR
I
|8,
2.
=
_
7\
SIS
N—
| |

I
SRR
1
SIEW
X
N3
| I |

4.7 VOLUME INTEGRAL
Volume, v = _”J. dz dy dx

v

Where v is the volume of the given surface

Example 1: Find the volume of sphere 2+ y2 +72=d?

Solution:

Volume of sphere =8 x volume in 1% octant

Ly +P=d (1)
Put y=0,z=01n (1)
¥ =a?
= x=a
(1) = Zzzaz—xz—y2
Put z=0in (1)
z:“,a2—x2—y2
Ry =d
Ped— 2
=y= \/az—x2
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Limits
X 0 a
y 0 22
Z 0 [Na®—x*-)?

S — R

S
IS
™
T
=
™

sin” 1 (0)=0

.1 _n
sin (1)—2
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Al

2

2 2
22 ()| [ O4 2 2,0 -1
t—t+2s1n (IJJ (2 =0 +251n (

0

31 3
=21{a2x—x—} =2n[a3—a—}
3 o 3

33— 3 3
=2n[u}=2n~(ﬁngncﬁcubicunits

NOTE

3

3

. Volume of sphere v =£na cubic units

3

3

e Find the volume of the sphere

xz+yz+Z2=32

= Ans: \/=i75(3)3 cubic units

3

e Find the volume of the sphere

x2+y2+12=16

= Ans: v=£n (4)3 cubic units

ox2

3

+y2+12=72 = v=£Tc(r)3

3

a=3

cubic units.
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Example 2: Find the volume of the Ellipsoid
x2 y2 ZZ
> + ) + 5= 1.
a” b” ¢

Solution:

Volume v = _[ J. _[ dz dy dx

Volume of the

_ . st
Ellipsoid, v }— 8 X volume in the 1> octant

2

\S]
\S)

Xy 0z
Sty =1
@ bl . (D
Put y=0,z=0in(1)
2
S
a
2=
x=a
Put z=01in (1)
2 2
a b
Y_lx
b? a
2
y2:b2 l_x_
a
2
=bA[1-%
y 2
2 2 2
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Z_.x )
2 a b*
2_ 2 _x_z_ﬁ
e R T
a b
2 2
_ X Yy
Z=c¢ 1-=-=
@ b
Limits
X 0 a
y | 0 b 1—%
a
2
z | 0 ca it 2
& b
_X _x Y
u b 1 a2 c 1 a2 b2
v=3_8 J j dz dy dx
0 0 0
X
ab 1—? —
=8 J [ZT 1__2_/7_ dy dx
V_ a
0
0 0
b 1—"—2
a
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+£sin
2

1 dx

B|la
RN
I — O

3|
I
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a a
_2 b2 3
cr J ( x—zldx=2cnb{x—x—2}
3a
0 0
3 3 3_3
=2cmbh a—a—2 =2cmb a 2a
3a 3a

=2cmb 2a2
3a

_4cmba
B 3

CT . .
Loy = 3 cubic units

Example 3: Find the volume of the tetrahedran bounded by

Yy

the coordinate planes §+ b

+2=1
C

Solution:

Volume = _[ _[ _[ dz dy dx

a b c .. (1)
Put y=0,z=0in(1)
*
a
x=a
Put z=0in (1)
Y _
a+b_1

o<
I
—_
|
Q=
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Limits L2 2
c a b

=
)
Q

Put t=b(l—£j = Lop-2
a b a

Il
S o
S — Q
1
=)
|
2 [Sy
| |
O -~
&
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- a
e
2 i 32 2a X
cb 3 Z(a)2
=l a+—
2 3a2 2a
—C—b_a+£—a
2 3
abc
I= 6

= aTbc cubic units

4.8 CHANGE OF ORDER OF INTEGRATION

Change of order of integration

e Change of order of integration is done to make the
evaluation of integral easier

Note 1

When all the limits are constants. We can change the order
of integration as we like, the only point to be remembered is that
the limits of x are to be retained for ‘x’ (and those of y used for

y only)
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Note 2

When the limits are variable the change in the order of
integration changes the limits of integration. To find the new limits
it is always Draw a Rough sketch of the region of integration.

Problems based on change of order of integration

Example 1: Change the order of integration in
a a

J J (x2 + y2) dy dx and hence evaluate it
0 x

Solution:

e The region of integration is bounded by
x=0,x=a
y=x,y=a

The region of integration is a triangle

Hence x=0 to a represents vertical path

y=x to a represents vertical strip PQ sliding area.

Y
A
Q y=a
T <
'L Y=x 1
><
P
> X
0 y=0
Rough Diagram

e To change the order of integration to change the vertical
path into horizontal path and to change the vertical strip
to horizontal strip RS.

e x=0 to y represents Horizontal strip RS sliding area
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Hence by changing the order we get

(% +y?) dx dy

O ==
S —y

a4

1=5

Example 2: Change the order of integration for

1 X
[ | reyaxay

0 0 [not in correct form]

Solution:

S (x,y) dy dx

~

Il
O ey —
S — =
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Given limits Y
A
X 0 1 /
y 0 X y=
. +F =1
Changed limits o y X
x y 1 I.J<
y 0 1
1 1 0 > X
(0] y=
= I= J. J fx,y)dxdy
0 y
a a
Example 3: j I f(x,y)dxdy
0 vy
Solution:
a a
I= J J. f(x,y)dxdy
0 . (1
y (1) -
Given limits +
y=a
x|y | a
o) -
y | 0| a - 47 x=a
L
a X
1= | | feydvar % > X
0] y=0
0 0
Example Changed the order of integration and hence

a
J. (x2 + y2) dx dy

X

o
<
o
—
=]
o
-
o
S —_ 2

Solution:

Given: (x2 + y2) dx dy

—
—
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a a AY
= | | @D avax y=a
0 x
. (D) 3
) o ) ‘i'// Xx=a
Given limits L
X 0 a
y X a > X
o y=0
Changed limits
X y a
y | 0| a
a a
= I= j _[ 2 +y%) dx dy
0 y
a - 3 ) a
= J ?+y x| dy
0o = Y
a —
3 3
= | [?+y2a]—(y—+y3ﬂdy
0 -
a —
3 3
_ a 2_ Yy .3
= J 3 tayt 3oy }dy
o L
a
I S A A
13773 Taxa 4
0
Jd d_d_d
133 12 4
_af1 1 1 1] a1
‘“{3+3 12 41‘“ [3
a4
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Example 5: Changed the order of integration and hence

evaluate J I Qdy dx
0 x Y

Solution:
-y
I= '[ J‘ 67 dy dx
0 x

Given limits

by 0 oo
y X oo
Changed limits
X 0 y
y 0 o
e y
I= j f %y ~dx dy
0 0

e Y y
| R
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Example 6: Change the order of integration and hence evaluate

d4a 2Vax

J J xy dy dx
0 X
4a
Solution:

4a 2ax

I= _[ J. xy dy dx
0 ¥
4a o (1)

Given limits

y X 2ax
4a
Changed limit
2
X Y 2 \/@
4a
y 0 4a

164>



4.94

Matrices and Calculus

N =

N =

N =
r

N =

Example

evaluate

Solution:

a
-
0

Given limits

3 964>

[ 256a*  40964°
3 96a°

L
—4a(4af__(4afi}

[ 256a* 1284
3 3

(1287 4_64 4
3 }“ -3¢

Changed the order of integration and hence

_[ 2x 2dxdy.

S — =

(S

Yy 3

X

Y
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Changed limits

J

S —
-
1
|
-

o
5|

—_

VY
= <

N—

|o 1]
&

— R

0
4
J dx
0
[x];
(a—0)
Ta
I=""
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NOTE

J dx —ltan_1 X lse
2+d? a a

1f xdx _ 1 2
= 2J’xz_’_az—zlog(x2+a )+c

dx 2. 2
_[ :log(x+m)+c

log a +log b =log ab

loga—logbzlog%

Example 8: Change the order of integration and hence evaluate
a a
J j % dx dy.
0 y Vx +y

Solution:

Given limits

X a
y a
Changed limit
X 0 a
y 0 X
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=t

0 0 X"ty

:J. ;lx = =10g(x+\/x2+a2)
Vx“+y

1= J x[log (y+\/y2+x2)};dx

0

x [log (x+ N+ —log (0+V0?+x°)] dx

Il
— o

x [(log x + V22 — log (V?)] dx

Il Il
(S —

x [log (x + \[2-x) —log (x)] dx

1l
(S

x [log (1 +\/5)x—10gx] dx

0
= _[ xlog{(l%@x}dx
0

= J. xlog(1+1\/5)dleog(l+\/§)_|‘ xdx
0

)C2 612
=log(1+\/5)[?} :10g(1+€)[7—0]

0

a2
= I=10g(1+\/§)7
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Example 9: Change the order of integration and hence

1 2V
evaluate J I x% dy dx.
0 0
Solution:
1 2Vx
1= J J X2 dy dx
0 0

Given limits

A

X 0 1
y 0 2+x
Changed limits
2
X Y 1
4
y 0 2
2 1
1= J J. x? dx dy
0 Va
2 1
3
0 4
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IFS

a
evaluate j I (x2 + y2) dy dx
0 x
a

y=0
Solution: x=ay? |~ y2=%
X //‘bﬁ
a a +
1= ] | @A ava 45 =0
a
Given limits X=a
X 0 a
X X
y a P
Hints:
x=0 xX=a
X X
y—a y= P
7 X
ay=x y =
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ay2=x
Changed limits
X ay ay
y 0 1

1 ay
1= _[ J. (x2+y2)dxdy

0 42

1~ ay
B 3y 2 Y

0 - ay

P l(@? @ 2, 2
= f 3ty (@) 3ty (@) | |dy

o L

! 3.3 3.6

a a

= j Ty+ay3—Ty—ay4}dy

o L
| ot &Y & y4

|12 4 21 5 y2 = 4x —

3.4 4 3.7 5 1
|4y @ ay 4 x

12 4 21 5 g

P a4 &P a
I=| —=+5-—7—= —

12 4 21 5 x=1

743 - 4a° N S5a —4a

84 20

|
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Example 11: Change the order of integration and hence
1 2-x

evaluate J I xy dy dx

0 X x=0
%
Solution: \ Y Vi
ANGRTE
1 2—x ) \9
1= xydy dx 2
N :
0 'S 2 -
y=0'
Given limit x=1
X 0 1
y ¥ 2—x
Changed limit
= Il = 12
X 0 \y by 0 2-y
y 0 1 y 1 2

2—-x

1Ly
= 1= J J xy dx dy
0 0
1 \y 1 e
) E[ [%}o dyzé '.I [xzy]oydy
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el
1 2-y
I, = J j xydy dx
0 0
2 2-y
== J J xy dx dy
1 0

2
_1 3,2
= [ @+ edHa
1

_1_4L o

_2 4 3 ]

1 4<2> (2)4 4% (4? @ 40y
_2 3 2 4 3
_1f 1 L1632 4 1 4

2 4 3 27473

1' 2 , 1 4

) 4+3}

I
N | —
S

Il
R
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5

hi=5
= I=Il+12
1,5
6 24

3

1_8

Example 12: Change the order of integration and hence

a 2a-x A
evaluate j I xy dy dx x=0
2_
0,2 \\ x“=ay
a 2a
L
Solution:
L
a 2a-x 2a X
. 0 "
Given: [= J _[ xy dy dx x=a\
0 ¥
a . (D)
x=0 x=a
2
X
== =2a—x
Y= y
=>x2=ay =x+y=2a
Given limits
X 0 a
2
y X 2qa—x
a
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Change limits

Il = 12 =
X 0 Nay X 0 2a—y
y 0 a y a 2a

I=1,+1,= (1) becomes

a Nay
L= J J xydx dy

0 0
a -, qlay

Tl e
o L
a a

= f Naz_y)zy}dy— j {%z}dy
0 - 0

0
- -a
_aly
2] 3 |,
_a| S _d*
201 3|6
4
a
I, =—
176
2a 2a-y
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2a

2a—y
= J x—zy dy
2

0

2a 2a

a a
2a
= % [ @ay+y -4 dy

a

1
=3 [(2a-y)*y] dy=§J (4a® +y* - day) y dy

_ 2a
:l 4azy2_'_y_4_4ay3
2| 2 T4 3
1] ( 462 2a)? (2a) 4a (201)3 L at
== +
2| 2
_1[ 16a*  16a* 24a* 4a* _a* 4_
2| 2 4 3 2 473
_a'[16 16 24 4 1 4
=22t 473 27413
4
a 24 _,_ 1.4
=S |8t 2y 3]
ir
a 24 1 4
= 10—7‘1*5}
5a*
=4
=I=1+1,
4 4
_a  Sa’
= T2

~
Il

[
S

)
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TWO MARKS QUESTIONS AND ANSWERS
T sin 0
1. Evaluate j J. rdr d .
0 0
Solution:
T (sin© T sin O
[ 1] rarlao=] (2] ao
2
0 0 0
m
1 .2
:EJ sin“0do
0
/2
1 .2
=5><2J. sin“0do
0
1
272
% sin0
T
| [ rrae=%
( 0
T a
2. Evaluate j _[ rdrd©
0 0
Solution:
T a T a
I=J I rdr d9=_[ (élde
0 0 0
T
1 2
=] aae
0
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_&
=2

do

S — A

2
a T
=5 (9),

2
=T

2
Ta
rdrde—T

S — 3
S = Q

w2 sin©
3. Evaluate J j rdr d ©.
0 0

Solution:
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2
4. Evaluate: I
0

Solution:

I

T
sin 0 rdrd 0= | sin?

T
I rsin®0d 0 dr.
0

2

,

) lde
0

T

_ [ wn2al?

—J.sme 2](19
0

2
—2x2[ sin0de
0
T
=4 X x2—n

b a
5. Evaluate _I { %
Solution:
b a ded b p a 4
SEE L
1 1 1 1

b a
=(10gy)1x(logx)l

=(logb—1log 1) (loga—1logl) (. logl=0)
I=(log b) (loga)
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3 2
6. Evaluate: J. J. ldx dy
1 1

&

Solution:

(. log1=0)
2 3
=(10gx)1><(10gy)1

=(log2 —1log 1) X (log3 —log 1)

I=log2log3

7. Express f(x,y)dxdy in polar co-ordinates.

S — 8
S — 8

Solution:
x=rcos0
y=rsin 0
X +yr=r?
dxdy=rdrd®
6 - 0 to W2
r— 0 to oo

2 oo
1= [ .0 rarae
0 0
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1 ¥
8. Evaluate: I j (x2 + yz) dy dx
0 0
Solution:

O — — O —) —

11
5 21
26
=105
1 y X+y
9. Evaluate: I I J dx dy dz
0 0 0
Solution:
x+y 1 y«x
I= _[ dxdydz=J _[
0 0 0

1

(z)zwdxdy: J

0
2
X
[2 +yx1;dy

O — — O —) —
O — O —y

Il
O —y —

O — e O —y +

(x+y)dx |dy
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Il
S —_— —

VR
NSy
+
<
[\)
N—
S

—
o=,
+
W=,
b—/>—-

1 1
=673
_3
6
1
=3
a b ¢
10. Evaluate: I j j dx dy dz.
0 0 o
Solution:
a b c
I:_[ J J.dxdydz
0 0 O
c b a
[ aex | avx | e
0 0 0

c b a
=(X)gX(Y)x(2),
=(c-0)(b-0)(a-0)

I=abc

11. Evaluate “.dx dy where R is the shaded region in the fig.

R
Solution: y
Here circle is given and radius =2
Area of a circle =t /2 =n (2)2 =4r I ™ x

Area is half of a circle =47n=2ﬂ:
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12. Express the region x>0; y>0; z20; x2+y2+z2S 1 by
Triple integration.

Solution:
1 \/l—x2 \ll—xz—y2
=] [ azdyax
0 0 0
Put z=0in (1) |x2+y*+72=1 ...(1) |Puty=0
2421 Bel-2oy? z=0 in (1)
y2:1_x2 _x2:1

y=V1—x2 z= l—xz—y2 x=1

/2 cos 0
13. Evaluate | [ dear
-2 0
Solution:
m/2 2cos© 2 ) o /2
COS
Izj J. derzj [6]O a’rzj 2 cos 0 dr
-2 O -2 -2
. 2 . T . [—-= . T
—2[s1n9]_m—2{sm5—s1n(7]:|—2[l+sm§:|
=2[1+1]
I1=4
a b
14. Evaluate: [ [ (v+y)dxdy
0 0
Solution:

a b
Iz_[ J. (x+y)dxdy
0 0
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3 4 4
15. Integrate j J j xyz dz dy dx.
1 3 1

Solution:

I=

e

4 4
J _[ xyzdz dy dx
3 1

3 4 4

:J xdxxj ydyxj zdz
1 3 1

~
X

I/
[u—

TP
|

N | —

~
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2 ¥
16. Evaluate: I j xdy dx
1 0

Solution:

© Yy
-y
e
17. Find the value of —dxd
J 5 dray
0 0
Solution:
oy
-y
I:J‘ J erxdy
0 0
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Il
—

a b
18. Evaluate: J. J. &Y dz dy dx.
00

S —

Solution:

ex+y+z dzdydx

~N
Il

S —
—
—

a b ¢
:J _[ J. e e et dzdydx
0O 0 O
c b a
=J exdxxj eydyXJ. et dz
0 0 0

(e (=

=(€C—eo) (eb_eO) (ea_eO)

I=( =1 (" =1) (- 1)
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1 2 3
19. Evaluate: J. J. J e* & & dzdydx.
0 0 o

Solution:
12 3 1 2 3
J J '[ exeyezdzdydxzj‘ exdxXJ. eydyXJ‘ e dz
00 O 0 0 0
1 2 3
(P (<)
I=E' =)= (-1
a Nay
20. Evaluate: J. J. xy dx dy
0 0
Solution:
a (Nay a 2 Vay
J J Xy dx dy:j (Eyl dy
0 0 0
la
5,[ (ay) ydy
0
a
2
_af Y
‘2J T
0
a
aly
20 3
_afd
213
4
a
=6
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21. Find the area bounded by the lines x=0; y=1 and y=x
using double integration.

Solution:
1 1 yA
1= dyd
g J >
X y=1
1
1 > x
=[ o T
0
1
= J (1—x)dx
0
1
{ x2} 1
0
1
I_2
1 1
22. Change the Order of Integration j j dx dy.
0 y
Solution:

1 x
23. Change the order of Integration j j f(x,y)dydx
0 0

Solution:
1 1

1 x
1=| | reeyydyar=| [ ey deay
0 0 0
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1 x
24, Sketch the region of J j f@x,y)dydx
0 0
Solution: y
x=0to 1 &
y=0to x 4
25. Reduction formula: ol i > X
Solution: x=1
2
I= J cos” x dx (or)
0
w2 If n is even
J sin"xdx={n-1 n-3 1 =
—X X ..o
0 n-0 n-2 2 2
If n is odd
n—1 n-3 2 %1

X X ...
n—-0 n-2 3
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EXERCISE

Double integration in cartesian co-ordinates

X

1. Evaluate > dx dy

Ty

S —

o — 0
N
o — x'—.ﬁ g'_,a H'_,Tlgo_g
<
= o
I =
2
S8
=
[\
&
&

2. Evaluate (x+y)dxdy

O — W

3. Evaluate

4. Evaluate J xy (x+y) dx dy
0
5

5. Evaluate J (x2 + y2) dx dy
0

Double integration in polar coordinates

m/2 acos6

1. Evaluate J J r\jaz—r2 drd?©
0 0

/4 asin© rd0
2. Evaluate _[ J r;’

S e

2n a
3. Evaluate J J rdrd©

0 asin®
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4. Evaluate

b 2
[ | rear
b2 0

Change of order of integration

1. Evaluate

2. Evaluate

3. Evaluate

4. Evaluate

5. Evaluate

6. Evaluate

7. Evaluate

8. Evaluate

(x2 + y2) dx dy

S —

Q= '—.o|ﬁ

— xz/y
xe dy dx

S — 3
——

0
a a xz
{ { dexdy
4 24y
J J‘ dx dy
1 2/y
I

u dx dy

0 y2/4a vy
a a
{ { x2+y2 dx dy
2a Dax — X
.[ j x2+yzd’”ly
0 0
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Area enclosed by plane curves [Cartesian co-ordinates]

1. Evaluate: J_[xy dx dy taken over the positive quadrant

bounded by the (a) circle 2+ y2 =a? (b) §+ % =1

2. Evaluate J'[xzydy dx over the region for which x,y>0 and

2 2

+—=<1

QN|><
%l

3. Evaluate: J.J. (x+ y)2 dx dy over the area bounded by the ellipse

2 2

+ 2 =1.

QN|><
%

4. Find, by double integration, the area enclosed by the curves
3x

¥ +2

y= and 4y = .

5. Evaluate: “. (xy—yz) dx dy, where s is the triangle with

\)

vertices (0, 0), (0, 1) and (1, 1).

Area enclosed by plane curves [Polar co-ordinates]

1. Evaluate: er sin © dr d © over the cardioid

r=a (1 —cos 0) above the initial line.

2. Find by double integration the area bounded by the circles
r=2sin 6 and r=4 sin 0.

3. Find the area which is inside the circle r = 3a cos 6 and outside
the cardioid r=a (1 + cos 6)

4. Find the area common to r=a V2 and r=2a cos 0.
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Triple Integrals
1
1. Evaluate J _[ _[ \/1_2_—2_2
0 o0 0 ror T

dz dy dx
2. Evaluate _[ _”xyz dx dy dz over the positive octant of the
sphere X2+ y2 +72=d°
1 Vl—g%—xz—yQ

J f xyz dx dy dz
0 0 0

3. Evaluate:

—

xTy

+
4. Evaluate: J &Y dz dy dx
0

—
S — =

e logy ¢
5. Evaluate: J J J log z dz dx dy
1 1 1

Volume of Solids

1. Evaluate: JJ.nyzdx dy dz, where V is the region of space
v
inside the tetrahedron bounded by the planes x=0,y=0,
y z

z=0and T+2+%=1.
a b c

2. Evaluate: _HJ (x+y+27)dxdydz, where V is the region of

Vv

space inside the cylinder X+ y2 =d’
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3. _”nyz dx dy dz where

N
S=[(x,y,2): 2 +y?+22<1,x20,220]
4. Calculate the volume of the solid bounded by the surface

x=0,y=0, x+y+z=1, and z=0.

5. Evaluate: J_”xyz dx dy dz over the first octant of

S S Jp.



UNIT - 5

ORDINARY DIFFERENTIAL
EQUATIONS

5.1 INTRODUCTION AND APPLICATIONS

A differential equation is a mathematical equation that relates
some function with its derivatives. In applications, the functions
usually represent physical quantities. In fact many physical laws are
expressed mathematically in the form of differential equations.

Definition

A differential equation is an equation involving one dependent
variable and its derivatives with respect to one (or) more
independent variables, eg: 1

d? d
—3} +62 4 y=x
dx dx

2

e [t is the principal language of science.

e It plays an important role in Science, Engineering and
Social sciences.

e It is applied in the field of disease environment, Prey-
Predator Model etc.
Definition

An equation involving one dependent variable and its
derivatives with respect to one or more independent variables is
called differential equation.

If y=f(x) is a given function then its derivative is %

Rate of change of ‘y’ with respect to ‘x’.

Here y -  dependent variable

x  — Independent variable



5.2 Matrices and Calculus

Differential equations is an equation in which differential
Co-efficients occur.

Differential equations are of two types, ordinary differential
equations and partial differential equations.
Examples

%=x+5, Y +T7y=0

ou Ju d2 y dy

~+= =0, —5+7-=0

ox dy dx> dx
5.1.1 Order of the differential equations

The order of a differential equation is the order of the highest
order derivatives occurring in it.

5.1.2 Degree of the differential equation

The degree of the differential equation is the degree of the
highest order derivatives which occurs in it, after the differential
equation has been made free from radicals and fractions.

5.1.3 Find the order and degree of the following
differential equations

2 5

oy (dy ) (A Y,

o dx3+(dx2 lae | 7777
Order: 3

degree: 1

L _gdy o dx
@i1) y_4dx+3xdy

1

y:4%+3x(

Multiply %

==

|



Ordinary Differential Equations

dy ([

dxy_4(dx][dx +3x
2

dy (D

dxy_4(de +3x

Highest order: 1

degree: 2

Ldry dy
(ii1) dx2-{4+(de

Raising to the power 4 on both sides, we get

2 3/4 4
Al |
Py _ [ e }
dx® k dx )
Order =2
degree =4
(v) (1+y)*=y?
(a+b)2=a2+b2+2ab
1 +y’2 +2y = y’2

1 + 2y/ — y/2 _ y/2

1+2y=0
ay
2dx+1—0
Order =1
degree =1

dy

~
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Practice problem

dy
1. dx+y—x2

2. y"-i-?)y'2 +y3 =0

3. Y+ =x @4y’

2
dy _dx o
4. (dx] +x—dy+x

5.2 Second order linear differential equations
constant coefficients

Solution of the differential equation is

y=C.F+PlI
CF - Complementary function
PI -  Particular integral

Complementary function rules
1. Roots are different and real.

CF =A™+ Bd™*

2. Roots are equal and real

CF =(A+Bx "™

3. Roots are imaginary

CF =¢** (A cos Bx+Bsinpx)

Notations

with
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5.5

For C.F

To find the auxiliary equations

Put D=m

Solving quadratic equations

l. ¥2+5x+6=0
x+3)(x+2)=0

2. ¥ +10x+25=0
x+5xE+5=0

Roots are Same

3. ¥2+x+1=0
ax +bx+c=0

Imaginary roots.

x=-3, x=-2

x=—5x=-5

SN

2a

SN
NS

3

Roots are different

5/2:\ 5
N,

- 1£V1T=4((D)

2(1)
_1+V1-4
2
—1++-3
2
—1+iV3
2

xX=

—1-iV3 —1+iV3

2 ’

2
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Rules for Particular Integral

Type 1
e Replace D by a
Type 11 Replace D? by — (az)
sin ax
COS ax
Type III Convert the denominator to
X, 1%, (I1+x) or (1-x"1
Type IV Replace D by D+a
e™ cos ax (or)y Dby D—a
™ sin ax and proceed by type II
Type V Replace D by D+a
e x? (or)y Dby D—a
e X and proceed by type III
Example 1: Solve dz_y+7d_y+12 =0
p * dx2 dx y =
Solution:
C.F
D?y+7Dy+12y=0
(D*>+7D+12) y=0 Q)

The Auxiliary Equation is
Put D=m, in (2)
m*+Tm+12=0

m+4)(m+3)=0
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5.7

Roots are real and different,

Practice problem

m+4=0

m1:—4

m+3=0

m2=—3

CF=Ad"*4+ B~

CF=Ac ¥ +Be

y=Ae ¥ +Be ¥ 40

1. (D*-5D+16)y=0

2. (D*-2D+1)y=0

3. (D*+10D+9)y=0

P.I

0

Example 2: Solve (D2 +6D+9)y=0

Solution:

C.F:

y=C.F+PlI

The Auxiliary Equation is

Put D=m

(D*+6D+9)y=0

m2+6m+9=0

m+3)(m+3)=0

m+3=0

m+3=0

. (D
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Roots are real and equal
CF=(Ax+B) ™

CF=(Ax+B)e

PI=0

y=@Ax+B)e ¥ +0

The general form of the linear differential equation of
second order is

&Ly pdv, oo
dx2+de+Qy_R

Where PandQ are constant R is a function of x or constant.

The general form of Linear differential equation n" order is

ot a,y=f(x)
n -1 n
d a (D)

When f(x)=0 eqn (1) is called homogeneous Linear
differential equation.

When f(x)#20 eqn (1) is called non-homogeneous Linear
differential equations.

The general solution is

y = Complementary function (CF) + Particular Integral (P.I)
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5.9

Rules of C.F Roots C.F
1. Roots are reals different Ad™M* 4 B X
my, my
(ml * mz)
Ex: m=3,2 A + B
Ex: m=3,2,1 A& + B + Ce*

2. Roots are real & equal
my=my=m

Ex: m=3,3
Ex: m=2,2,2
3. Roots are Imaginary

Ex: 4+i3
oa=4,=3

(Ax+ B) " (or) (A+ Bx) ™

(Ax + B) &*
(Ax2 +Bx+O) e
e**[A cos B x + B sin B x]

¢** [A cos 3x + B sin 3x]

5.2.1 Type I: RHS =0

Example 1: Solve (D2 —-5D+6)y=0.

Solution:

(D*>-5D+6)y=0

The Auxiliary equation is

Put D=m

m*—5Sm+6=0

-b=x Vb2—4ac

m=——— a=1,b

2a

=—5,¢c=6

+5+\V25-4(1) (6):5i\/1—

2 (1)
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RHS =0 (no Particular Solution) (m =2, 3)
y=CF=Ae* + Be™*

Example 2: Solve (D*+6D +9)y=0
Solution:
(D> +6D+9)y=0
The Auxiliary equation is put D=m
m?>+6m+9=0
a=1,b=6,c=9
b NP dac
2a

_—6+V36-4(1) (9)
h 2(1)

m=

so m=—3,-3 (equal), PI =0
y=CF+0=(Ax+B)e **

Aliter:

m* + 6m+9
m*+3m+3m+9

mm+3)+3(m+3)
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m+3)(m+3)=0
m=-—3,—-3

y=(Ax+B)e ¥

d*y _dy
Example 3: Solve —— —6—"+13y=0 (or) Yy =6y +13y=0
dx dx
Solution:
olution 2 2
2 2=
Given d—g—6ﬂ+By=O dx
dx dx i—D
dx
(ie) D?y—-6Dy+13y=0
(D> 6D +13)y=0
The Auxiliary equation is put D=m
a=1
m* —6m+13=0 be 6
—b+\b*—4ac c=13
m=————
2a
_ 6+V36-—52
2
_6xV-16 6+i4
B 2 )
e
_2062D) s34
2
m=3xti2
a=3,=2

y=C.F=¢>[A cos 2x + B sin 2x]
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2

Example 4: Solve d_%) +5 dy +6y=0 (Or) y”"+5y"+ 6y =0 (Or)
dx dx

D*y+5Dy+6y=0

Solution:
D2y+5Dy+6y:0
(D*+5D+6)y=0
=CF+PlI
Y )
C.F:

(D> +5D+6)y=0
The Auxiliary equation is
Put D=m
m?+5m+6=0
(m+3)(m+2)=0

m+3=0, m+2=0
m=—3  my=-2 6

The roots are real and distinct 3 N 2
CF=Ad""+ B \ 5/
CE=Ae ¥+ Be &

PI=0

y=Ae ¥+ B
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5.13

Example 5: Solve (D2 +10D +25)y=0

Solution:

y=C.F+Pl
C.F:
(D*+10D +25) y=0
The Auxiliary equation is
Put D=m
m? +10m +25=0

m+5) (m+5=0

m+5=0 m+5=0

m=-5 m=-5

The roots are real and equal
. CF=(Ax+B) ™
CF=(Ax+B)e >*
PI=0
y=(Ax+B) e >
Example 6: Solve (D2 y+Dy+y)=0
Solution:
(D*+D+1)y=0
y=CF+PlI
C.F:

(D*+D+1)y=0

. (D

. (D
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The Auxiliary equation is
Put D=m

m2+m+1=0

_—bi Vb2—4ac

m= 2a
Here a=1,b=1,c=1

—1EN1Z=4 ) (D)
2(1)
—1+V1-4
2
—1+V-3
2
—1+iV3
2
-1, B
2 2
-1 V3
o=7 P=7

m=

m=

Roots are complex

CF=¢%"(Acos B x+Bsin B x)

= 120 4 cos—3x+B sin—3x
2 2
Practice problems

1. Solve y"+2y'+y=0

Py gy
2. Solve dx2+3dx+2y_0

3. Solve D2y+8%+16y=0

4. Solve y” =2y +2y=0
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Example 7: Solve (D2 +1)y=0
Solution:
y=C.F+PlI .. (D
C.F:
D*+1)y=0
The Auxiliary equation is,

Put D=m

m?+1=0

m==x1i
m=0=x1i
y=Acosx+ Bsinx
Roots are complex
CF=¢"*(AcosBx+BsinPx)
PI=0

y=e™ (A cos 1x + B sin 1x)

Py  dy . dy
Example 8: Solve -6 +11-=-6y=0 (or)
dx3 dx? dx

D3y —6D*y +11Dy — 6y =0 (or)
(D3-6D*+11D-6)y =0

Solution:
y=CF+PlI .. (1)

C.F: The Auxiliary equation is put D=m
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m>—6m>+1lm-6=0 o)
Solve equation (2) we get
my=1
my=2

m3=3

Roots are real and different
CF=Ad"*+Bd™* + C™*

C.F=Ae"™ + Be* + Ce™*

P.I

I
<

y=Aeé + B + Ce™*
Example 9: Solve (D3 -3D*+3D - Dy=0

Solution:
y=CF+PlI o (D

C.F: The Auxiliary equation is, put D=m

m> —3m* +3m—1=0 e (2)
Solve equation (2) we get
my=1
my=1

m3:1

Roots are real and equal

CF=¢" (A +Bx+ Cx?)

" "CF=e"(A+Bx+Cx)?> PI=0

y=¢" (A + Bx + Cx?)
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5.2.2 Type - Il [RHS =¢%]
General form:

dzy dy _ ax
a 12 +bdx+y—e

ax

e™ ; Replace D by ‘@’

Example 1: Solve (D2 -4D +13)y = e

Solution:
y=C.F+PlI o (D)

C.F:
(D*—4D+13)y=0
The Auxiliary equation is, put D=m

m? —4m+13=0

-b=* \/bz—4ac
"= 2a

Here a=1,b=—4,c=13

m:4iVM—4U)ﬂ$
2(1)

2(2%D)
-2
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o=2,0=3

C.F = e (A cos 3x + B sin 3x)

e2x
PI= P R ——
D“—-4D+13
Replace D by ‘a’, a=2
&
22-4@2)+13
_ er
4-8+13
2x
PI=%-
) €2x
y =e“* (A cos 3x + B sin 3x) g
Example 2: Solve (" + 7y + 12y) = 14¢~3*
Solution:
D?y+7Dy+ 12y =14¢™ ¥ v =Dy
(D*+7D +12) y = 14¢~* y =Dy
C.F:
12
(D*+7D+12)y=0 /x\
4 3
The Auxiliary equation is put D=m +
\ , /

mr+Tm+12=0
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m+3=0
ml=—3

The roots are different,

CF=Ad""+Bd"m*

CF=Ae ¥ +Be ¥

- 3x
PI 14e

14¢= 3

m+4=0

m2=—4

" D’+7D+12

. (D

e 3x — X

T (3247 (3412

14¢~ 3

T9-21+12

14
-0

_x(14e739)
2D +7

Replace D by a, a=-3

_ x (1473
S 2(=3)+7

_ x(14e 3
—6+47

P.I=x (14¢ 3

y=C.F+PlI

a=-3

Note:

If denominator = 0
go to equation (1)
Differentiate the
denominator and
multiply with ‘x’ in
the numerator

= ldxe ¥

o ()

y=Ae ¥+ Be™ ¥+ 14x ¢
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Example 3: Find the Particular Integral of
(D*-1)y = (" +1)*

Solution:
2x
P =—
D" -1
D=a=2
e2x
22
er
41
2x
e
Pl = 3

(D> = 1) y=()2+12+2°(1)

(D> 1) y=e>+1+2¢
PI = PIl + P12 + PI3

Ox
PI,= f
D -1
D=a=0
_ er
0°—1
Ox
e
PL,=—
271
1
PLL=—
27
P.12:—1
2x
'.'P.I=%+xex—l

D=a=1

2
12-1

Example 4: Find the Particular Integral of

dzy

ﬁ dx

Solution: Note

+4d—y+5y=coshx.

— X
coshx = e+e
2

. eF—e ¥
sinhx = 2

Given: D? y+4Dy + 5y = cosh x

————> Hyperbolic functions

D* -1

. (D
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(D> +4D+5)y=

(D*+4D +5) y =

PI=PI, +Pl,
e

2
" DX+4D+5

1 x 1
2 ¢ ¢

T 1244+5 10

I
20

PI,

P.Il =

Pl,=—r———
2 D*+4D+5

— X

2
" DX+4D+5

JRg

_ 2
1?+4(=1D+5

P,

200 4

. (1)
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Practice problems

Py ady o
1. Solve dx2+3dx+2y—smhx
2. Solve (D2—4)y:ezx+e_4x
3. Solve (D*-4)y=10

4. Solve (D> —4D+4)y=¢ ¥

5. Solve y’+7y —8y=e>*3
5.2.3 Type - Il RHS sinax (or) cosax
PI= L sin ax or L COS ax
f(D) f(D)

Replace D? by — (az)

Example 1: Solve (D2 + 10D + 25) y =sin 2x

Solution:

y=CF+PlI
C.F:
Consider (D?+ 10D +25)y=0
The Auxiliary equation is
Put D=m
m*+10m+25=0

m=—5,-5 (Roots same)

CF=¢ " (Ax+B)

. (D)

PI= sin 2x [Replace
D?>+10D +25 Dr=—?=—(2)%=-4]
sin 2x

T _4+10D+25



Ordinary Differential Equations 5.23

__sin2x
10D + 21

__sin2x xlOD—Zl
T 10D+217 10D =21

_sin 2x (10D —21)
~(10D)? - (21)2

_ 10D (sin 2x) — 21 sin 2x
100D? — 441

_ 10 (2 cos 2x) — 21 sin 2x
B 100 (- 4) — 441

20 cos 2x—-21 sin 2x
T —400-441

~ 20 cos 2x — 21 sin 2x
B - 841

P.I

20 cos 2x — 21 sin 2x
- 841

y=¢ > (Ax+B) +

Example 2: Solve (D2 +2D+2)y=cos 2x

Solution:
y=C.F+PlI (D)

CF: (D’+2D+2)y=0
The Auxiliary equation is

Put D=m

m*+2m+2=0

a=1,b=2,c=2

NP e

2a

m=
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—2+22_4(1) ()

2(1)

—21tV4-8
2

—2+V-4
2

—2+iV4

o=—-1,B=1
CF=¢ *(Acosx+Bsinx)

CF=¢ *(Acosx+Bsinx)

cos 2x

Pl=—7—7"
D“+2D+2

cos 2x

= [Replace D*=— 4]
—4+2D+2

_ Cos 2x
2D -2

_cos 2x ><2D+2
2D-2 2D+2

_ 2D (cos 2x) + 2 cos 2x
(2D)* - (2)
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_ 2(=2sin2x) +2 cos 2x
4D — 4

_—4sin2x+20052x

4(-4)-4
P.I:—4s1n2x+200s2x
-16-4
_—4sin2x+20052x
B - 20
y=C.F+PlIl

4 sin 2x + 2 cos 2x
20

y=e *(Acosx+Bsinx)+

Example 3: Find the P.I of (D?+4)y=cos2x

Solution:

_ cos 2x

PI=
D> +4

[Replace D2 =— (az) =— (2)2 =—4]

_ cos 2x
—-4+4

_ Cos 2x

0

_ XxCos2x
-~ 2D

zg_[cos 2x dx

_ x| sin2x
"2 2

_ xsin 2x

PI 1
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Example 4: Find the P.I. of (D2 +1)y=sinx

Solution:
PI= —S;n 2
D +1
_sinx
-1+1

_sinx

=2 | sin x dx
3l

zg [ cos x]

X COS X

PI= >

Example 5: Find the P.I. of (D2 -3D+2)y=2cos (2x +3)

Solution:

_2cos(2x+3)

Pl >
D“—-3D+?2

_2cos (2x+3)
- —4-3D+2

_200s(2x+3)_2cos(2x+3)X—3D+2
~ -3D-2  -3D-2 " -3D+2

— 6D [cos (2x +3)] + 2 [2 cos (2x + 3)]
(-3D)* - (2)?

—6[—2sin (2x+ 3)] +4 cos 2x+3)
9D? - 4
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_ 125sin (2x+3) +4 cos (2x + 3)
B 9(-4)-4

_ 12sin (2x+3) +4 cos (2x + 3)
B —40

_4[3sin (2x + 3) +cos (2x +3)
B —40

_ 3sin (2x+3) +cos (2x + 3)
B - 10

P.I

Practice problems
1. Solve (D2 —2D+5) y=cos 2x
2. Solve (D*+4D+3)y=sinx

3. Solve (D*+5D+4)y=sin’x

Formula
gin2 _l—-cos2x 1 cos2x
S T )
) _1+cos2x_l+0052x
cos“x= > =5 7

Example 6: Solve (D2 +1)y= cos® x

Solution:
y=CF+PlI

We know that cos? x = w

cos 2x

2 _l Ox
(D +l)y—26 + 5

y=C.F+PI +Pl, (D)
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C.F:

The Auxiliary equation is m?+1=0

mr=—1
m==x1i
oa=0,f=1

CF=¢""[AcosBx+psinpx]

C.F=e%[A cos x + B sin x]

% er

Pli=——
1" p2i

y=Acosx+Bsinx+§

1 _cos 2x

6
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Example 7: Solve (D*+16)y =¢~ * + cos 4x

Solution:

y=CF+PlI; +Pl,
C.F:
The Auxiliary equation is,
Put D=m
m*+16=0
m?=-16
m=0=t4i

" " C.F=¢e" (A cos 4x + B sin 4x)

e 3x

Pl =
" D2+16

e 3x

C(=3)2%+16
B e—3x
" 9+16

e
25

P.Il =

Ply= c;)s 4x
D“+ 16

_ cos 4x
-16+16

_ cos 4x
0

_ xcos4x
2D+0
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5.30
:%Jcos 4x dx
_ x sin4x
T2 4
x sin 4x
P.IZZ 8
=A cos 4x + B sin4x + e | xsindx
y= 25 8
5.2.4 Type - IV [RHS =x"]
The following formulae are important
Q+x) T =l—x+2-+...
(1 —x)_1 =l+x+x2 4+ +...
Hint:
1 -1 ~1
—=(1- =1+x
1-x (1-x) 1+x ( )
Example 1: Solve dz—y—Sd—y+6y =x2
) dx? dx
Solution:
Given: (D2—5D+6)y=x2
y=CF+PlI . (D
C.F: 6
(D*-5D+6)y=0 5 XN,

The Auxiliary equation, D=m
m>—5m+6=0

m-3)y(m-2)=0
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ml = 3 m2 = 2
. Roots are different
CF=A&* + Be**

1

Pl=——— (¥
D*-5D+6
1 2
=
6+D2—5D( )
1 2
=— = ()
D?>-5D
6_1+ 6 |
[ (p=sp\T' ,
=<| 1+ 7 (?)
_ 2
1 D*-5D ) (D*>-5D 1| 5
=—11- + -1 (x9)
6| 6 6 |
_ )
=é xz—[D 65D}62+”l
1[ , D? 5D
=5 xz—?@z)*?(f)}
_1[ 2 2 10x
P.I—6 X 6+ 6 }
¥ 2 10x

y =A™ + Be® +

6 36" 36
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Example 2: Solve (D2 +1)y=x

Solution:

m=0=x1i

C.F=¢" (A cos x + B sin x)

PI=—1— (v
+1

D2

"1V

=(1+D)" 1 (v
=[1-D*+D*»*+..] ()
= [x-D* ()]

=x-0

PI=x

y=Acosx+Bsinx+x

Example 3: Find the P.I of D?>+5D +4)y=x2+7x+9

Solution:

I=——— (2> +7x+9)
D?+5D+4

=— 1 5 -(x2+7x+9)
SD+D
41 14| ——

4

- —1
D + D?
:i 1+(5;] [x2+7x+9)

4
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- 2

1
1 5D+D*)\ (5D+D? | 2
_4_1_[ 1 J+( 1 ) —...J(x +7x+9)
- 2
:l x2+7x+9—2(x2+7x+9)—D—[x2+7x+9)
4 4 4
1f 5 -1
=7 x2+7x+9—4(2x+7) 1 (2)}
_1[ 2 _10x 35 2
P.I—4 x“+7x+9 1 4 4}

Example 4: Find the P.I of (D?*+D +10)y=x>+3

Solution:
I S
D*+D+10

S }(x2+3)

P.I (% +3)

D + D?
10
- -1

1 D+D?
=10l 1| 7o } (% +3)

- 2

:
1 D+D* )\ ( D+D? | 2
_10_1— 0 It 1o ) —...J(x +3)
_L_ 2 D _D_2 2

—10_(x +3) 10(x2+3) o« +3)}

PI= 10110 100 " 100

oo~

Practice problem
1. Solve (D*+3D+2)y=x>
2. Solve (D*+D+1)y=x>+x*

3. Solve (D*-7D+12) y=x>+2x
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525 Type - V e sinax or e cosax

Example 1: Solve (D*+D +1)y =€ * sin 2x

Solution:
V3 3]
CF=¢ 2Y| Acos—x+Bsin—x
2 2
PI—;e_xsin 2x
T D2+D+1 Replace D by D -1

e—x

T D-12+(D-1)+1

— X
e .
= sin 2x

D*+1-2D+D—-1+1

— X

sin 2x Replace D? by — (az)

" D*-D+1

e—x

T _4-D+1

S sin 2x
-D-3

_x_ sin 2x ><_D+3
-D-3 -D+3

— D (sin 2x) + 3 sin 2x
(- D)*- 3y’

[ —2cos 2x + 3 sin 2x |
D?*-9

[ —2 cos 2x + 3 sin 2x |
—-4-9

_ [ =2 cos 2x+ 3 sin 2x |
-13
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y=CF+PlI

3 X
y:e‘V2x|:Ac0s£x+Bsinﬁx]—e1—3[3sin2x—2c052x]

2 2

Example 2: Find particular integral of
(D*-2D+1)y=¢"cos x

Solution:

P.Izé e’ cos x

D*—-2D+1

_ € cos x
D+1)2-2D+1)+1

e

== COS X
D°+2D+1-2D-2+1

zg[J(cosxdx)}

:ex[_‘.sinxdx}

=¢e" (- cos x)

PI=-¢"cosx

Example 3: Find the particular integral of
(D*+4D +4) y =¢ * sin 2x

Solution:

1 -2

Pl=—F——"——¢ “'sin2x
D“+4D +4

Replace D by D +1

Replace D by D -2
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e 2x

= > sin 2x
D-2"+4(D-2)+4

e 2x

= 3 sin 2x
D-2)"+4(D-2)+4

e 2x

" D*+4-4D+4D-8+4

sin 2x

—2x

e .
=——5"sin 2x
D

Replace D? by — (az)

e~ 2 gin 2x

P.I=
—4

Practice problems
1. Solve (D*-2D+?2) y=e"sinx
2. Solve (D*+4D+3) y=¢* cos 2x

3. Solve (D*+6D+9)y=e>* cos 3x

5.2.6 Type - VI RHS =¢™ x"

Example 1: Find the particular integral of
D*+2D +1)y=¢*x?

Solution:

P.I:;e—x.f Replace D by D—1
D*+2D+1
e o)
D-DH"+2D-1+1

— X

e 2
5 X
D“-2D+1+2D-2+1
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Example 2: Find the particular integral of
(D*+4D +3) y =xe*~.

Solution:

y=CF+PlI
CF=A¢ *+Be &

P.Iz%xeﬁ
D +4D+3

3
e’ Replace D by D+3

= X
(D+32+4(D+3)+3

e3x

= X
D*+9+6D+4D+12+3

e3x

I E——
D?+ 10D + 24

e3x

=X
24+ D?+ 10D
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- ~1
_e| [ DPrioD
T4 24 .
_e¥|  _(DPP+10D | (D?+10D
— 24| 24
3x [ 2
e D~ . 10D
=4 | ¥ Wy (")}
3xT
_etl o 4 10
= 24| *0 24}
_e 5]
~ 24 12
3x 3x
xe Se
PI= o ~ 288

Example 3: Solve (D*-2D +2)y=¢*x%.

Solution:

Y

C.F

P.I

=CF+PlI
=¢" [A cos x + B sin x]

=— 1 exx2
D“-2D+2

e* 0
= 2 X
D+ =2D+1)+2

e~
= X
D*+1+2D-2D-2+2

2

Replace D by D+ 1
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&

= X
D*+1

= [1+ D1 P = [1-D? + DY o2
=" [ - D ()]
Pl=e"[x*-2]

Y=CF+PlI

y=€[Acosx+Bsinx] +e (X -2)

Practice problem
1. Solve (D*-2D+1)y=¢"(3x*=2)
2. Solve (D*—2D+1)y=x*e&>
3. Solve (D*+6D+9)y=¢ >x°

Example 4: Find P.IL of (D*+4D +4)y=¢ > x?

Solution:

P.I __ X2

= e
2
D*+4D +4 Replace D by D -2
~ e—2x x2
(D-22+4(D-2)+4

e

" D*+4-4D+4D-8+4
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5.3 LINEAR DIFFERENTIAL EQUATIONS OF SECOND
ORDER WITH VARIABLE CO-EFFICENT

Linear Differential equation of
Second order with variable co-efficient

| v

Homogeneous Non-Homogeneous
l l No general
Euler Type Legender's Type method to solve
(o)
Euler-Cauchy

5.3.1 Homogeneous equations of Euler type [Cauchy’s
type]

Formula:

x=é€
logx=z
xD=D’
ZD?*=D (D' -1)
CD=D (D -1) (D -2)

HDY =D (D -1) (D -2) (D' -3)

2
: 2y dy
Example 1: Solve x 12 X +y=0

Solution:

xzDZy—ny+y=0

> D*—xD+1)y=0 e ()



Ordinary Differential Equations 5.41

Put x=e
z=log x
2 D*=D" (D' -1)
xD=D’
[D'(D -~ 1)-D' +1]y=0

[D?-D' -D +1]y=0

[D%2-2D"+11y=0

The auxiliary equation is
Put D'=m

m*—2m+1=0

(m-1)(m-1)=0 /X\

m=1 m=1 Roots same

y=(Az+ B) e!?

y=(Alogx+B)x

sy=x(Alogx+B)

Example 2: Solve x%y” + 2xy’ +2y =0

Solution:

x2D2y+2ny+2y=O

(2 D*+2xD+2)y=0 *)
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x=é

z=logx
2D*=D (D' -1)

xD=D"

[D'(D'-1)+2D"+2]y=0
[D?—D'+2D' +2]y=0
[D?+D +2]y=0

The auxiliary equation is put D' =m

-b=x Vb2—4ac

m= 2a
a=1,b=1,c=2
—1+V1=4 () (2)
m=
2.1
—-1+x+v1-8
m=—-—-—
2
= 1EN=7
B 2
-1, .\7 Hint
m=7117
622:(62)2
oti
lB e_2Z=(€Z)2
-1 \7
2 2
1 _ -1
y=e *%[AcosBz+Bsinpz] Vx

T T
y=e_1/ZZ[A0087z+Bsin71
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7 N7
:(ez)_l/Z[A cosglogx+B smTIng}

x_l/Z[Acosglogx+Bsinglogx}

1 7 N7
\/;{Acos 3 log x + B sin > logx}

: Py, dy _
Example 3: Solve x P + i =0.
Solution:
Given: xD2y+Dy:0 (D

Multiply by x

x2D2y+ny=0

Put -2
z=logx
D =D (' -1)
xD=D’

x> D*>+xD] y=0

D' (D' —1)+D']y=0

[D?-D' +D']y=0
[D?y=0, m=0,0

y=[Az + B] eV

=[Alogx+ B] (x)°

y=Alogx+B
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2
) 2d°y L dy o2 1
Example 4: Solve x 2 +4x . +2y=x“+ 2

Solution:

2 D2y+4ny+2y=x2+i2
x

[x2D2+4xD+2]y=x2+§

Put x=¢e°

z=logz .
Put in (1
XD?=Dp (D' -1) W

xD=D’

[D' (D' — 1)+ 4D +2] y = (%)% + o

(D2 =D +4D +2] y= X+
eZZ

[D?+3D +2]y=eX+e %
y=CF+PI +Pl,
C.F:
Put D'=m
m?>+3m+2=0
m+1=0,m+2=0
m=—1my=-2
C.E=Ad" %+ Bd"m?

CF=A¢ “+Be %

. (D
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CF=Ae¢ 124 B %
=A[] L+ Bef] 2
A '+ B2

1 1

C.F=A|i;i|+B|:;i|

Pl=—s b a=2
D?+3D +2 D' by a

eZz

22432 +2

2z

e
P.Il = E

\S)

€)?
12

P.Il =

ik

Ph=—s——— ! e =
D?+3D +2
e

T2 +3(=2)+2

e 2z

T4-6+2

X
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Example 5: Solve (x2 D*+3xD + 4) y = cos (log x)

Solution:

Put x=é°
z=logx
2D*=D" (D' +1)
xD=D’

[D" (D' —1)+3D"+4] y=cos (z)
[D? D' +3D' +4] y=cos z
[D?+2D' +4] y=cos z

y=C.F+PlI
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C.F:
The Auxiliary is Put D" =m

m>+2m+4=0

—b+\b* - dac

m= 2a

a=1,b=2,c=4
—2+V4-4(1)4)
2 (1)

-2+vV4-16
2

—2+vV-12
2

—2+ivV12
2

—2+i2+3
2

_2[-1+£i\3]
- 2

m=—1+iV3

—otif -

T T
C.F=¢ 17[A cos V37 + B sin V37
=[¢°]" ' [A cos Y3z + B sin V3z]

=x 1A cos V3 log x + B sin V3z]

C.F:%[A cos \/3_logx+Bsin \/3_logx]
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P.Izzic
D= +2D" +4

_ COs z
—-1+2D"+4

_ cosz ><2D'—3
2D"+3 2D'-3

_ 2D’ (cosz)—3cosz
@2D)? - (3)°

_2(=singz)—3cosz
4D -9

_—23inz—3cosz
- 4(-1D-9

—2sinz—3cosz
—-4-9

—2sinz—3cosz
- 13

P.I:_[2 sin 7+ 3 cos z]
- 13

PI= % [2 sin log x + 3 cos log x]

y=C.F.+P.L

y=%[Ac0s*/§logx+Bsin\/§logx]

+%[25inlogx+3coslogx]

Example 6: Solve x? D2y —xDy +y=logx
Solution:
Given: x> D? y—xDy+y=logx

(xZDZ—xD+1)y=logx

08 2 Replace D? by (- a?)

. (D)
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Put =%
z=logx in (1)
AD*=D' D' -1)
xD=D"

DD -1)-D +1]y=z
[D?-D' -D'y=z
[D?-2D'+1]y=¢
y=C.F+PlI o (D
C.F: [D?-2D'+1]y=0
Put D'=m
m*—2m+1=0

(m-1)(m—-1)=0
RN

m=1,1 -1 N -1
CF=(Az+B)el? \ -2/
CF=(Alogx+B)x

1

P.Izziz
D*-2D +1
2D — D2
e

1
NN
1-@2D - D?

=[1-@D'-DH !z

=[1+@2D -D*+Q2D' -D*?*+ .1z
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=[z+ Q2D - D’2) Z]
=[z+2D' (2) - D’* (2)]
=z+2(1)

PI=z+2

PI=logx+2

y=CF.+PlL

y=([Alogx+B)+logx+2

Example 7: (x2 D*—xD + 4)y =x2 sin (log x)

Solution:

Given: (x2 D*>—xD+ 4)y= X% sin (log x)

Put =%
z=logx
*D*=D" (D'-1)
xD=D’ Put in (1)

[D' (D' —1)= D' +4] y= (%7 sin (2)
[D?-D' -D +4]y=e*sinz
[D?-2D" +4] y=e*sinz
y=C.F+PlI
C.F: [D?-2D' +4]y=0
Put D'=m
m>—2m+4=0

a=1,b==2c=4

. (D
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—b+\b? - dac

2a

m=

L _2:Vd-4() @

2.1 » 12
_2+V4-16 2 |6
2 303
2+N-12 1
)
223
T2
_2(1£iV3)
- 2
oa=1,B=3

C.F=e'[A cos 3z + B sinV3z]
C.F=x [A cos V3log x + B sin V3 log x]

1

-2D" +

PI

= : Replace D’ by D’ +2
= - sin z
(D' +2)2—2(D' +2) +4
2z

e
D24 A+4D 2D —4+4

sin z

e .
= 2 ap 1 a e
D*+2D" +4

&
C—142D +4
822

oD +3

sin z

sin z
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e . 2D -3
= Sin z X
2D +3 2D -3
2| 2D (sinz) —3sinz
D) -(3)°

ZZ_Zcosz—’J‘sinz_
4D -9
4(-1)-9

ZZ_Zcosz—’J‘sinz_
-4-9

2Z_ZCosz—3sinz_
-13

_(ez)z{Zcosz—3sinz}

- 13

2 cos log x — 3 sin log x]

P.I=(x)? [ =

y=C.F+PlI

y =x[A cos \/3710gx+B sin\/?logx]

- % [2 cos (log x) — 3 sin log x]

Example 8: (x2 D?*—xD + 2)y= x? log x

Solution:

Put =2
z=logx
*D*=D" (D'-1)
xD=D’

Put in (1)

(D' (D - 1)=D +2]y= (22



Ordinary Differential Equations 5.53

[D?2-2D +2]y=e% 7

[D?-2D +2]y=e*7

y=CF+PlI
CF: Put D'=m
m>—2m+2=0 2xV4-4(1) (2 2%2
B 2(1) )
— b+ \b? - dac _2%V4-8
m=——— = )
2a
a=1,b=-2,c=2 _2%N-4
T2
2+i\4
-2
C2[1i]
-2
o=1B=1

C.F=e'?[A cos 1z + B sin 1z]

=e*[A cos 7+ B sin 7]

C.F =x [A cos (log x) + B sin (log x)]

P.I:%ezz-z
D' -2D"+2

ex

:(D’+2)2—2(D’+2)+2

Replace D" by D" +2

e

= /2 /_ /_ Z
D*+4+4D"-2D" -4 +2
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ek
2 ’ z
D“+2D" +2
eZZ

=7
2+2D’+D’2

Eg (ww

_e_ZZ_ 2D+D'2
=G|

- 2

& (sz»z] (szz] ]
27 +...JZ

e,
)

[z—1]

232
= fog v 11= (2) llog x— 1]

y=C.F+PlI

y =x[A cos (log x) + B sin (log x)] + % (logx—1)

2

Example 9: Solve ¥ 14y _12logx
aet FdE oy . (D
Solution:

Multiply by ( +2)

2dy P dy_x12logx
X _2 4+
dx x dx 2

2
ZM+xﬂ=1210gx

X
d? dx o)
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x=é

z=logx
2D*=D (D' -1)
xD=D’

[x* D? +xD] y=12 log x
D' (D' -1)+D']y=12z
[D?-D' +D]y=12;z
[D?y=12z
y=C.F+Pl
CF: [D?y=0

Put D’

[
3

m=0,m=0
Roots are equal
C.F=[Az+B] &%
=[A log x + B] [¢*]°
=[A log x + B] (x)O

CF=Alogx+B

1
Pl=—712z
D”?

127
- D;2

=%J.zdz
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_12] 2
-2 2

Z%ijzdz

6Izzdz

Il
N
W[,

P.I=27
_ 3
P.I=2 (log x)

y=C.F+PlI

y:Alogx+B+2(logx)3

Example 10: Reduce the equation (x2 D?+xD + 1) y =0 into
the ordinary differential equation.

Solution:

Given: ()c2 D*+xD+ Hy=0

x=é
logx=z

xD=D’

2 D*=D (D' -1)

D' (D -1 +D +1]y=0
(D?-D' +D +1]y=0

(D?+1)y=0
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Example 11: Reduce the equation x? y”+3xy’+3y=x into
ordinary differential equation.

Solution:

x=¢€

logx=z
xD=D’

C2D*=D (D' -1)

X2y +3xy +3y=x

2
2d°y dy B
X +3x—dx+3y—x

(x2D2+3xD+3)y=x
D' (D'—1)+3D"+3)y=¢"

(D?—D' +3D' +3) y=¢°

D?+2D +3)y=¢

in (1
Example 12: Transform: (x2 D2—3xD) y=w into a

ordinary differential equations.

Solution:

x=e
logx=z
xD=D’

C2D*=D (D' -1)
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in (1
> D*-3xD)y SRS (;g %)
(D' (D = 1) 3D z = S0 @)
e
e
(D*-4D")z=¢"%sinz D4

Example 13: Solve: (x2 D*+4xD + 2)y =6x.
Solution:

Given: (x> D?+4xD +2)y=06x

x=é
logx=z
xD=D’

2D*=D' (D' -1)

[D' (D' —1)+4D" +2] z = 6¢°
[D2 =D +4D +2] z=6¢°
[D? + 3D +2] 7= 66
The solution is y=C.F+P.I

To find: C.F

The Auxiliary equation is

D'=m

m*+3m+2=0

m=-1,-2 (real and unequal)
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CF=Ae¢ *+Be &

=A@ 1+ BeHy 2

—Ax 14+ By 2

cr=4,8
X 52

vé
D'“+3D" +2

__ 6
()2 +3(1)+2

__ 6ef
1+3+2

_6e°
T 6
PIl=¢°
Pl=x

The solution is y=C.F+P.I

y=A/x+B/x2+x

Example 14: Solve: (x2 D*-3xD - 5) y =sin (log x)

Solution:

Given: (x* D?-3xD—5)y=sin (log x)

x=¢€

logx=z

xD=D’

2D*=Dp (D' -1)

D'—>1
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(D' (D'-=1)-3D"-5)y=sinz
(D'?—4D' —5)y=sinz

z=C.F+P.lI
To find: C.F
The Auxiliary equation D" =m
m>—4m—-5=0
m=35, —1 (real and unequal)
C.F=Ae>+Be *
PI= . sin Z,
D“—4D" -5
_ sin z
(—1)—4D' =5
__sing
—-4D" -6
sin z —4D' +6

= X
—4D' -6 —4D'+6
_sinz (=4D’ +6)
16D - 36

— 4D’ (sinz) + 6 sin z
16 (—1)-36

_—4(cosz)+4sinz
 —16-36

P.I=—4cosz+4s1nz
-52

The solution is

y=C.F+PlI

—Ae>+Be *+
-52

B + dcoslogx 4 sinlog x
x 52 52

—4 cos 10gx+4sinlogx]

y=Ax5+
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Example 15: Solve (x2 D*-12xD - 4y= x*+2 log x.
Solution:

Given: (x>D?—12xD—4y=x>+2logx

x=é°
logx=z
xD=D’
2D*=D" (D'-1)
(D' (D' -1)— 12D —4) 7= (%)% + 22

(D?—13D' —4) z=e%+22
y=CF.+PL,+Pl,

To find: C.F
The Auxiliary equation D" =m

m?—13m—-4=0

13+V(13)2—4(1) (- 4)
m= 2

13+V169 + 16
2

_13+4185
-T2

13 ++v185 13-+185 (real and unequal)

mETTy T
(13+W]
P Z

Z

[13—@]
2

CF=Ae + Be

ex

Pl =— ¢
Y p2_13pr-4

D' -2
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_ 822
4-26-4
_ eZz
T -26
2z
— e
Pl=—¢
27
Pl,=———
2T p?_13p%—4
— 413D +D’?
S S
—4
_ 2z
130 D2
—4_1+( R |
- / 72
4l [ D
4 4
-1
1 13D D’?
=2 [1+[ 1 1 ﬂk
2
130" D2
+ " 2z

Omitting higher order

4 4 4

[+(2-2)
D
|

~1 13D’ D
=— [ 27 — (22) + (22)
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_13 z
PI=%-3

z=CF+PI +Pl,

oy
=Ae +B % t% 2
(B ) (5 N 2 1 s
y=Ae + Be —2—6+—— 5
6(13+\/185J (13—@] >
y=A 2 + Be 2 —;—6+§—IO§X
2

Example 16: Solve: [x2 D?—xD + 1]y= [ lof d ]

Solution:

<

2
Given: (x2 D’ —xD+ l)yz(lofx]
=e

by
logx=z
xD=D"

2D*=D (D' -1)

2
(D'(D'—l)—D'+1)z=(%] 1
e / \
X
(D’2—D’—D'+1)z:ZTZZ Aoy
e \2/

(D/2_2DI+ 1)Z=Z2 . e—ZZ
The solution is z=C.F+P.I

To find: C.F

The Auxiliary equation D’ =m
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m*—2m+1=0

m=1,1 (real and equal)
C.F=(Az+B)el?

ZZ Lo &

D2 2D +1

22 e 2z

PI=

PI=—"Y—
(D'=1) Replace D’ by D’ —2

Omitting higher powers

-2z
_e " 2 4 2
=9 [Z+3+3}

7= 2
:—(e; [32% + 4z + 2]

-2
=x2—7[3(10gx)2+410gx+2]

y=C.F.+P..

1

- [3 (log x) + 4 (log x) + 2]

Y=(Alogx+ B)x +
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Example 17: Solve (x2 D*-2xD - 4)y=logx+m

Solution:
Given: (x> D?>-2xD—-4) y=logx+m
x=é
logx=z
xD=D’

2D*=D D' -1)

(D' (D -1)=2D —4)z=z+T
(D?-D' -2D —4)7=z7+T1
(D?-3D - 4)z=z+m "
Auxiliary equation (D" =m)
m>—3m—4=0
m+1)(m—-4)=0
m=-—1,4
CF=Ae %+ Be¥
CF=Ax'+Bx*

1

Pl=——
Y Y,

]
Pl = = z
174 1—(D’2—3D’ }

__1[, _(p?-sp )]
T4 4 ¢
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R O RN e et S
Y I BV B A RRATS

1
=~ 16 (4z-3)

P, :%16 (4logx—3)

PI, = 2; e

(D’ -3D - 4)

0z
= T (D’ = 0)
0-0-4)
0z

— Tle -7

P.12 =" ~ T

The solution is

y=CF+PI +Pl],

A lipd_ L _3_ T
y=Ax " +Bx 16(410gx 3) 4

5.4 LEGENDRE’S LINEAR DIFFERENTIAL EQUATION
General equation of the form

1 - 1 y

dx* =1

where K’s are constants Q is a function of x is called Legendre’s

n
(ax + b)" % + K, (ax+b)"
X

Linear differential equations.

Substitution to make Legender into differential equation with
constant coefficients.

(ax +b)=¢*
z=1log (ax + b)
(ax +b)?*D*=a®>D’ (D' -1)
(ax + b) D =aD’
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Note

Legender’s linear differential equations can be reduced to
Euler-Cauchy type by putting ax+b =t.
2dy dy .
Example 1: Convert (3x +2) 5t 3@Bx+2)——-36y=0 into
dx dx
a linear ODE.

Solution:

Given: (3x+2)2D?y+3 (3x+2)Dy—36y=0

[(Bx+2)2D*+3(Bx+2)D—-36]y=0

Put Ix+2=¢°
z=log (3x +2)
BGx+2?D*=3*D (D' -1)
=9 (D*-D)
(3x+2)D =3D’

[9D’> = 9D’ +3 (3D')—36] y=0
[9D? = 9D’ + 9D’ —36] y=0
[9D? - 36]y=0

Example 2: Transform into linear differential equation with
constant co-efficients (2x + 3)2 D? y—(2x+3)Dy — 12y =6x

Solution:

(2x+3)>D*>—(2x+3)D—12] y=6x

Put 12y +3=¢*
z=log 2x+3)
(2x+3)?D*=2*D' (D' -1)
=4[D?-D]
(2x+3)D =2D’
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2x+ 3 =¢°

2x=¢*—-3
et —

2
[4 [D’Z—D’]—ZD’—IZ]y=6[eZ_3}

X =

2

[4D? — 4D’ = 2D’ — 12] y=3 [* - 3]
[4D? - 6D’ = 12] y=3¢*—9

2
Example 3: Solve (x +2)2 d—g e+ Dy =344
dx dx

Solution:
[(x+22D*—(x+2)D+1] y=3x+4

Put x+2=¢€
z=log (x+2)
x+2?D*=12D' (D' -1)
=D12_Dl
(x+2)D=1D’

x+2=¢

x=e-2
[D?-D' —-D' +1]y=3(£-2)+4

[D? —2D" + 1]y =36~ 6+4 S \
X

[D2 - 2D + 1]y =3¢ — 2% SRS
y=CF+PI -Pl, \2/
CF: [D?-2D'+1]y=0
The Auxiliary equation is
D'=m
m*-2m+1=0
m-1)(m-1)=0

m=1,1
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Roots are real and equal
CF=[Az+B] ¢
CF=[Alog(x+2)+B] (x+2)

1

v e
D?-2D +1

P.Il =

3e*

-2
=21 +1 Replace D’ by 1
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Pl,=2

y:C.F+P.Il +P.12
=[Alog (x+2) + B] (x+2)+%[(log ()c+2)]2 x+2)+2

Example 4: Solve
[(x+1)>D*+(x+1)D + 1]y =4 cos [log (x + 1]
Solution:

Given: [(x+1)>D?*+(x+1)D+1]y=4cos [log (x+ 1)]

Put x+1)=¢€
z=log (x+1)
x+1)*D*=12D" (D'-1)

x+1D)D=1D

x+1=¢°
x=ée-1
4 cos [log (x+ 1)] =4 cos [z]
[D'(D'—1)+D' +1]y=4cosz
[D?—D'+D' +1]y=4cosz
[D?+1]y=4cos z (Type 1I)
y=C.F+PlI
The Auxiliary equation is
D'=m
[m?+1]=0

m>+1=0
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m?=—1
=~-1
m==x1i
m=0=x1i
oa=0,p=1
C.F=eY [A cos Bz + B sin pz]

C.F=¢e%[A cos z+ B sinz]

PI= 4 cos z

4
= 5 COS Z
D<-+1

:4cosz
—-1+1

_4cosz
0

Replace D? by — (a2)

_ 74 cos z
2D’

PI=2zsinz

P.I=21log [x+ 1] sin [log (x + 1)]

Replace D’ by (1)

y =A cos (log (x + 1)) + B sin (log (x + 1))]
+ 2 log (x + 1) sin (log (x + 1))]
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Example 5: Solve (2x + 7)2 Dzy —6(2x+7)Dy+8y=8x

Solution:

Put 2x+T7=¢"
z=log (2x+7)

x+7)?D*=2*D' (D' -1)

@x+7)D=2D’

(2x+7)?>D*y—6(2x+7) Dy +8y=8x

e -7
[4D’ (D — 1)—6(2D')+8]y=8{ 5 }
[4D? — 4D — 12D + 8] y =4 [&* —T]
[4D% - 16D’ + 8] y = 4% — 28"
C.F:
The Auxiliary equation put D'=m
4m? —16m+8=0

a=4;b=-16; c=8

(16 V(16 -4 @) (8)
" 2(4)

16256 128
- 8

164128
I

1664 %2
R
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1682
-8

_82%1\2)
-8

m=2+\2

CF=Ad2T 1274 p@-2):
CF=A ()2 1 g (92D
CF=AQx+72" 2 4 p2x+7)2-VD)

4et

PL=— ¢
Y ap?_ 16D + 8

B 4¢*
T 4(1)-16(1)+8

“12-16

PI=—(2x+7)

-2 0z
Pl=—
4D* - 16D’ + 8
_—28(1)
-8
7

P.Izz%

)= A+ DD B+ D 247 -]
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Example 6: Solve
Gx+2*D*y+3(Bx+2) Dy —36y =32 +4x + 1

Solution:

=2
3

e =3x+2 = x=

z=log 3x+2)
Bx+2)D=3D’

(Gx+2)?2D*=3*D’' (D' -1)

(B3x+2)?>D? y+3 (3x+2) Dy — 36y =3x> + 4x + 1

[9D" (D' —1)+3 (3) D’ —=36] y=3x>+4x+ 1

2
zZ_ z_
[9D’2—9D’+9D'—36]y=3[e32]+4(e 2)+1

+1

Z__ 72 z
[9D’2—36]y=3((e 2) j+4e 8

9 3

_(€=2? 4e-8
3 3

+1

_(ez)2+4—4ez+4ez—8
a 3

+1

e _1

3 3
y:CF+PII+P12 (1)

[9D"> - 36]y =

3x+2=¢°

3x=¢°

-2
t—-2

3

e

X =
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C.F: The Auxiliary equation put D"=m
9m? —36=0
9m? = 36

2_36
9

m =

m* =4
m= 12
Roots are real and unequal
CF=Ae*+Be %
=A (&) + B ()2

=ABx+2)>%+B@x+2) 2

2
9D - 36 Replace D’? by 4

ZeZz

- 108

_log 3x+2) (3x+2)
- 108

P
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e_Oz
3
PlL=— >
27 9p2_36
-1
_ 3
0-36
1
36 % 3
1
Pl =10g

+ log (3x +2) (3x + 2)2 1

108 t 108

D)= AGBx+2)*+B@x+2)"2

5,5 SYSTEM OF SIMULTANEOUS LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT CO-EFFICIENTS

5.5.5 Simultaneous linear equations

Linear differential equations in which there are two or more
dependent variables and a single independent variable. Such
equations are known as simultaneous linear equations.

Here, we shall deal with systems of linear equations with
constant coefficients only. Such a system of equations is solved by
eliminating all but one of the dependent variables and then solving
the resulting equations as before. Each of the dependent variables
is obtained in a similar manner.

Consider the simultaneous equation in two dependent variables
x and y and one independent variable ¢.

J1(D)x+g; (D) y=hy (1) (D

fo (D) x+gy (D) y=hy (1) . (2)

where f},f>, g; and g, are polynomials in the operator D, [D = —}
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The number of independent arbitrary constants appearing in
the general solution of the system of differential equation (1) & (2)
is equal to the degree of D in the coefficient determinant

J1(D) g (D)
F (D) g D)

Note: If A=0, then the system is dependent.

provided A#0

5.5.2 Problems of simultaneous linear equations

. ax _ o 0=0.%Y 4o
Example 1: Solve 7 y=0=0, it +x=0

Solution:
Given: Dx—y=0
Dy+x=0
Dx—y=0 . (D)
x+Dy=0 (2
X y
A=|D -1
1 D
A=D>—(-1)

A=D*+1, A#0
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CF: (D*+1)y=0
Put D=m
The Auxiliary equation is

m*+1=0

oa=0,p=1
C.F=e""[A cos Bt + B sin Bt]
= [A cos 1t + B sin 1¢]

CF=Acost+Bsint

PI=0

y=Acost+Bsint

Dy=A (—sint)+ Bcost
2)= x+Dy=0
x=—Dy

x=—[—Asint+ B cost]

x=Asint—B cost

dx t e _,

Example 2: Solve it +y=¢€,x— dt

Solution:

Given: Dx+y=¢

x—Dy=t

. (D
. )
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Xy
A=|D 1
1 -D
=-D*-1

A=—(D*+1),A#0

x R
Ay=|D ¢
1 ¢
=D(@)-¢
Ay=1-¢

—D*+1)y=1-¢
X by (= 1) above
D>+ 1)=¢ -1

y=C.F+P.Il+P.12

CF: (D*+1)y=0

Put D=m
m*+1=0
mr=—1
m=0z%i
a=0,B=1

C.F=¢"[A cos ¢+ Bsin ]
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CF=Acost+Bsint

Pl = ¢’ Replace D by 1
D2
12+1
2
e
PI =5

1 (V)3
e
D*+1

PIZ =

eOt
= 0+1 Replace D by 0

(x)= Ply=1

t

y:Acost+Bsint+%—1

y=Acost+B sint+let—1

2

DyzA(—sint)+Bcost+le[—O

2
2)= x—Dy=t
x=t+Dy
o
x=t+(—Asint)+BCOSt+§
o
x=—Asint+Bcost+E+t
. e . dy 2
Example 3: Solve dr y=t; dt +x =t
Solution:
Given: Dx—y=t . (D
_ 2
x+Dy=t )
X Yy
A=|D -1
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-~ X

Ay=

- O =
)

t
Ay=D ) -t
=2t—t
Ay=t
(D*+1)y=1
y=C.F+Pl
CF: (D*+1)y=0
CF=Acost+Bsint

1
D*+1

P.I= t

1
1+ D?

t

=(1+D¥ 1t

2_ .3

1 +x)_1=1—x+x -x"+...

=[1-D*+ (D>t

=1-D* (1)

y=Acost+Bsint+t¢

Dy=A(—sinf)+Bcost+1

Dy=—Asint+Bcost+1
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2=
x=t2—Dy

xztz—[—Asint+Bcost+l]

x=t*+Asint—Bcost—1

x=Asint—Bcost+1>—1
Hence the desired solutions are
x=Asint—Bcost+1>—1
y=Acost+Bsint+t

Given:

x (0)=2

x()=A sinf—Bcost+12—1
Put t=0
x(0)=Asin0—Bcos0+0%—1

2=A0)-B(1)+0-1

2=0-B-1
-B-1=2
-B=2+1
-B=3
B=-3

y({)=Acost+Bsint+t
Put t=0
y(0)=Acos0+Bsin0+0

2=A(1)+B(0)+0

. D
.. (ID
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A=2

I = x(t)=2sint+3cost+t2—1

I= y@=2cost—3sint+¢

Example 4: Solve %+2y=—sint,d—¥—2x=cost given x=1
and y=0 at ¢t=0.
Solution:
Given: Dx+2y=-sint .. (D)
—2x+ Dy=cost .. 2)
Xy
A=| D 2
-2 D
=D> - (-4
A=D?>+4
A#Q
A=D?>+4
X R
Ay=| D —sint
-2 cost

=D (cost)—(2sin¥)
Ay=—1sint—2sint
Ay=-3sint
(D> +4)y=—3sint
y=C.F+PlI

CF: (D*+4)y=0
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m=0zx2j
a=0,=2
C.F=e%[A cos Bt + B sin Br]
e [A cos 2t + B sin 2¢]

C.F=A cos 2t + B sin 2t

PI= > sin ¢
D" +4
=— sin ¢
-1+4
—_—35int
3
PI=-sint a=1, —a*=-1

y=A cos 2t + B sin 2t —sin ¢

Dy=A (—2sin 2f) + B (2 cos 2t) — cos t
Dy =—2Asin 2t +2B cos 2t — cos t
2)=> —2x+ Dy=cost
—2x=cost— Dy
X by (—1) above
2x=Dy—cost

2x = (—2A sin 2t + 2B cos 2t — cos t — cos )
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2x=—2Asin2t+2B cos 2t — 2 cos t

2 [ A sin 2t + B cos 2t — cos ]
x= 2

Xx (t)=—A sin 2t + B cos 2t — cos t

Conditions, x=1, y=0 at t=0
The desired solutions are,
x(t)=—Asin2t+ B cos 2t —cos t o (D
vy (f) =A cos 2t + B sin 2t —sin ¢ .. (1D
(I) = Putr=0, in I
x(0)=—Asin2(0)+ Bcos?2(0)—cosO
I1=—A0)+B(1)-1
1=0+B-1
B-1=1
B=1+1 =B=2
(II) = Put t=0, in II

y(0)=Acos2 (0)+Bsin2 (0)—sin0
0=A1)+B(0)-0

0=A
I= x(@#=2cos2t—cost
I= y(@{)=2sin2t—sint
Try these
ax o in oy Do
1. dt+2y—sm2t, it 2x = cos 2t

X o5t W5 syt
2. dt+2y_56’ ; 2x=">5e
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Example 5: Solve the simultaneous equations

4% v —3=56% 34250

dt *dt
Solution:
Given: Dx+2x—3y=>5¢
(D +2) x—3y=5t
Dy—-3x+2y=0
-3x+Dy+2y=0
-3x+(D+2)y=0
X y
A=|D+2 -3
-3 D+2
=(D+2)~ )
=D*+4+4D -9
A=D?>+4D -5
A#0

x R
Ay=|D+2 5¢
-3 0

=(D+2) (0) - 15¢

Ay=0-15¢

[D*>+4D - 5]y =—15¢

Example 6: %—7x+y=0,d—{—2x—5y=0

Solution:

Given: Dx—-T7x+y=0

. (D

o)
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D-Tx+y=0 . (1)

Dy —-2x—-5y=0

-2x+(D-5)y=0 )
x y
A=| (D=7 1
-2 (D-5)

—(D-T7)(D-5)+2
=D?-5D+35+2

A=D?*-12D +37

A#0
x R
Ayz D-7 0
-2 0

=D-70-(=2(0)
Ay=0
Ay=0
[D*- 12D +37] y=0

Lodx dy o oo 0
Example 7: dt+dt+3x_smt’ t+y x=cost

Solution:

Given: Dx+Dy+3x=sint
(D+3)x+Dy=sint o (D
Dx+y—x=cost

(D-1)x+y=cost o))
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x oy
A=|(D+3) D
D-1) 1

=(D+3)-D[D-1)
=D+3-D*+D
=—D?+2D+3

A=—D?*+2D+3,A#0

X R
Ay=|D+3 sint
D—-1 cost

=[(D+3) (cos )] — [(D — 1) (sin 1)]
=—sint+3 cost— [cos f—sin ]
=—sinz+3cost—cost+sint
Ay=2cost
(-D*+2D+3)y=2cost
X by (-1)
(D*>-2D-3)y=—2cost

5.6 METHOD OF VARIATION OF PARAMETERS

This method is very useful in finding general solution of the
second order linear differential equations

where R is a function of x
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The general solution is given by
y=CF+PlI

C.F=Af, +Bf,

P.I=Pf1+Qf2
P:—jfz—‘fdx

Q:J.de

w

Here w is called the wronskian and w is defined by

_|ﬁ ﬁ'
W= .
| /o]

w=fif2-ff"1

5.6.1 Problems on method of variation of parameter

Example 1: Find the wronskian for the problem (D2 +1)y=nx.
Solution:
Given: (D2 +1)y=x
The auxiliary equation is put D=m
m*+1=0
m?=—1
m==x1i
oa=0,B=1
C.F=¢% [A cos Bx + B sin Bx]

=e" [A cos 1x + B sin 1x]
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CF=Acosx+Bsinx
C.F=Af1 +Bf2

fi=cosx fo=sinx

f/i=—sinx f’5=cosx

‘Wronskian,
e fi 11
f
cosx —sinx
w=| .
sin x CoS X ’

= cos? x + sinZ x

w=1

WKT cos? 0 +sin>0=1

Example 2: Find the wronskian of (D2 —4D +4)y= X

Solution:
Given: (D*—4D+4)y=e*

C.F: The auxiliary equation is

Put D=m
m>—4m+4=0 4
m-2)(m-2)=0 ) i )
m1=2,m2=2
\_4/

Roots are real and equal
. CF=(Ax+B) ™

= (Ax+B) ™
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C.F =Axe* + Be*
C.F =Af1 + Bf2

fi=xe fr=e*
fi=xe™
1= () +x (267
£’ =e* +2xe*

f2 — er f/2 — 262)C

Wronskian
I i 'l
A

| x4 2xe
- e2x 2€2x
=2x ™ 2 — ¢ [* + 2xe™]
=2x (€2x)2 _ (er)Z —2x (er)Z
(2
w=—e¥

Example 3: Find the wronskian of y” + 3y’ + 2y =x2

Solution:
Given: (D2 +3D+2)y= X2
C.F: The auxiliary equation is

D=m
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m?+3m+2=0

2
(m+1)(m+2)=0 1//x\\2
+
=—1,my=-2

Roots are real and distinct

CF=Ad"1"+Bd""

CF=Ae ¥+ Be %
C.F:Afl +Bf2

flze_x f2=e—2x

fllz_e—x fr2=_2e—2x

Wronskian
e i [
f 1"
e —e_x‘
| g
— 20 W 2 [(m o L (i 29
=—2¢ ¥yl
=—le ¥
w=_e—3x

Practice problem

I. Find the wronksian of the following
1. (D*+4)y=cosec 4x
2. (D*+6%) y=cot6x

3. (D*+3%) y=sec3x
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Formulae
2
X
xdx="—"—+c
Jrar=%
3
Fdi=%+c
3
xn+1
Ix”dx: +c
n+1
Icosxdxzsinx+c
Jsinxdxz—cosx+c
sin ax
Icosaxdx=—+c
. —cos bx
J.s1nbxdx=T+c

sin@+cos? 0 =1

d , .
Ir (sin x) = cos x

d (cos x) =—sinx
e =

J tan x dx = log (sec x)

log (sec ax)

Jtanaxdx=
a

'[ sec x dx = log [sec x + tanx]

log [sec ax + tan ax]
a

J.secaxdxz

J. cosec ax dx = log [cosec x — cot x]

_[ cot x dx = log (sin x)

log (sin ax)

Jcotaxdxz
a
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Sin ax

sec ax = tanax=—"—
COS ax COS ax

1 COSs ax

COSeC ax = —; cotax=——"—
Sin ax sin ax

Example 4: Solve (D2 +a2) y=cosecax by the method of
variation of parameters.

Solution:

Given: (D2 + a2) Yy = COSec ax

y=C.F+PlI .. (1)
C.F: The auxiliary equation is
Put D=m
m?+a?=0
m?=—a?
Nm? =+-d?
m=xtia
m=0=ia
m=oztif
a=0,B=a
C.F=e% [A cos Bx + B sin Bx]
=" [A cos ax + B sin ax]
C.F=A cos ax + B sin ax .. (2)
CF =Af1 +Bf2
fi=cosax fr=sinax

f/1=—asinax f’>=acosax
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Wronskian
A
h [
_ | cosax —asinax
~ | sinax  acosax
= a cos? (ax) +a sin? (ax)
=a [cos2 (ax) + sin? (ax)]
=al[l]
w=a
PI1=Pf| +0f
R
o jfz_
w

w=a, f, =sinax R=cosec ax

J‘sinaxXcosec ax
=— dx
a
z—lj.sinax .1 dx { COSEC aX = —
a sin ax sin ax
-1
- Ja
-1
P=—x+c
a
hHR
Q=,[7

w=a, fj =cos ax, R=cosecax

COS ax X cosec ax
= p dx




5.96 Matrices and Calculus

__J.CO dx
sm ax

_1 J‘ cos ax , ( COS ax J
————=cotax
sin ax sin ax
= % J. cot ax dx
_ 1 log (sin ax)
0= a a
— 1 1
P.I=—xcosax+w2nax)sinax
a a e (@)
y=CF+PlI
) X log (sin ax) sin ax
y=Ac0sax+Bsmax—Ecosax+ >
a

Try solve: (D2 + 22) y =cosec 2x
Hint: In the above Replace ‘a’ by 2’

Example 5: Solve (D2+a2) y=tanax by the method of
variation of parameters.

Solution:
Given: (D2 + az) y=tanax
y=CF+Pl . (D)
C.F: The auxiliary equation is

Put D=m
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m=0=%ia
m=oztif
a=0,B=a

C.F=¢% [A cos Bx + B sin x]
= " [A cos ax + B sin ax]

C.F=A cos ax+ B sin ax

. (2
CF=Af| +Bf
fi=cosax fr=sinax
fli=—asinax f’y=acosax
Wronskian
LN VAT
f 1
_ | cos ax —a sin ax
sinax  acosax
= a cos? (ax) +a sin? (ax)
=a [cos2 (ax) + sin? (ax)]
=all]
w=a
PI=Ff + 0f L0



5.98 Matrices and Calculus

w=a, f,=—sinax R=tanax

sin ax
=—JT><tanaxdx

_—_IJ‘sinzax
a J cosax
. "sin?@=1-cos? 0

—1 ¢1-cos?ax

=—|—dx
a COS ax

-1 2
:_{J‘ 1 dx_J‘cos axdx}
a oS ax oS ax

=_71[J-secaxdx—_"cosaxdx}

=Ss€c ax
COS ax

log (sec ax + tan ax)
a

Isec ax dx =

-1 _
P =—[log (sec ax + tan ax) — sin ax]
a

hiR
Q—J‘ ” dx
fi=cosax R=tanax,w=a

COoSs ax X tan ax

o [esaxtmar

a

1 sin ax . sin ax
=— | cosax dx| " tanax=——
a cos ax cos ax
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-1
P.I=—-{[log (sec ax + tanax) — sin ax] cos ax
a

_—2 [cos ax] sin ax
a . (@)

y=C.F+PlI
2+@
Try: Solve (D2+32) y=tan3x in the above Replace ‘a’ by ‘3’

Example 6: Solve (D2 +a2) y=secax using the method of
variation of parameters.

Solution:

Given: (D2 + a2) y=sec ax

The auxiliary equation is m>+a*=0
= m?=—a*
= m==xai

C.F =Cj cos ax + C, sin ax

f1=cos ax Jf>=sinax X =sec ax

fi’=—asinax ' =acosax

fifs' =f fr=acos’ ax+asin® ax=a
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Jflfz - fz

_ J‘ sin ax sec ax

dxz—ljtanaxdx
a a

_ 1 — log (cos ax)
a a

} log [cos ax]
a?

['.'J.tanaxdleog secax:—logcosax}

If1f2 -fi fz

COS ax sec ax
=|——dx

a
1 1
—a'[dx—ax
P-1=Pfi +0f,

1 X .
=— log [cos ax] cos ax + — sin ax
a* a

y=CF+PlI

=Cjcosax+ Cysinax +— I log [cos ax] cosax+§ sin ax
a®
Example 7: Use the method of variation of parameters to solve
(D2 +1)y=secx.

Solution:

Hint: In the above Example put a=1, we get

y=Cj cos x+ C, sin x + cos x log (cos x) +x sin x
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Example 8: Solve (D2 +4) y =sec 2x by the method of variation
of parameters.

Solution:

Hint: In the above Example put a =2, we get

1

1 log [cos 2x] cos 2x + 1 x sin 2x

y=Cjcos2x+ Cysin 2x + >

Example 9: Apply the method of variation of parameters to
solve (D2 +4)y = cot 2x

Solution:

Given: (D?+4)y=cot 2x
The auxiliary equation is m+4=0; m=+2i
CF=e™[C| cos 2x + C, sin 2x]
CF=C| cos 2x + Cy sin 2x
Here, f; =cos2x, fr=sin2x X =cot 2x
fi'=—2sin2x, ' =2cos 2x
f1 = fi” =2 cos 2x cos 2x — sin 2x (— 2 sin 2x)

=2 [cos2 2x + sin? 2x]=2

P-1=Pfi+0f
X .
- {2 : dx:_oosm2xcot2xdx
LB =1 f 2
11 . cos 2x 1
——2J.s1n2x(sin2x]dx——z.[cosbcdx
_ 1| sin2x
2 2
:—lsian

4
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J‘ cos 2x cot 2x
2

jflf2 -1 fz

1 cos? 2x 1 1 —sin? 2x
J sin 2x sin 2x dx

1 .
=3 _[ (cosec 2x — sin 2x) dx

[\

1 { log (cosec 2x — cot 2x)  cos 2x }
=2 2 T2

% [log (cosec 2x — cot 2x) + cos 2x]

P-1=Pf,+0f

dx

== sin 2x cos 2x + - 1 [log (cosec 2x — cot 2x) + cos 2x] sin 2x

[log (cosec 2x — cot 2x)] sin 2x

-l>|>—‘

y=C-F+P-1

=Cj cos 2x + C, sin 2x + i [log (cosec 2x — cot 2x)] sin 2x

Example 10: Solve (D*+a*)y=cotax by the method of

variation of parameters.

Solution:

Hint: f,f,' -fi'fa=a

P=- % sin ax, Q = LZ [log [cosec ax — cot ax] + cos ax]
a a

1
y = Cj cos ax + C, sin ax + — log [cosec ax — cot ax] sin ax
a?
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5.7 METHOD OF UNDETERMINED COEFFICIENTS

In the given equation f(D)=2X, to find the P.I, we assume a
trial solution containing unknown constants which are determined
by substitution in the equation.

The trial solution in each case depends on the form of X.

S.No. Function X Choice of P.I
L. KeP* Cel™
2. K (ax +b) Cy sin (ax + b) + C; cos (ax + b)
(or) K cos (ax+ b)
3. KeP* sin (ax + b) C € sin (ax + b)
(or) KeP* cos (ax + b) + C, €’ cos (ax + b)
4. Kx™ where Co+Cix+Cyx®+ ... +C, x"
m=0,1,2, ...

Case (a): Straight case
If the R.H.S function X is not a member of the solution set,

then choose P.I Op) from the above table depending on the nature
of X.

Case (b): Sum case

When the R.H.S. X is a combination (sum) of the functions
in column 2 of the table, then P.I. is chosen as a combination of
the corresponding functions in third column and proceed as in
straight case (a).

Note: Here also as in case (a), the terms of R.H.S. X are not
members of the solution set S.

Case (c): Modified case

When any term of X is a member of the solution set S, then
the method fails if we choose Yp from the table. In such cases, the

choice from the table should be modified as follows:
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1. If a term u of X is also a term of the complementary
function (i.e., u € S = solution set) then the choice from
the table corresponding to u should be multiplied by
(a) x if u corresponds to a simple root of C.F.

(b) 2ifu corresponds to a double root of C.F.

Case (a): Straight case
Example 1: Solve (D2 3D +2y)y =6e™*
Solution:
Given: y”—3y +2y=6e>" v (D)
The auxiliary equation is m>=3m+2=0
= m=1,m=2
(C.F) Ye=Ae* + B @
Here, the solution set S={ ¢, e* }

R.H.S of (1) is not a member of S.

So, choose (P.I) Yp = Ce™ .. 3
y'p =3Ce>
y//b — 9Ce3x

(1) = 9Ce™ — 9Ce> +2Ce = 6~
= 2Ce>* = 6"
= 2C=6
= C=3
(3) =y, =3¢
The general solution is
Y=Yt p

= y=Ae* + Be> + 3¢
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Example 2: Solve: (D2 -2D+3)y= x> +cos x
Solution:
y”—2y’+3y=x3+cosx . (D
The auxiliary equation is m?—2m+3=0
= m=1+\2i

(C.F) y.=€"[A cos V2x + B sin V2x] e

Here, the solution set S={ &' cos V2x, € sin V2x }

R.H.S of (1) is not a member of S.

So, choose (P.I)
yp=C0+C1x+C2x2+C3x3+C4sinx+C5cosx . (3
Case (c¢): Modified case

d> y
Example 3: Solve: — + 9y =cos 3x
dx
Solution:
Given: y” +9y=cos 3x . (D
The auxiliary equation is m>+9=0
= m==x3i
(C.F) y.=A cos 3x + B sin 3x o)

Here, the solution set S = { cos 3x, sin 3x }
Normally we choose (P.I) y, = Cj sin3x + C, cos 3x

R.H.S of (1) is a member of S.
The corresponding terms should be multiplied by x

yp =x [Cy sin 3x + C; cos 3x]

. (3
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TWO MARKS QUESTIONS AND ANSWERS

dy _gdy o
1. Solve dxz—de+6y—0

Solution:

Given: D2y—5Dy+6y:0
(D*-5D+6)y=0

P2
2

_d_
dx _D’dx_D

The Auxiliary Equation is

Put D=P
P?-5P+6=0
Py=2,P,=3 (Roots different)

y=C.F=Ael1* 4+ B2~
y:Ae2x+Be3x

2. Solve (D*+6D+9)y=0

Solution:
Given: (D2 +6D+9)y=0

The Auxiliary Equation is

Put D=P
2 —
P +6p+9=0
P=-3,P=-3 (Roots same)

y=C.F=(Ax+B) e I*

y=(Ax+B)e ¥
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3. Solve y” +2y'+y=0

Solution:
y// — @ y/ — @
A2’ dx
Py . dy

d—x2+2dx+y:0

D2y+2Dy+y=0
(D*+2D+1)y=0
The Auxiliary equation is
Put D=P
P2+2P+1=0
Pi=-=1,Py=-1

y=C.F=(Ax+B) &*

y=Ax+B)e ¥

4. Solve: (D*—6D+13)y=0
Solution:
(D*—6D+13)y=0
The auxiliary equation is

Put D=P
P2—6P+13=0

= ax’+6x+c=0

— b+ b —dac

P= 2a

/i\
1\;/1

a=1,b=—-6,c=13
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_6i\/36—4><13><1
- 2(1)

_6+\36-52
-T2

_6£4\=16
T2

ET
T2

_2(3+2i)

y=C.F=¢%"(A cos B x+ Bsin B x)
y =3 (A cos 2x + B sin 2x)

5. Solve: (D2 +D+1)y=0
Solution:
(D*+D+1)y=0
The auxiliary equation is

Put D=P

P2+P+1=0
— b+ \b* - dac
2a

—1+Vl-4x1x1
2x1

P=
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—1xV1-4
- 2
—1+ivV3
P=—"
-1 3
P=—rtimy
P=aztif
___1 B_E
C="=P=7

y=C.F=e"*(A cos Bx+ Bsinpx)

y=e_l/2x[A cosg)HrBsingx]

3 2
6. Sotve Y _6TY 11 %
dx

dx? dx_6y=0

Solution:
Given: D3y—6D*+11Dy—6y=0
(D*-6D*+11D—6)y=0

The auxiliary equation is

Put D=P
PP— 6P +11P-6=0 (Solve using calculator)
Pi=1,P,=2,P3=3 (Roots different)

y=C.F=Ael'1* + B2¥ + Cel's ™
y =Ae" + B + Ce™

7. Solve (D°-3D*+3D-1)y=0

Solution:

The auxiliary equation is

Put D=P
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(D’-3D*+3D-1)y=0
PP -3P24+3P-1=0 (solve using calculator)
P=1,P=1P;=1 (Roots equal)
y=C.F=[Ax* + Bx+c] /™
y=[AX +Bx+c] e*

8. Solve: (D3 +D*+4D +4)y=0

Solution:

The auxiliary equation is
Put D=P
P 4P 14P+4=0, Py=—1, P,=2, Py=2.
On solving using calculator
y=C.F=Ae¢~ ¥+ [B cos 2x + C sin 2x]
9. Solve: (D*+1)y=0

Solution:

The auxiliary equation is

Put D=P

P=x1i

P=otiP

a=0,p=1
y=C.F=¢e"" (A cos B x+ Bsin B x)

=% (A cos 1x + Bsin 1x)

y=Acosx+ Bsinx
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10. Solve: (D> +a®) y=0.

Solution:

The auxiliary equation is
Put D=P
PP+a*=0
pPlo_ 2
P=*ai
P=0tai
P=azxif}
o0=0; B=a
y=C.F=¢%"(A cos B x+ B sin B x)

y=e% (A cos ax + B sin ax)

y =A cos ax + B sinax

11. Find the particular integral of (D*+4D +8) y = ¢**.

Solution:
PI= % . ezx
D“+4D+8

er

T4+8+8

e

P.I= 20

12. Solve: (D*-4)y=1
Solution:

(D* -4 y=1xe™
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13. Find the particular integral of (D2 +1)y=sinx

Solution:

PI=

> sin x
D +1

sin x
—-1+1

sin x

1 X sin x
p*+1 2D

xsinxXQ
2D "D

Replace D? by — (az) =—1

xD (sin x)
2D?

X COS X

2(=1)

PI= X COS X
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14. Find the particular integral of (D2+4) y=sinx

Solution:

PI sin 2x

" D*+4

_ sin 2x
-4+4

Replace D? by — (az) =—4

_sin 2x
0

_ xD (sin 2x)

~ 2DxD

_ x[2 cos 2x]
2(-4

_ 2xcos 2x

-8

=xc052x
-4

P.I

15. Transform the equation x2y”+xy’=x into a linear
differential equation with constant co-efficients.

Solution:
Given: x*y’+xy =x

x2D2y+ny=x

XD*=D' (D' -1) x=é

xD=D" z=1log x

(D' (D' =1)+D)y=¢é
(D?-D +D)y=¢é

D y=¢
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2
16. Convert x2 d_%) -x dy
dx dx

differential equation.

+y =0 into linear ordinary

Solution:

Given: x> D? y—xDy+y=0

P D*-xD+1)y=0

Put x=ez
z=logx
*D =D (D' -1)

xD=D’

[D'(D'—1)-D' +1]y=0
[D?-D' -D' +1]y =0

[D2-2D"+11y=0

17. Convert into linear ordinary differential equation.

Solution:
X % + % =0
2
! % i % =0 (Multiply by x)
X2 % +x % =0

¥ D*=D (D' -1)

xD=D
[D'(D'-1)+D]y=0
[D?-D'+D1y=0
[D?y=0
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18. Convert x2 y” +2xy’+ 2y =0 into linear ordinary

differential equations.

Solution:

Given: x° D2y+2ny+2y:O
(P D*+2xD+2)y=0
212 _ v ’r_
x*D*=D"(D'-1)
xD=D’
[D'(D'—1)+2D" +2]y=0

[D?—D' +2D' +2]y=0

[D2+D +2]y=0

19. Transform [x?D?+3xD +5]y=x cos (logx) into a linear
ordinary equation.

Solution:

Given: [x2 D?+3xD + 5] y =xcos (log x)

Put x=e
z=logx
2D*=D' (D' -1)

xD=D’

[D'(D'—=1)+3D"+5]y=¢“cos z

[D? =D’ +3D' +5] y=ecos z

[D2+2D +5]y=¢*cosz
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20. Transform [x2 D?+xD + 1] y =0 into ordinary
differential equation.

Solution:

x=¢€

z=logx

2D*=D' (D' -1)

xD=D’

DD —1)+D +1]y=0

[D?-D'+D' +1]y=0

[D?+1]y=0

21. Transform the equation

2
(2x+3)2“ll—‘:—2(2x+3)3—i—12y=6x
X

Solution:

Given: (2x+3)2D?y—2(2x+3)Dy—12y=6x

[(2x+3)2D*—2(2x+3)D—12] y=6x

Put 2x+3=¢°
z=log 2x+3)

(2x+3)2D*=4D’ (' - 1)

2x+3)D=2D'
e —3
[4D’ [D’—l)—2(2D’)—12]y:6{ : }
4
[4D’2—4D’—4D'—12]y=676—%

[4D? —8D' - 12] y=3¢*—9
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22. Convert [(x +1)2D*+ (x + 1) D + 1] y =4 cos [log (x + 1)]

Solution:
x+12D*=D’' (D' -1)
x+1)D=D
x+1=¢€
z=log (x+1)

x> D*> +xD+ 1] y =4 cos [log (x + 1)]

D' (D = 1)+ D +1]y=4cos z

[D?—D' +D' +1]y=4cosz

[D’2+1]y=4cosz

23. Transform into linear ordinary differential equation
dx dy

E—y=0,5+x=0
Solution:

Dx—y=0 (D
x+Dy=0 e

a=|P _1’:D2+1
1 D

Ay:‘? 8':0—0

Ay=0
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24. 1If fi=cosx,fy=sinx then find the Wronskian.

Solution:
fi
f

cosx -—sinx

Wronskian, w =

sin x COS X

= cos? x + sinZ x

w=1

25. In MVP, the formula for finding particular integral.

Solution:

PI=Ff +0f

P:—J.szRdx,

0= J‘fITRdx
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EXERCISE

Higher order linear differential equations with constant coefficients
(@ RHS=0

1. Solve (D*+D+1)y=0
2. Solve BD*+D—14)y=0

2
3. Solve d—§—8@+ 16x=0
dt dt

(b) RHS =™

1. Solve (D*>—2D+1)y=5¢>+ cosh 2x
2. Solve (3D*+D—14) y=sinhx

3. Solve (D*+6D+5)y=e*

4. Solve (D> —12D +6) y= (" + ¢ >)?
5. Solve (D*+2D+1)y=n

6. Solve (D*+7D+12)y=e*+6

7. Solve (D —3D?+4D —2)y=sinh®x
(¢) R.H.S =cosax (or) sinax

2
1. Solve LY 1 4y = sin 2x

a?
2. Solve (D*>—4D +3) y = sin 3x cos 2x
3. Solve (D2 —3D +2) y=cos 3x cos 2x
4. Solve (D> —5D +6) y =sin x sin 2x
5. Solve (D*+4)%y=cos 2x

6. Solve (D2 +1)y= cos? x
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(d RH.S =e* +[cosax (or) sinax]

2
1. Solve d—g+4y:ex+ sin 2x
dx

2. Solve (D*+16) y=e¢ ¥+ cos 4x
3. Solve (D*-4D-5)y=cosx+e *
4. Solve (D*+D?>-D-1)y=cos 2x+7

5. Solve (D2+6D+8)y: 11 cos? x

(e) R.H.S =x"
1. Solve @+2@+3 =5x%
' dx2 dx Y=

2. Solve (D> +3D*+2D)y=x*+1
3. Solve (D*+5D+4)y=x*>+7x+9
4. Solve D? (D?+4) y =96x>

5. Solve (D*-5D+6)y=x>+3

6. Solve (D*+8D?+16) y=16x+ 10
() R.H.S =e¢™ X type

1. Solve (D*>=2D+2)y=¢ sinx

2. Solve (D*=2D+1)y=x%e>*

3. Find the P.I. of (D*—4D+3)y=¢"cos 2x.
4. Solve (D> +1)y=uxsin hx

5. Solve (D*+6D+9)y=e¢" 23

6. Solve (D*+5D+4)y=e *sin 2x



Ordinary Differential Equations 5.121

7. Solve (D*+D+1)y=¢ *sin? g

8. Solve (D*+2D+5)y=¢"cos 3x

9. Solve (D*=3D+2)y=xe™ +sin 2x
(g) R.H.S. =x"sinax (or) x" cos ax

1. Solve (D2— l)yzx2 coS X

2. Solve (D> —4D +4) y =3x* ¢** sin 2x

3. Solve (D?>-2D)y=¢"x*cosx

4. Solve (D2 + az) Y =X COS ax

5. Solve (D2 + l)2 y= x? COs x

Solve the following using method of variation of parameters

2

1. %+a2y=secax
2 @—2ﬂ+2 =¢"tan x
Sl TaT 7T

3. (D*+4)y=tan2x

4. y" =2y —3y=2M

5. y'=2y +3y=x"+sinx
6. ' +4y=8x

7. Y/ =3y +2y=¢"

8. Y42y =y —2y=e"+x°
2

0. d—g—5ﬂ+6y=e3x+sinx
dx dx

10. y”+4y=4sec? 2x



5.122

Matrices and Calculus

2y 4y=E
11. y" =2y +y—;
12 x2@+xﬂ y=x"log x
' do? dx
dy . dy e X
13. F+2dx+y— x

14. ' +7y —8y=e>

Solve the following differential equations Cauchy -

1. (> D*-3xD+4)y=x>cos (log x)

2. (x3 D +24%

3. (x21)2+4xD+2)y:x2+i

4. (x2 D?+xD + 1) y =sin (2 log x) sin (log x)

D?>—xD+1)y=logx

x2

5. ()c2 D?>—xD + 4)y =x% sin (log x)

6. (x**D*+2xD—-20)y=(x+1)>%

7. X2y —xy+y=x

8. x*y’ -

9. Xy +3x%

xy’—3y:x210gx

V' +xy +y=x+logx

10. x2y” = 3xy + 5y = x° sin (log x)

Euler method

Solve the following differential equations Legendre’s linear
differential equations

1. (1+2x)3

dxy 6(1+2x)—+16y 8 (1 + 2x)2

2. Bx+22%y +3(Bx+2)y —36y=8+4x+1

3. 2x+5°y’" -

6 (2x+5)y +8y=06x



Ordinary Differential Equations

5.123

Solve the following simultaneous differential equations

1.

2.

10.

11.

12.

D+5) x+y=e; (D+3)y—x=e*

dt
t=0.

dx
E+4x+3y—t

dx
i +5x—-2y=t,

dx _ dy __ . _ _ —_
dt_3x+8y’dt_ x—-3y,x(0)=6,y(0)=-2

D+2)x+y=0,3x+(D+2) y=2e"

@+x+2y=t
dt ’
dy
dt

ax_ oy
a 270

+2xy+y=0

d .
Y4 x=sint

dt

30-D)x+4y=3t+1
3(D+1)y+2x=¢

@+x+2y=t
dt ’
dy
dt

dx _
d

%+x=sint

+2x+y=0

:t,

30-D)x+4y=3t+1
3(D+1)y+2x=¢

dx .
—4+y=sint+1;

,dt+2x+5y=et

t+2x+y=0; x=y=0 when t=0

d .
t+x=cost given that x=1, y=2 at



U23MAT12-MATRICES AND CALCULUS (MODEL QP-1)

Time: Three hours Maximum: 100 marks

Answer ALL questions
PART - A (10 x2=20)

1. Find the Nature of the Quadratic form
x%+5x%+4x%+2x2)C3+6x3x1 +2x1 X

-1 00
2. If A=| 2 -3 0 |then find Eigen values of
1 4 2
AL oAl A3

3. Find the critical point of the function
F(x) =2x7 +3x% = 36x

V2 +9 -3

4. Find the value of lim

t—=0 7
d
5. If x=u(1-v) and y=2uv then find 9xy
0 (u,v)
. . or
6. If x=rcos0 and y=rsin 6 then find b
X
/2 2cos B
7. Evaluate J. J dOdr.
2 0
1 2
8. Evaluate J _[ x (x +y) dx dy.
0 1

9. Find the particular integral (D2 +4) y=cos 2x



QP.2 Matrices and Calculus

10. Transform the equation
2
(1 +x)2d—2X+ (1+0 %2 4y 226in log (1+) into a
dx dx

differential equation with constant coefficients.

Part - B (5x 16 =80)

11. (a) Reduce the quadratic form 2x; x5 + 2x, x3 + 2x3 x; into a

canonical form by an orthogonal reduction. Also find the Rank,
Index, Signature and the Nature of the Quadratic form.

(OR)

(b) () Verify Cayely’s Hamilton theorem and use it to find

1 2 -1
A*tand A"lifA=|3 3 1
2 1 -2

(i) Diagonalize the matrix by Orthogonal Transformation and
also prove that Eigen vector are orthogonal for

2 2 0
A= 2 1 1
-7 2 -3

12. (a) (i) For the function f(x) =2+ 2x2 — x* find the intervals
of increase or decrease, local maximum and minimum values,
the intervals of concavity and inflection point

(i) Determine the value of ‘A’ for which the following

function is continuous at x=—1
[x2—2x-3
T; x#—1
X
f(16)=4|
Ay o x=—1
L



Question Papers QP.3

13.

14.

(b) () If y=x*+2x*—x, then find % and also find an

equation of the tangent and normal line to the curve at the
point (1, 2).

(ii)) Find the absolute maximum and minimum values of
function f(x)=2x>—3x>— 12x+1 ;[-2, 3]

(a) (i) Find the maximum value of x™y"'Z’ when
x+y+z=a.

(i1)) Find the Jacobian 9%y of the transformation
0 (u, v, w)

y=rsin 0 sin ¢, x=rsin 0 cos ¢
z=rcos 0,
(OR)

(b) (i) Find the Taylor’s series expansion of
sin x cos y in powers of x andy.

(ii)) Obtain the maximum and minimum values of
F6y)=x + 302 — 1552 — 15y + 72x
(a) (i) Express in polar co-ordinates and then evaluate it.
a a 2

X
[ .

203/2
PG
2

(i) Find the area enclosed by the curves y=x~ and
x+y=2

(OR)

(b) (i) Change the order of integration in
12-x
J j xy dy dx and hence evaluate it.

0 42



QP.4 Matrices and Calculus

(i) Find the volume of the sphere x2+y2+22=a2 using
triple integration.

2
15. (a) Solve u+c12y=tam ax by the method of variation of

de
parameters.
(b) Solve ()c2 D?—xD + 1) y = sin (log x)
(OR)

dx _ . dx )
i y=t +x=r.

(¢) Solve g

2
(d) Solve (1 +x2)d—2X+ (1 +x)4X+y=4cos (log (1 +x))
dx dx



Question Papers

QP.5

U23MAT12-MATRICES AND CALCULUS (MODEL QP-2)

Time: Three hours

10.

Answer ALL questions
PART - A (10 x2=20)

Find the Nature of the Quadratic form
2x% - Zx% + 4x% + 2x1 Xy — 6x X3+ 6X) X3

If 2,—1,—3 are the Eigen values of a matrix “A” then
the Eigen values of matrix A%, A3, 24-31

Find % if x>+’ +6xy by using implicit differentiation.

2
—4
Find lim ————
x—>1 X —3x—4

—Y and v=X then find m

If u= 2
2 Z d(x,y)

Find the stationary points of the function
f=x2+y2+6x+ 12.

2 2cos O
Bvaluate | | d0adr
w2 O

1 2 3
Evaluate J. _[ J xy2 zdx dydz
0 0 O

Transform the equation
2 dy dy
2x+3) 5~ 2 (2x+3) —=— 12y =6x into a differential
dx dx

equation with constant co-efficient.
dy

+2y=—sint,—~ —2x=cost
Y dt

dx

Transform into linear ode i

Maximum: 100 marks

find



QP.6 Matrices and Calculus

Part - B (5x 16 =80)

11. (a) Reduce the quadratic form
IOx% + Zx% + Sx% + 6x5 x3 — 10x3 x; —4x; x, into a canonical
form by an orthogonal reduction. Also find the Rank, Index,
Signature and the Nature of the Quadratic form.

(OR)

(b) (@) Verify Cayley’s Hamilton theorem and use it to find
[1 2 3]
Atand A"VifA=]2 4 5|
|3 5 6]

(i) Diagonalize the matrix by Orthogonal Transformation and
also prove that Eigen vector are orthogonal for

[1 1 3]
A=|1 5 1|
[3 1 1]

12. (a) (i) For the function f(x)=3x*—4x> = 12x* + 5. Find the
intervals of increase or decrease, local maximum an minimum
values, the intervals of concavity and inflection points.

(i) Find the domain where the function f is continuous. Also
find the numbers at which the function f is continuous where
4-x%; x<0
x=5; 0=x<1

x:
J® 4%-9: 1<x<2
3x+4; x=>2
(OR)

(b) () If x> +2xy—y*+x=2, then find % and also find an

equation of the tangent and normal line to the curve

X+ 2xy — y2 +x =2 at the point (1,2)
(i) Find the absolute maximum and minimum values of function

f(x)=3x4—4x3—12x2+1; -2<x<3



Question Papers QP.7

13.

14.

(a) (1) A rectangular box open at top is to have a volume
32 CC. Find the dimension of the box requiring the least
material for the construction.

(i) Find the Jacobian of yq, y,, y3 with respect to xq, x, x3

If y :X2x3 y :x3x1 y :x1x2
1 X 2 X 3 X3
(OR)

(b) (1) Find the Taylor’s series expansion of sinxy about
(x—=1) and (y—m/2) upto second degree terms.

(i1)) Obtain the maximum and minimum values of

f6y)=x>+y° = 3xy

QVk—ﬁ

(@) (1) Transform the integral f _[ (x2+y2) dy dx into
0 0

polar-coordinates and hence evaluate it.

(i) Find the volume of the tetrahedron bounded by the

S, X
coordinate’s planes — + Yiion
a b c

(OR)

(o)

-y
(b) (i) Change the order of integration _[ J. erx dy and
0 «x
hence evaluate it.

(ii) Evaluate _”_[ (x+y+2z)dxdydz over V, where V is the

volume of the rectangular parallelopiped bounded by
x=0,x=4,y=0,y=1,z=0,z=1.



QP.8 Matrices and Calculus

2
15. (a) (i) Solve (xzz)z—xDH)y:(_l"fx)

(i) Solve the system of equations
ax s W
7 +2y=—sint, i 2x=cos ¢

(OR)

2
(b) (1) Solve % + 4y = cosec 2x by method of variation of
X

parameters.

(i) Solve: (D*-2D+5)y=sinx



Question Papers QP.9

U23MAT12-MATRICES AND CALCULUS (MODEL QP-3)

Time: Three hours Maximum: 100 marks

Answer ALL questions
PART - A (10 x2=20)

1. Find the Nature of the Quadratic form

6 + 3y2 +37% - 4xy — 2yz+4xz

1 1 3
2. If 3, 6 are the Eigen values of | 1 5 1 w write down all the
311 )

\

Eigen values of Al

3. If 2 +y*=1 find 5%.

d
4, Find lim SR
0 Sin 3x
5. 1f x=uv and y=" then find 22
v d (u,v)

6. Find the Stationary points of the function
F=x2+3xy” — 15x — 12y.

Ly

7. Change the order of integration in _[ J f(x,y) dxdy
0 .2
y

Inx Iny

8. Evaluate J. J &Y dx dy
1 0

9. Find the particular integral of (D2 —-36)y=e" 6x

2
10. Solve the equation X2 CZZ—ZX -x—+y=0
by



QP.10 Matrices and Calculus

11.

12.

Part - B (5x16=80)

(a) Reduce the quadratic form 2x2+5y2+3z2+4xy into a
canonical form by an orthogonal reduction. Also find the Rank,
Index, Signature and the Nature of the Quadratic form.

(OR)

(b) (i) Verify Cayely’s Hamilton theorem and use it to find
12 1]
Atand A" lifA=]2 2 1|

1 1 3]

(i) Diagonalize the matrix by Orthogonal Transformation and
also prove that Eigen vector are orthogonal for

B
A=|2
13

(G, BN )
[©) WV, JUS]
| IS —— |

(a) (i) For the function f(x)=x*+2x—3x*—4x+4. Find
the intervals of increase or decrease, local maximum and
minimum values, the intervals of concavity and inflection point

(i) Find the values of a a and b that makes “f’ continuous
2x—2 x<—1

on f(x)=qax+b, —1<x<1
S5x+7 x>1
(OR)

b) () If X2+ y2 =25, then find % and also find an equation

of the tangent and normal line to the curve X2+ y2 =25 at the
point (3,4)

(ii)) Find the absolute maximum and minimum values of
function.

f(x)=x3—3x2+1; ——<x<4



Question Papers QP.11

13.

14.

(a) (i) The temperature at any point (x,y,z) in space is
given by T=400xyzz. Find the maximum temperature on the
surface of the unit sphere X+ y2 +72=1

(i) Find the Jacobian of (u, v, w) with respect to (x,y,z) If
yz X Xy

’

x’ y z
(OR)

(b) (i) Find the Taylor’s series expansion of
X2 2+2)c y+3xy2 in powers of (x+2) and (y—1)

(i1)) Obtain the maximum and minimum values of

(x, )=3x2— LS
flxy y

(a) (1) Express in polar co-ordinates and the evaluate it.

E'). J. 2 +y)dxdy.
y

(i) Evaluate _”xy dx dy over the positive quadrant of the

2 2

circle x~+ y2 =a
(OR)

(b) (1) Change the order of integration in

X

a

()c2 + yz) dx dy and hence evaluate it.

S — Q
Q= —y

¢c b a
(i) Evaluate I _[ J. (x2 + y2+zz) dz dy dx

—-c—-b-a



QP.12 Matrices and Calculus

15.

2
(a) Solve (1 +x)2d—2X+ (1+x) 41+y=2 sin (log (1 + x))
dx dx

(ii) Solve (D*+5D +4)y=e*sin 2x
(OR)
(b) () Solve (x> D*>—3xD +4)y=x?cos (log x)

(i) Solve (D2 + a2) y=sec ax using the method of
variation of parameters.



Question Papers QP.13

U23MAT12-MATRICES AND CALCULUS (MODEL QP-4)

Time: Three hours Maximum: 100 marks

Answer ALL questions
PART - A (10 x2=20)

1. Determine the nature, index and signature of the quadratic for
2)(2 X3+ 2)(73 X+ 2)(1 X

2 1 4
2. IfA= (o 4 6 ) then find Eigen values of A~ !, 2471, A3,

\O 0 6 )
3. Find the derivative of the following function

3 50
i) y=T2E Gy yo@do3) Qe 1)
X

4. Find % for ax® + by* + 2gx + 2fy + 2hxy+c =0
5. fu=f(x—-y,y—2z z—x) then show that
o o u_y
ox dy 0z

6. State Euler’s Theorem for homogeneous function.

7. Sketch the region of the integration in
1 1

[ ] ey ayax

0 x

dx dy

a a
8. Evaluate J _[ Xy
1 1

9. Solve (D2+D+ 1) y=sinx

10. Transform the equation (2x+ 7)“y” —6 (2x+7) ¥ + 8y = 8x into
a differential equation with constant co-efficient.



QP.14 Matrices and Calculus

11.

12.

Part - B (5x 16 =80)

(a) Reduce the quadratic form

6x” + 3y2 +37% - 4xy — 2yz+4zx into a canonical form by an
orthogonal reduction. Also find the Rank, Index, Signature and
the Nature of the Quadratic form.

(OR)

(b) (i) Verify Cayely’s Hamilton theorem and use it to find

1 -2
A% and AL if
an 1[2 1}

(i) Diagonalize the matrix by Orthogonal Transformation and
also prove that Eigen vector are orthogonal for

8 -6 2
A=|-6 7 -4
2 -4 3

(a) (i) For the function f(x)= 23 +3x% - 36x. Find the
intervals of increase or decrease, local maximum and minimum
values, the intervals of concavity and inflection point

(i) Find the values of a and b that makes “f’
3
x -8

x—2

x<?2

continuous on f(x) = axz—bx+3, 2<x<3

2x—a+b x=>3
(OR)
(b) (i) Differentiate the function f(x)= ﬂ. For what
1 +tanx

values of x, the graph of f(x) has a horizontal tangents?

(i1) Find the absolute maximum and minimum values of
function f(x) =x>—6x>+5 on interval [-3,5].



Question Papers QP.15

13.

14.

15.

(a) (1) Find the dimension of the rectangular box without a
top of maximum capacity, whose surface area is 432 sq.cm.

(i) Examine x+y+z=u, y+z=uv, z=uvw then prove that
d
€ y.2) _ 2
ad (u, v, w)
(OR)

(b) (i) Obtain the Taylor’s series expansion of €* cos y in of
power of x and y upto third degree terms.

(ii)) Obtain the maximum and minimum values of
f,y)=x+y —12x—3y+20
(a) (1) Express in polar co-ordinates and the evaluate it

22

dx dy. xz+y2=a2 and x2+y2=b2,b>a

x2 + 2
a2 Vax
(i) Change the order of integration in J. J X2 dy dx and
0 0

hence evaluate it.

(OR)
(b) (i) Find the area of the parabola y =x? and the straight
line y=x

2a
(i1)) Evaluate _[
0

O — =

X
_[ xyz dx dy dz
y

(a) (1) Solve (D2 +a2) y=cot ax by the method of variation
of parameters.

(i) Solve (D*+ 10D +25)y=x
(OR)
(b) () Solve 2x+3)2y”" =2 (2x+3)y — 12y =6x



QP.16 Matrices and Calculus

(i) Solve (x> D* —xD+4) y=x?sin (log x) + 3—2
X

(iii) Solve the system of equations dx + @ _ 2x =sin 2t and

dr dt
dx _dy _
o dr +2y=cos 2t



Question Papers QP.17

U23MATI12-MATRICES AND CALCULUS (MODEL QP-5)

Time: Three hours Maximum: 100 marks

10.

Answer ALL questions
PART - A (10x2=20)

Determine the nature, index and signature of the quadratic for

2% — 2y2 +477 + 2xy — 6yz + 6zx.

-1 0 0
If A= 2 —3 0 |then find Eigen values of A~ 1, 2A7 1,A3.
1 4 6

2 _
Evaluate the lim ;74)6 .
x—1 X — 3x - 4

Find critical point of y= 5x% - 6x.

If uzx3+y3 and x=acost,y=>bsint find %
Pf _ 0*f 3,3, 3

Prove = if f=x"+y"+27—3xyz
d0xdy dyodx f e Y

Find the limits of integration J_[ f(x,y)dxdy where R is the
R
triangle bounded by x=0,y=0,x+y=2.

1 ¥

Evaluate J. J (x2+y2) dy dx.
0 0

Transform into differential equation

2
2d”y o dy _
X 12 4x i + 6y = cos (log x)

Solve (D?+ 10D +25) y = ¢**



QP.18 Matrices and Calculus

11.

12.

13.

Part - B (5% 16 =80)

(a) Reduce the quadratic form

3% + 5y2 +37% - 2xy —2yz + 2zx into a canonical form by an
orthogonal reduction. Also find the Rank, Index, Signature and
the Nature of the Quadratic form.

(OR)
(b) (@) Verify Cayely’s Hamilton theorem and use it to find
4 _1 . |12
A" and A~ " if A —[ 3 4}

(i) Diagonalize the matrix by Orthogonal Transformation and

1 11
also prove that Eigen vector are orthogonal for A=| 0 2 1
-4 43

(@) (1) For the function f(x) =x>-3x2—12x. Find the
intervals of increase or decrease, local maximum and minimum
values, the intervals of concavity and inflection point

(i1)) Find the values of a and b that makes “f’ continuous on
X2 —4

x—2

x<?2
fO=2at—bx-3 2<x<3

2x—a+b x=3

(OR)

(b) (i) Find the equation tangent and normal line to the
curve y:x4+2x2—x at the point (1,2)
(ii)) Find the absolute maximum and minimum values of

function f(x) =— x> +12x+5 on interval [-3, 3]

(a) (1) Find the dimensions of the rectangular box without
a top of maximum capacity, whose surface area is 108 sq.cm.



Question Papers QP.19

14.

15.

(ii) Examine wu=y+z, v=x+ 272, w=x-— 4yz — 2y2 are
functionally dependent.

(OR)
(b) (i) Obtain the Taylor’s series expansion of ¢*siny of

power of (x—1) and (y - g ) upto third degree.

(i1)) Obtain the maximum and minimum values of
fEy)=xy 6-x-y).

(a) (1) Express in polar co-ordinates and the evaluate it
2 2

J J e~ YY) dx ay.

0 0

4a2\/a
(i) Change the order of integration in J. J xydx dy and
0 |2
4a
hence evaluate it.
(OR)
(b) (i) Find the area of the cardioid r=a (1 + cos 6)

1 \ll_xz \/1_x2_y2
(i) Evaluate | | | dz dy dx

N 2 2 2
0 0 0 I=x"=y" -z

2
@ @) Solve Gr+2?92430r+2) D 36y=32+4x+1
dx dx

(i) Solve (D> —4D+3)y=¢ *sinx+ cos 4x

(OR)
i &y 1dy _ .5 logx
(b) () Solve ?+;E_ 12x_2

(i) Solve (D2+ 12)y=cotx by the method of variation of
parameters.



